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1.  Overview  of  the  Turbulence  Problem 


The  field  of  optieal  engineering  represents  a  unique  eombination  of  physios, 
mechanical  engineering,  and  electrical  engineering.  Over  the  past  100  years  the  field 
has  expanded  from  telescope  design  to  range-gated  imagers  and  digital  systems. 
In  the  late  1960s,  visual-imaging  systems  were  augmented  by  infrared  detectors. 
Digital  cameras  have  also  largely  replaced  film-recording  systems  and  now  feature 
high-resolution  image  capture  capabilities.  As  systems  improved,  the  desire  to  see 
farther  and  more  accurately  lead  to  an  increasing  awareness  of  the  influence  of 
optical  turbulence  on  image  quality,  particularly  in  ground-to-ground  observation 
scenarios.  This  recognition  began  with  studies  of  turbulence  effects  on  visual 
systems,  but  with  the  advent  of  third-generation  forward  looking  infrared  (FLIR) 
systems  operating  in  the  far  infrared  band  (8-12  /im),  turbulence-distortion  effects 
are  acknowledged  as  a  critical  limitation  on  a  wide  range  of  imaging  conditions. 

The  1960s  also  saw  the  advent  of  lasers.  Coherent  radiation  faces  its  own 
set  of  unique  challenges.  Unlike  passive  systems  where  scintillation  effects  are 
largely  negated  by  aperture  averaging  of  the  effect,  coherent  photons  perturbed 
by  turbulent  fluctuations  tend  to  interfere  with  one  another,  producing  (at  times) 
large  scintillations,  resulting  in  loss  of  focus  of  beams  (turbulent  beam  spread), 
beam  wander,  and  (for  laser  communications)  unwanted  data  dropouts  or  reduced 
bandwidth. 

To  describe  these  effects,  propagation  modelers  construct  simulations  based  on 
turbulence  strength  measured  through  the  refractive-index  structure  parameter,  (7^ 
[m~2/3],  and  2  length  scales,  the  inner  and  outer  scales  of  turbulence,  lo  and  Lo,  that 
characterize  the  large-scale  (Lq)  and  small-scale  (£o)  limits  of  the  inertial  subrange, 
the  portion  of  the  refractive-index  power  spectrum  that  obeys  the  Kolmogorov 
turbulence  spectral  power  law  dependence. 

In  turn,  lo,  and  Lo  are  typically  modeled  through  correlations  that  have 
been  measured  between  predicted  atmospheric  properties  in  the  boundary-layer 
atmosphere  and  properties  characterizing  the  turbulence  itself.  In  the  atmospheric 
surface  layer  (that  layer  where  sensible  heat  and  momentum  fluxes  are  roughly 
constant  with  height),  it  is  common  to  model  C\  as  a  function  of  height,  the  sensible 
heat  flux,  and  the  Monin-Obukhov  (or  simply  Obukhov)  length  scale,  Loh-  This 
latter  scale  is  related  to  the  ratio  of  convective  energy  to  mechanical  energy  and  is 
mainly  valid  for  daytime- atmosphere  applications. 
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Various  rules  are  employed  to  model  in  the  surface  layer,  but  a  key  question 
is  how  to  extend  this  estimation  technique  into  the  lower  boundary  layer  above 
the  surface  layer  and,  perhaps  more  problematically,  what  to  do  about  nighttime 
predictions  where  the  daytime  assumption  of  fully  mixed  turbulence  does  not  hold. 

While  the  current  effort  does  not  provide  a  final  answer  to  these  questions, 
it  is  hoped  that  the  techniques  developed  here  for  dealing  with  surface  fluxes, 
radiation  effects,  and  gravity-wave  influences  on  nocturnal  turbulence  will  lead 
this  endeavor  toward  better  surface-layer,  boundary-layer,  and  nocturnal-layer 
evaluation  of  turbulence.  Complementing  these  improvements  efforts  to  incorporate 
intermittency  effects  using  more  detailed  wind-flow  models  and  thermal  mixing  to 
better  characterize  temperature  fluctuations  could  be  combined  with  the  present 
study  to  better  model  point-turbulence  fluctuations. 

1.1  Boundary- and  Surface-Layer  Atmospheres 

To  set  the  stage  for  the  Chapter  2  discussion,  let  us  begin  by  overviewing  the 
atmosphere  to  be  modeled.  The  boundary  layer  generally  constitutes  that  portion 
of  the  atmosphere  that  is  influenced  by  the  drag  effects  of  the  earth’s  surface.  In 
this  layer,  the  wind  velocity  at  the  exact  surface  itself  is  modeled  as  being  exactly 
zero  (a  no-slip  condition).  The  velocities  of  horizontal  winds  increase  with  height 
above  the  surface  until  at  the  top  of  the  boundary  layer  the  wind  speed  matches 
the  geostrophic  wind.  This  is  the  situation  during  the  daytime.  At  night  a  nocturnal 
jet  layer  can  result  in  wind  speed  considerably  faster  than  the  geostrophic  speed, 
but  the  wind  then  reduces  above  the  jet  to  match  the  geostrophic  wind  speed  at  the 
top  of  the  nighttime  boundary  layer  as  well.  Typically  the  layer  grows  vertically 
throughout  daylight  hours  and  exhibits  modifications  due  to  failing  solar  energy  at 
sunset.  This  behavior  is  illustrated  graphically  in  Fig.  1. 

From  Fig.  1,  prior  to  dawn,  an  inversion  condition  typically  persists  from  the 
previous  day’s  cooling,  as  denoted  by  the  1  along  the  time  track.  Then,  starting 
at  dawn,  energy  enters  the  base  of  the  boundary  layer  due  to  solar  loading.  This 
sunlight  warms  the  surface  and  eventually  breaks  the  surface-based  inversion  from 
the  surface  upward.  Time  point  2  highlights  the  morning  growth  of  the  mixed  layer 
and  an  entrainment  zone  at  the  top  of  the  warming  boundary  layer. 

During  the  day,  between  the  base  and  top  of  the  boundary  layer,  the  intervening 
atmosphere  circulates  air  vertically  through  substitutions  of  air  parcels  that  translate 
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Fig.  1  Typical  diurnal  behavior  of  boundary  layer  due  to  vertical  growth,  and  modifications 
due  to  energy  changes 

drag  effects  throughout  the  layer  from  the  ground  up.  Simultaneously,  air  parcels 
arising  from  a  given  level  produce  temperature  perturbations  at  a  different  level, 
degrading  optical  propagation. 

As  indicated  previously,  at  the  bottom  of  the  boundary  layer  is  the  atmospheric 
surface  layer  in  which  the  vertical  sensible  heat  flux  varies  by  less  than  10% 
throughout  the  layer.  The  structure  above  the  surface  layer  is  described  in  different 
terms  depending  on  the  overall  state  of  the  boundary  layer,  as  a  function  of  the  time 
of  day.  Starting  from  local  noon,  let  us  consider  a  typical  sunny  mid-latitude  day. 
The  layer  immediately  above  the  surface  layer  under  these  conditions  is  described 
as  the  free  convection  layer  or  the  convective  boundary  layer  (CBL).  The  CBL 
generally  extends  up  to  half  the  height  of  the  full  boundary  layer.  It  is  a  daytime- 
only  effect,  where  the  name  connotes  the  dominant  effect  of  the  convective  heat  flux 
arising  from  the  surface.  The  bulk  of  the  full  boundary  layer  is  termed  (during  the 
daytime)  the  mixed  layer,  connoting  that  region  of  the  boundary  layer  where  air  is 
being  both  convectively  and  mechanically  mixed  due  to  drag  interactions  with  the 
surface.  At  the  top  of  the  boundary  layer  there  typically  exists  a  capping  inversion 
layer  (or  elevated  inversion)  where  temperature  becomes  an  increasing  function  of 
height. 

This  inversion  appears  to  be  driven  by  3  mechanisms.  First,  cold  air  tends  to 
sink  relative  to  warmer  air  (being  denser).  So,  one  might  expect  colder  air  to  be 
present  near  the  surface  despite  the  daily  warming  of  the  air  by  the  surface.  Second, 
and  related,  as  warm  air  moves  away  from  the  equator  toward  more  temperate 
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latitudes,  the  warm  air  tends  to  ride  on  top  of  cooler  air  at  those  latitudes,  producing 
inversions.  Third,  under  clear-sky  conditions  the  layer  atop  the  boundary  layer  often 
previously  contained  moist  air  that  rained  out;  this  leaves  the  upper  air  dry  and  the 
boundary  layer  moister  (due  to  evaporation  at  the  surface).  Once  this  condition  sets 
up,  the  moist  air  in  the  boundary  layer  becomes  a  more  efficient  radiator  of  heat  than 
the  air  above  the  boundary  layer.  The  boundary  layer  thus  is  constantly  cooling  due 
to  radiation,  while  the  upper  layer  retains  more  heat  since  it  is  less  efficient  as  an 
infrared  radiator  (even  with  CO2  present). 

In  daytime  the  above  scenario,  involving  a  surface  layer,  CBL,  mixed  layer, 
and  elevated  inversion  layer,  is  common.  Of  course,  modifications  to  this  model 
are  necessary  to  account  for  the  presence  of  cloud  cover,  frontal  passages,  and 
precipitation,  when  present.  The  present  model  has  not  been  developed  to  consider 
either  weather  fronts  or  precipitation  effects,  only  variations  in  solar  radiation  due 
to  cloud  cover. 

Let  us  next  consider  the  transitional  period  to  the  nocturnal  boundary  layer.  As 
the  sun  sinks  toward  sunset,  the  atmosphere  experiences  a  deterioration  from  the 
daytime  atmospheric  structure  to  a  neutral  period  in  which  the  potential  temperature 
is  approximately  constant  with  height.  The  sensible  heat  flux  that  had  previously 
warmed  the  full  boundary  layer  becomes  sufficient  to  heat  the  surface  layer  plus 
a  portion  of  the  boundary  layer.  The  upper  portion  of  the  boundary  layer  becomes 
disconnected  from  the  surface  layer  and  is  redesignated  the  residual  layer.  (This 
transition  is  denoted  by  the  3  on  the  time  track  in  Fig.  1.)  Mechanical  mixing  of 
near-surface  air  will  still  yield  intermittent  temperature  fluctuations  in  the  layer,  but 
not  the  strong  fluxes  of  the  CBL  and  mixed  layers. 

Eventually,  the  solar  heating  of  the  surface  is  insufficient  to  match  the  net  thermal 
radiation  lost  due  to  the  warm  surface,  and  the  surface  begins  to  cool.  At  this 
point  the  atmosphere  transitions  from  the  unstable  daytime  atmospheric  state  to 
the  stable  nighttime  atmosphere  through  an  evening  neutral  event.  This  event 
begins  in  the  surface  layer  where  the  atmosphere  becomes  temporarily  isothermal 
(actually  where  the  vertical  gradient  of  the  potential  temperature  is  zero).  In  this 
case  there  are  no  turbulence  fluctuations  because  there  no  longer  is  mixing  of 
different  temperature  air. 

The  neutral  event  begins  at  the  surface,  therefore  affecting  the  surface  layer  first. 
It  then  quickly  spreads  vertically  into  what  was  the  CBL  and  then  into  the  mixed 
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layer.  There  is  some  hysteresis  to  this  effect  since  some  upper  level  may  not  have 
responded  to  the  neutral  event  before  the  cooling  at  the  surface  has  caused  the 
surface  layer  to  transition  into  its  next  state:  the  surface-based  inversion  (denoted 
by  the  4  in  Fig.  1). 

Once  the  surface-based  inversion  appears,  the  surface  layer  enters  what  is  termed  a 
stable  state.  Here  the  terms  stable  and  unstable  are  used  in  relation  to  the  motions  of 
vertically  displaced  parcels  of  air  during  inversion  and  lapse  conditions.  Under  an 
inversion  condition,  if  a  parcel  of  air  is  displaced  vertically — all  other  things  being 
equal — the  parcel  will  tend  to  attempt  to  return  to  the  vertical  level  of  its  origin. 
When  displaced  downward  it  becomes  warmer  (and  therefore  more  buoyant)  than 
its  surroundings  and  attempts  to  move  upward.  When  displaced  upward  it  becomes 
colder  than  its  surroundings  (therefore  less  buoyant)  and  attempts  to  displace  back 
downward.  Parcels  are  therefore  stable  under  vertical  displacements. 

This  behavior  is  in  contrast  to  unstable  vertical  air  motions.  Again,  all  other 
things  being  equal,  if  during  the  daytime  (warm  surface)  a  parcel  of  air  is 
displaced  vertically,  it  will  always  find  itself  out  of  balance  (buoyancy- wise)  with  its 
surroundings:  A  parcel  displaced  downward  becomes  denser  than  its  surroundings 
and  tends  to  fall  farther.  A  parcel  displaced  upward  becomes  warmer  than  its 
surroundings  and  remains  buoyant.  Daytime  atmospheres  thus  enhance  vertical 
mixing  of  air.  This  in  turn  affects  the  net  effective  drag  of  the  surface  on  the 
geostrophic  winds,  and  a  deeper  layer  develops  because  a  greater  amount  of  air 
is  involved  in  vertical  motions.  Conversely,  because  stable  motions  tend  to  block 
mixing,  the  nocturnal  layer  features  less  vertical  mixing  and  a  shallower  overall 
layer.  Nocturnal  atmospheres  also  tend  to  become  layered  and  unmixed. 

Hence,  the  air  nearest  the  ground  becomes  colder  than  the  air  above  due  to 
radiative  cooling  of  the  surface  and  cooling  of  the  near-surface  air  to  the  surface  via 
convection.  The  result  is  a  stable  inversion  layer  that  grows  slowly  from  the  surface 
layer  upward.  Above  the  surface-based  inversion  the  remainder  of  the  boundary 
layer  continues  on  as  the  residual  layer,  but  odd  (dynamically  unstable)  effects  begin 
to  occur  in  this  layer  as  the  nocturnal  atmosphere  unfolds.  We  shall  leave  these 
discussions  for  later  sections,  but  suffice  to  say  that  the  stable  layer,  while  stable  in 
terms  of  vertical  parcel  displacements,  is  unstable  dynamically  due  to  nonlinear 
processes  such  as  Kelvin-Helmholtz  instabilities  and  gravity-wave  growth  and 
collapse. 


5 


1.2  Turbulence  Structure  in  the  Atmosphere 


The  structure  of  the  diurnal  energy  forcings  in  the  boundary  layer  provide  the 
source  for  temperature  fluctuations,  but  these  are  large-scale  effects.  However,  it 
is  the  structure  of  the  turbulence  at  small  scales  that  affects  the  performance  of 
optical  devices  and  propagation  within  the  boundary  layer.  We  thus  address,  in 
general  terms,  the  structure  of  the  turbulence  in  the  boundary  layer.  We  follow 
Appendix  C  of  Volume  2  of  Tshimaru’s  (1978)  study  of  wave  propagation  in  random 
media.  Ishimaru  follows  Kolmogorov’s  (1941)  original  statistical  description  of 
turbulence  based  on  scaling  arguments,  essentially  following  the  description  given 
in  English  mathematician  Lewis  Richardson’s  (1922)  famous  poem  that  describes 
how  turbulence  cascades  from  large-scale  perturbations  downward  to  the  smallest 
scale  elements  that  are  destroyed  by  viscous  forces: 

Big  whirls  have  little  whirls  that  feed  on  their  velocity, 

And  little  whirls  have  lesser  whirls  and  so  on  to  viscosity. 


Kolmogorov’s  theory  considered  the  characterization  of  fully  mixed  turbulence  at 
high  Reynolds  numbers.  This  number.  Re,  is  a  dimensionless  quantity  defined  as 
vl/o,  where  v  and  /  are  characteristic  velocity  and  length  scales  associated  with 
turbulent  fluctuations  of  a  certain  size,  and  u  is  the  kinematic  viscosity  (m^/s)  of 
air,  V  =  tij Pa-  Here,  p,  is  the  dynamic  viscosity,  and  pa  is  the  air  density: 


p 


P'0 


T,  +  C 
T  +  C 


(1.1) 


where  po  =  1.8325  x  10  ^  kg/(m-s),  =  296.16  K,  and  C  =  120  Kis  Sutherland’s 

constant.  For  dry  air. 

Pa  =  0.34838  P/T,  (1.2) 


where  P  is  the  air  pressure  in  millibars,  and  T  is  the  air  temperature  in  Kelvin  (K). 
At  standard  temperature  (288  K)  and  pressure  (1013  mbar),  the  kinematic  viscosity 
is  1.79  X 10  ®  m^/s.  Stull  (1988)  observes,  “The  Reynolds  number  can  be  interpreted 
as  the  ratio  of  inertial  to  viscous  forcings.” 


Under  most  length-scales  and  corresponding  velocity  scales,  the  atmosphere 
exhibits  a  very  large  Reynolds  number  due  to  the  small  viscosity.  Only  when 
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considering  length  scales  of  a  few  millimeters,  and  the  corresponding  velocity 
fluctuations  at  such  scales,  does  one  approach  Re  ^  1  where  viscous 

forces  become  dominant.  Of  course,  computations  at  such  millimeter  scales  in 
combination  with  typically  meaningful  propagation-scenario  domain  sizes  on  the 
order  of  kilometers — ^requiring  on  the  order  of  10^®  computational  cells — would 
be  practically  impossible  given  even  today’s  supercomputing  resources.  Thus, 
compromises  are  necessary.  One  method  is  to  simply  ignore  viscous  effects,  or 
to  treat  such  influences  only  due  to  a  parameterized  surface-drag  effect.  However, 
to  estimate  the  turbulence  strength  itself,  typically  the  structure  of  small-scale 
turbulence  is  parameterized  using  the  approximations  developed  by  Kolmogorov. 

Having  assumed  the  turbulence  is  well  mixed,  Kolmogorov’s  next  step  involved 
estimating  the  rate  of  production  of  kinetic  energy  per  unit  mass  in  the  flow,  as  well 
as  the  rate  of  dissipation  of  such  kinetic  energy.  Let  us  consider  that  for  length- 
scales  of  the  order  of  //  of  the  flow  itself,  the  velocity  perturbations  of  such  scales 
are  on  the  order  of  the  mean  velocity  of  the  flow  (v/).  A  characteristic  time  scale 
within  the  flow  may  thus  be  estimated  as  tj  =  If /vf  for  eddies  (organized  turbulent 
fluctuations  within  the  flow)  that  are  of  the  characteristic  length-scale  of  the  flow 
itself.  The  rate  of  kinetic-energy  production  of  these  elements  per  unit  mass  per  unit 
time  may  then  be  estimated  as 

Kp^f)  ^vj/Tf  =  vj/lf.  (1.3) 


On  the  other  hand,  the  rate  of  dissipation  of  turbulence  from  the  flow  should 
be  relatively  small  at  the  largest  spatial  scales  since  the  Reynolds  number  is  so 
large  and  since  turbulence  at  large  scales  is  generally  sustained.  This  suggests  a 
dissipation  rate  for  the  largest  spatial  scales  of  the  order 

ef^vv)/l).  (1.4) 

Kolmogorov’s  analysis  to  this  point  is  consistent  with  Stull’s  interpretation  of  the 
Reynolds  number  since  when  the  ratio  of  to  e/  is  formed,  one  obtains  just  the 
Reynolds  number  of  this  flow:  Rcf  Vf  If /u. 

Because  of  the  difference  between  the  magnitude  of  the  mean  energy  and  the 
dissipation  rate,  based  on  the  kinematic  viscosity,  it  is  clear  dissipation  processes 
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are  not  significant  for  large-scale  flows.  Rather,  dissipative  effects  only  become 
significant  at  smaller  scales  where  kinematic  influences  (and  therefore  viscous 
effects)  become  important.  These  influences  begin  at  millimeter  scales. 

Kolmogorov  designated  a  cutoff  point  in  his  flow  model  that  he  characterized  as  an 
outer  scale,  designated  here  by  Lo.  This  scale  is  the  largest  length-scale  below  which 
the  flow  can  be  considered  fully  mixed.  And,  there  appears  to  be  a  strong  correlation 
between  this  concept  of  full  mixing  and  a  related  concept  regarding  isotropy  of  the 
turbulence.  Klipp  (2014)  has  studied  the  nature  of  the  scale  at  which  turbulence 
transitions  from  a  (roughly)  2-dimensional  structure  to  becoming  isotropic,  and  this 
scale  is  of  the  same  length  as  the  outer  scale.  Above  the  outer  scale  the  flow  appears 
to  exhibit  anisotropies.  Below  this  scale,  in  the  inertial  subrange  the  flow  becomes 
isotropic.  For  flows  close  to  the  earth’s  surface  the  outer  scale  is  a  function  of  the 
height  above  the  surface  (varying  from  a  few  meters  to  perhaps  several  dozen  meters 
[Tofsted  2000]),  and  has  been  shown  to  vary  as  a  function  of  time  of  day  (Tofsted 
et  al.  2009,  Fig.  21). 

In  connection  with  Lo,  let  us  identify  Vo  as  the  corresponding  characteristic  velocity 
fluctuation  at  this  scale.  Since  the  dissipation  rate  of  eddies  of  this  size  is  negligible, 
if  one  assumes  a  steady  state  of  the  flow,  then  production  at  this  scale  must  match 
the  rate  of  transfer  of  energy  from  this  scale  to  smaller  eddy  scales  in  a  spectral 
cascade  of  energy  to  smaller  turbulence  scales.  This  cascade  is,  nevertheless,  based 
on  inertial  mixing,  not  viscous  effects.  At  successively  smaller  turbulence  scales 
the  same  process  occurs.  Energy  cascades  downward  to  smaller  and  smaller  length- 
scales  while  viscous  forces  gradually  grow.  Eventually  energy  is  removed  at  some 
smallest  length-scale,  ^o,  termed  the  inner  scale,  where  viscous  forces  become 
dominant,  and  the  bulk  of  the  kinetic  energy  is  removed  from  the  flow. 

Eet  Vi,  V2,  ...  ,  Vn  be  the  velocities  of  eddies  of  scales  Li,  L2, ...,  where  Lo  > 
Li  >  L2  >  ...  >  Ln-  Then,  due  to  the  transfer  of  kinetic  energies  to  smaller  length- 
scales,  the  kinetic  energies  per  unit  mass  per  unit  time  for  eddies  of  all  length-scales 
(an  equipartition  argument)  will  tend  to  be  approximately  equivalent: 

Vo^Lo  ^  Vl/L^  ^  V^IL2  ^  (1.5) 

That  is,  when  the  flow  is  in  a  steady  state,  the  amount  of  energy  flow  into  a  given 
length-scale  range  from  the  next-larger  length-scale  will  equal  the  rate  of  kinetic- 
energy  flow  from  that  length-scale  to  the  next  smaller  scale. 
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As  the  length-scales  decrease,  the  dissipation  rate,  v  V^/L\,  tends  to  increase  until 
the  inner  scale  is  reached,  at  which  point  the  dissipation  rate  is  of  the  same  order  as 
the  rate  of  kinetic-energy  flux  into  that  length-scale: 

V^/L,  ^  ~  ^  ~  e.  (1.6) 

At  this  length-scale,  practically  all  of  the  kinematic  energy  is  dissipated  into  heat  so 
that  no  eddies  of  scale  smaller  than  fo  remain  in  the  flow.  Only  molecular  thermal 
energy  remains. 

Two  important  properties  emerged  from  this  analysis.  First,  Kolmogorov 
recognized  that  Vf  / Li  ^  ...  ^  V^jL^  ^  5,  a  constant,  such  that  the  velocity 
fluctuations  could  be  written  as  a  function  of  the  length  scale,  14  ~ 

From  this  Kolmogorov  deduced  a  form  for  the  velocity  structure  function: 

D,{r)=Cl{erfl\  L  <  r  <  L,,  (1.7) 

which  is  related  to  the  square  of  the  mean  velocity  difference  at  separation  scale 
r.  Here,  Cl  is  a  constant,  the  velocity  structure  parameter.  The  structure  function 
is  considered  isotropic,  which  follows  naturally  from  the  properties  of  the  flow  at 
length-scale  Lo. 

In  general,  one  may  define  a  structure  function  for  any  property,  p,  as 

Dp{r)  =  (^\p{x  +  r)  -  p{x)f)  ,  (1.8) 


where  r  =  |r|. 

Second,  from  the  form  of  the  velocity  structure  function,  Kolmogorov  was  able  to 
make  the  conceptual  link  to  temperature  fluctuations  by  assuming  that  temperature 
perturbations  are  carried  along  by  the  wind  flow  as  a  conserved  property.  That 
is,  eddies,  characterized  by  velocity  v{r),  will  transport  with  them  a  characteristic 
temperature  T(r),  since  mixing  effects  are  ignored  at  large  scales. 

Such  perturbations,  termed  conservative  passive  additives  (CPAs),  persist  within 
the  flow  down  through  the  cascade  process  until  such  point  as  small-scale  mixing 
causes  the  remaining  perturbations  to  be  dissipated  out  of  the  flow,  as  was  the  case 
with  the  wind  field.  Similarly,  the  temperature  structure  function  follows  the  same 
power  law  as  other  CPAs. 
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However,  we  should  add  a  few  caveats  when  it  comes  to  temperature.  Thermal 
perturbations  will  tend  to  radiate  differently  depending  on  the  temperature. 
Therefore,  they  are  not  exactly  conservative.  Also,  because  different  temperatures 
exhibit  different  buoyancies  relative  to  the  background  mean  vertical  temperature 
structure,  they  are  not  exactly  passive,  either.  But,  for  the  sake  of  simplicity,  both  of 
these  assumptions  are  commonly  used. 

We  focus  on  the  temperature  effects  because  of  their  direct  relation  to  refractive 
index.  In  the  boundary  layer,  atmospheric  temperature  fluctuations  are  primarily 
responsible  for  the  variations  in  refractive  index  at  ultraviolet  through  far-infrared 
wavelengths.  While  there  is  a  pressure  dependence  that  is  nontrivial,  in  general 
pressure  gradients  are  a  relatively  slowly  varying  function  of  height: 

dP 

-^  =  -pa9/W0,  (1-9) 

where  the  100  factor  converts  the  dimension  from  Pascals  (the  natural 
MKSA  dimension)  to  millibars  (the  units  used  commonly  for  meteorological 
measurements).  From  this  relation,  the  total  dry-air-density  fluctuation  can  be 
written, 

dp.  =  0.34838  ^  (0,034d2  +  dT) .  (1,10) 

That  is,  thought  of  as  a  temperature  gradient  equivalent,  the  pressure  effect  is 
equivalent  to  a  -0.034  K/m  temperature  drop. 

Let  us  next  introduce  the  formula  used  for  converting  pressure  and  temperature  to 
the  refractive  index  for  dry  air: 

p 

71^1  +  78.2  X  10“®  -  =  1  +  K  P/T  =  1  +  224.5  x  10“®  pa-  (1.11) 

The  refractive  index  also  features  a  humidity-dependent  term,  but  this  effect  is  a 
factor  of  roughly  100  weaker  compared  to  the  temperature  effect.  Similarly,  there 
exists  a  spectral-dependent  term  in  the  refractive  index  formula  that  is  second  order. 
Finally,  there  is  a  humidity-temperature  cross  term  that  is  approximately  an  order 
of  magnitude  weaker  than  the  temperature  effect;  but,  since  turbulence  strength  can 
vary  by  orders  of  magnitude  over  a  single  diurnal  cycle,  and  the  uncertainty  in  the 
is  roughly  a  factor  of  2.0  or  greater,  due  to  intermittency  effects,  this  10%  effect 
is  ignored  in  practice. 
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To  a  good  approximation  one  can  compute  a  refractive  index  power  spectrum 
knowing  only  the  structure  of  the  temperature  fluctuations  and  using  the  above 
expression  for  the  refractive  index. 

1.3  Turbulence  Spectrum 

We  have  now  seen  the  refractive  index  structure  parameter  in  at  least  one  context. 
It  appears  in  relation  to  the  refractive  index  structure  function, 

Vn{r)  =  (jn{x)  —  n{x  +  .  (1-12) 

But  a  further  refinement  is  often  invoked.  This  one  involves  the  assumption  that 
the  refractive  index  can  be  subdivided  into  a  portion  that  is  constant  with  position 
(no)  and  a  perturbation  term  (ni)  that  varies.  In  a  real  atmosphere  this  assumption 
is  never  technically  true,  since  the  mean  refractive  index  must  be  a  function  height 
as  it  depends  on  vertically  varying  pressure  and  temperature.  However,  as  long  as 
length  separations  are  not  made  too  long,  then  it  is  approximately  true.  This  is  the 
implication  of  the  concept  of  stationary  increments. 

With  this  assumption,  the  expression  in  Eq.  1.12  is  modified  such  that  ni’s  replace 
the  n’s  on  the  right-hand  side  (RHS).  One  may  then  write  the  structure  function  in 
terms  of  correlation  functions: 

P„(r)  =  2r„(0)-2r„(r),  (1.13) 

where  the  T^  functions  are  covariance  functions  of  n: 

T n{r)  =  {ni{x)  ni{x  +  r)) .  (1-14) 

This  function  is  related  to  a  power  spectrum  of  the  refractive  index,  $„(«;),  through 
a  Fourier  transform: 

4>n(«)  =  JJ j  r„(r)  exp(i/?-r)  dr,  (1.15) 

—  OO 

or  via  the  following  Fourier- transform  pair  if  the  turbulence  is  isotropic: 

o  OO  ,  . 

0 
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Tn{r)  =  f  (1.17) 

J  Kr 

0 

by  integrating  first  over  the  2  angular  variables. 

Unfortunately,  because  the  Kolmogorov  refractive  index  structure  function  has  no 
upper  bound,  only  its  dependence,  and  the  cutoffs  in  r:  £o  <  r  <  Lo,  when 
forming  the  refractive  index  spectrum  one  obtains  a  divergent  integral  (r„(0)  =  cx)). 
This  in  turn  indicates  the  Kolmogorov  spectrum  should  diverge  at  the  origin,  which 
indeed  it  does,  following  the  law, 

where  /3  ~  0.033  is  an  integration  constant: 

/3  =  (5/36)[22/=^r(5/6)]/[7r^/2r(2/3)]  ^  0.033.  (1.19) 

We  shall  not  dwell  on  the  frequency  spectrum,  but  we  do  note  that  the  range  of 
validity  of  the  Kolmogorov  spectrum  is  commonly  expressed  as 

i  <  K  <  i  (1.20) 

Hence,  the  inner  and  outer  scales  of  turbulence  appear  again,  this  time  as  gate¬ 

keepers  of  sorts  on  the  Kolmogorov  inertial  subrange,  whereas  previously  the  inner 
scale  was  shown  to  be  related  to  the  dissipation  of  kinetic  energy  and  the  outer 
scale  to  the  source  term  of  kinetic  energy,  in  combination  with  the  wind  structure 
function. 

Now,  in  terms  of  effects  of  the  inner  and  outer  scale  on  turbulence  problems,  we  note 
2  things.  Outer  scale  is  related  to  the  amount  of  energy  available  in  the  turbulent 
fields,  both  wind  and  temperature  fields.  Therefore,  in  terms  of  modeling,  the  outer 
scale  provides  an  important  link  between  flux  theories  and  turbulence  calculations 
eventually  used  in  propagation  studies.  On  the  other  hand,  the  inner  scale  has  a 
direct  role  in  propagation  studies  of  scintillation  effects. 

This  inner-scale  role  appears  because  of  the  end  of  fluctuations  at  frequencies  much 
higher  than  l/io,  due  to  dissipation  effects,  and  because  of  a  particular  feature  of 
the  wind  dissipation  itself.  Emerging  from  Kolmogorov’s  analysis  is  the  fact  that 
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when  the  wind  perturbations  are  dissipated  at  the  size  range  around  the  inner  scale, 
or  the  Kolmogorov  scale,  denoted  rjo,  where  the  2  are  related  through  Wyngaard’s 
(1973)  definition, 

4~7.4r/„  =  7.4  (z/Ve)'^".  (1.21) 

The  distinction  without  a  difference  between  these  2  measures  is  that  the  inner  scale 
occurs  roughly  at  the  beginning  of  a  bump  in  the  refractive  index  spectrum,  while 
Po  occurs  in  the  middle  of  this  spectral  bump  and  typically  measures  less  than  a 
millimeter. 

At  this  length-scale  a  secondary  heating  source  appears  due  to  the  dissipated 
mechanical  energy.  This  extra  heating  is  intermittent,  enhancing  temperature 
fluctuations  in  its  spectral  vicinity  and  producing  a  bump  in  the  temperature 
spectrum.  This  effect  is  termed  the  “Hill  Bump”  (Hill  1978;  Hill  and  Clifford  1978). 

This  bump,  though  small,  signals  the  end  of  the  refractive  spectrum  (values  zero 
at  frequencies  an  order  of  magnitude  greater  than  the  bump  frequency).  The 
bump  produces  significant  impacts  on  certain  propagation  effects,  particularly 
those  related  to  scintillations  of  beam-wave  propagation  of  coherent  light.  For  an 
optical  path-length  denoted  S,  and  a  monochromatic  wavelength  of  radiation  A,  a 
dimensionless  parameter  0  =  {\S)/io  can  be  shown  to  parameterize  the  height 
of  the  resulting  scintillation  saturation  curve  as  a  function  of  integrated  turbulence 
strength  (e.g.,  Tofsted  1993). 

The  next  section  will  introduce  a  more  complete  spectrum  —  but  before  leaving 
considerations  of  the  basic  spectrum,  let  us  introduce  a  few  useful  relations  that 
may  be  needed  later.  The  first  of  these  is  the  refractive  index  variance: 

CXD 

=  J  4:71  dn.  (1.22) 

0 

The  second  is  an  integral  that  connects  a  1 -dimensional  (1-D)  spectrum  such  as 
would  be  sensed  with  a  fixed  sensor  (a  sonic  anemometer  for  instance)  with  an 
equivalent  3-dimensional  (3-D)  spectrum  used  in  propagation  models. 

OO 

Fn{Ki)  =  2  J  27lKrdKr,  (1.23) 

0 

where  ki  is  the  transform  dimension  oriented  along  the  direction  of  the  mean  wind, 
Kr  is  a  radial  frequency  in  the  plane  transverse  to  the  mean  wind,  and  both  and 
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are  single-sided  speetra  (undefined  for  Kr  or  k  less  than  zero).  The  inverse  of 
this  relation  is 


[K  = 


1  dFnin) 


dTT  K  d-K 

In  the  inertial  subrange  the  1-D  speetrum  evaluates  as  in  Tofsted  et  al.  (2007), 


(L24) 


F„a'(k,)  =  (12it  lb)  (1.25) 


the  1-D  analog  of  the  Eq.  1.18’s  3-D  Kolmogorov  speetrum.  However,  it  should  be 
emphasized  that  these  relations  are  based  on  the  assumption  of  isotropie  turbulenee. 
When  anisotropie  turbulenee  is  present  at  large  length-seales,  analysis  has  indieated 
(Tofsted  et  al.  2009)  that  at  least  in  terms  of  wind  turbulenee  the  strueture  of 
the  fluetuations  produees  a  Reynolds  stress  tensor  whose  prineiple  axes  are  not 
equal,  meaning  that  at  the  largest  length-seales  the  fluetuations  are  dominated 
by  the  horizontal- axis  eomponents.  Interestingly  enough,  it  is  not  the  along-wind 
eomponent  that  is  the  greatest  horizontal  term.  Rather,  due  to  the  effeets  of 
meandering,  it  is  the  horizontal  eomponent  that  is  transverse  to  the  mean  wind  that 
is  the  largest  eomponent,  followed  elosely  by  the  along-wind  eomponent  of  the 
wind  varianee  and  then  by  the  vertieal  eomponent,  in  approximately  a  6-4-1  ratio, 
but  where  the  prineipal  axes  are  tipped  slightly  forward  and  downward  to  aeeount 
for  the  mean  flux  of  momentum  toward  the  ground. 

1.4  Outer-Scale  Effects  on  the  Refractive  Index  Spectrum 

It  is  not  the  purpose  of  the  present  work  to  develop  models  of  the  modifieations 
of  the  turbulenee  speetrum  due  to  the  inner  and  outer  seales  of  turbulenee.  For 
eompleteness  and  elosure,  however,  this  report  presents  model  forms  for  both  the 
outer-  and  inner-seale  effeets  on  the  speetrum.  In  this  way  we  will  have  a  point  of 
referenee  for  viewing  future  impaets  of  the  speetrum  on  propagation  statisties  as 
well  as  a  model  for  deseribing  moments  of  the  turbulenee  when  looking  at  energy 
eontent  and  souree  terms  that  partieularly  involve  outer-seale  effeets. 

The  standard  approaeh  to  dealing  with  the  outer  seale  effeets  is  to  use  the  so-ealled 
von  Karman  speetrum.  We  express  this  as 

£11/3  £)2"i 

$.v^(«)  =/3C^To(«,  £o),  /:)  =  (1-26) 

Propagation  seientists  eommonly  identify  C  direetly  with  the  outer  seale  Lo,  and 
then  define  Lo  ~  kz,  where  k  ~  0.4  is  von  Karman’s  eonstant  and  is  the 
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height  above  the  surface.  But  these  associations  appear  rather  arbitrary.  Moreover, 
Hinze  (1987)  described  the  spectrum  as  including  3  regions:  the  energy  containing 
subrange,  the  inertial  subrange,  and  the  dissipation  subrange.  Below  the  energy- 
containing  range  von  Karman  (1948)  indicated  the  spectral  dependence  should 
behave  as  not  the  constant  spectral  energy  that  reaches  a  maximum  at  zero 
frequency.  A  misinterpretation  seems  to  have  occurred  somewhere  such  that  the 
spectrum  that  bears  his  name  does  not  behave  as  von  Karman  himself  intended. 
This  was  previously  corrected  in  Tofsted  (2000)  and  Tofsted  et  al.  (2007). 

In  Tofsted  (2000),  forms  Ti  and  T2  were  combined  to  construct  a  dependence 
at  the  lowest  frequencies.  However,  this  form  did  not  strictly  follow  von  Karman’s 
theory  due  to  the  presence  of  T2,  yielding  a  term.  It  also  required  one  of  the 
components  to  be  negative.  The  2007  paper  corrected  this  deficiency  through  the 
use  of  3  weighted  Ti  functions: 


13 Cl  A),  (1.27) 

i=0 

where  the  nR  subscript  references  the  characterization  of  the  energy-containing 
range  of  the  spectrum,  and  where 

wi  =  1/4,  Cl  =  0.8  Lo, 

m;2  =  1/2,  £2  =  2.0  Lo,  (1.28) 

W3  =  1/4,  £3  =  5.0  To. 

These  relations  were  chosen  such  that  an  outer  scale  could  be  defined  relative  to  the 

rolloff  of  the  Kolmogorov  behavior  at  low  frequency: 

^nRil/Lo)/^nKil/Lo)  ~  0.5,  (1.29) 

where  n  =  1/A  is  used,  consistent  with  Ishimaru  (1978)  and  Andrews  and 
Phillips  (1998),  as  opposed  to  k  =  27r/A  used  by  Clifford  (1978)  and 

Kopeika  (1998).  (The  actual  value  on  the  RHS  of  Eq.  1.29,  based  on  the  coefficients 
of  Eq.  1.28,  is  0.506.) 

This  spectral  form  was  designed  to  match  data  presented  by,  and  the  1-D  spectral 
model  proposed  by  Kaimal  et  al.  (1972).  This  1-D  model  can  be  cast  into  a  refractive 
index  spectrum  form  as 


B/Kq 

1  +  B  {ki/koYC 


(1.30) 


15 


This  spectrum  carries  the  appropriate  asymptotic  behaviors  at  low  and  high 
frequencies.  At  low  frequencies  it  approaches  a  constant  at  maximum  value.  At  high 
frequency  it  exhibits  the  Ki  behavior.  The  significance  of  this  form  is  that  the 
Kaimal  group  developed  similarity-theory-based  relations  between  the  Kq  constant 
and  the  ratio  C  =  z/Loh-  However,  we  cannot  use  Fnc  directly,  for  when  we  apply 
Eq.  1.24  to  this  functional  form  to  generate  the  equivalent  3-D  spectrum  we  obtain 


(5/3) 

Ann  kI  [1  +  B{K/KQfFf' 


(1.31) 


This  function’s  n  low-frequency  dependence  yields  a  singularity  at  the  origin. 


To  solve  this  problem,  the  Eq.  1.27  form  involving  a  weighted  sum  of  Ti  terms  was 
used.  But  before  proceeding,  let  us  first  compare  the  high-frequency  behaviors  of 
the  Kaimal  function  and  that  of  the  Kolmogorov  spectrum  translated  into  its  1-D 
form  in  Eq.  1.25: 

=  (1.2.2.  A) 


Kq  = 


(1.32.5) 


The  Ko  thus  depends  on  turbulence  strength  and  the  form  taken  by  the  refractive 
index  variance. 


While  we  cannot  convert  the  Kaimal  expression  into  a  3-D  version  that  behaves 
properly,  the  opposite  can  be  performed:  We  can  produce  a  1-D  version  of  our 
proposed  spectrum  and  compare  it  against  the  1-D  Kaimal  function.  To  perform 
such  comparisons,  we  first  introduce  the  standard  normalized  form  used  by  Kaimal: 

'I'nG(«l)  =  (1.33) 


This  form  is  useful  because  it  can  be  transformed  more  easily  between  its  temporal- 
frequency  and  spatial-frequency  versions. 

To  compare  forms,  let  us  first  evaluate  for  the  Eq.  1.27  spectrum: 

<l>n(K)  An  dK  =  ^  PC^AaYI  Wi  (1.34) 

^  i=i 


where 


(37r)^/^ 

iir(i)r(|) 


1.7209. 


(1.35) 
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Our  spectrum  can  then  be  converted  into  1-D  form: 


Ki 


A 


3  C 

12  A 

X  i=l 


5/3 


(Ki  Ci)  +  ^ 
11/6 


1  +  (ki  Ci) 


(1.36) 


using 


Ax  =  A  A 

i=\ 


(1.37) 


From  and  both  B  and  Kq  can  be  evaluated.  In  the  limit  ki  — )■  0, 

'^nG  B/kq.  In  the  limit  ki  — )■  cx),  '^nc  From  the  high-frequency 

limit  a  relation  between  kq  and  Lo  is  obtained: 


2/3 
Kn  = 


4-3 

Ei  Wi  B 


2/3 


1.72086-3 
1.74015  X 


0.19298 


Kq  = 


(1.38) 


This  result  also  allows  us  to  simplify  the  expression  for  the  refractive  variance: 


a 


2 

n 


12% 


HCHk 


2/3 

0 


(1271/5) 

0.192982/3  ^  ° 


0.745  C'^L^/l 


(1.39) 


In  the  low-frequency  limit  we  can  obtain  a  value  for  B: 


B 

Kq 


11 


Ei  B 


5/3 


41a  E/ 


2/3 


B 


0.19298^  5.41478  7/5/3 
LA.72086  1,74015 


(1.40) 


This  result  differs  from  the  values  used  by  Kaimal.  In  the  original  paper  B  =  0.16; 
more  recently,  Kaimal  and  Finnegan  (1996)  recommended  B  =  0.164.  On  the  other 
hand,  from  Kaimal’s  data,  comparison  appeared  to  show  B  ^  0.20  (Tofsted  2000). 
The  0.19  introduced  here  represents  a  compromise  between  these  different  results, 
though  tending  toward  the  data  result. 


Now,  the  4/nG(«^i)  function  has  a  peak  value  that  occurs  at  Km  =  k-o  {2B 
The  Kaimal  group  studied  this  maximum,  but  only  in  terms  of  the  related 
dimensionless  frequency  /  =  kzI2%.  In  this  form,  Tofsted  (2000)  analyzed 
the  Kaimal  et  al.  scatter  plot  showing  the  peak  point,  /m,  as  a  function  of  the 
dimensionless  ratio  C  =  z/ Lot,  the  ratio  of  the  height  2:  to  the  Monin-Obukhov 
scaling  length  Lot  (Paulson  1970).  Data  from  one  of  Kaimal’s  plots  were  digitized, 
and  an  equation  was  fitted  to  these  digitized  data.  Separate  fits  were  generated  for 
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unstable  and  stable  surface-layer  conditions  (positive  and  negative  Lot  values): 


I  0.460  + 0.0014  C>0, 

1  0.036  y=C  + 0.0014  C<0. 

The  fit  achieved  is  illustrated  in  Fig.  2. 

Figure  3  compares  different  versions  of  the  Kaimal  4/^^  function  based  on  different 
values  of  the  B  parameter  along  with  the  fit  of  the  '^nR  function  transformed  from 
the  proposed  3-D  spectrum  (the  Proposed  Spectrum). 


Fig.  2  Intercomparison  of  Kaimal-frequency  maximum  data  (fm)  versus  dimensionless  height 
parameter  C  =  zjLob  and  plot  of  Eq.  1.41 


Fig.  3  Intercomparison  of  digitized  Kaimal  data  with  1-D  curve  of  'I'„g  using  original  Kaimal 

B  =  0.16  and  B  =  0.19,  and  'i’riR  based  on  B  =  0.19 
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Simplified  means  exist  for  evaluating  the  Obukhov  length  Lob  (e.g.,  Tofsted 
et  al.  2006),  but  these  are  less  accurate  than  energy-budget-based  evaluations. 
Calculation  of  Lob  is  a  main  focus  of  the  present  study,  using  Surface  Energy 
Budget  (SEB)  methods  to  evaluate  this  parameter  accurately. 


Whichever  means  is  used,  for  a  given  and  the  computed  Lob,  fm  can  be  evaluated, 
leading  to  an  estimate  of  Lg.  Eor  the  proposed  model’s  choice  of  B  =  0.19033,  the 
relation. 


0.19298  _  0.19298  _  0.19298  _  0. 10599 

no  ~  271  fo  “  27r/^  (25/3)3/5  “ 


immediately  follows. 


(1.42.21) 


Combining  this  result  with  the  expression  for  fm. 


L 


O 


;2/(4.34y+C  + 0.013)  C  >  0, 
;2/(0.34y=C  + 0.013)  C  <  0. 


(1.42.5) 


This  relation  reveals  the  distinctly  different  behavior  of  Lo  under  the  2  different 
stability  regimes.  During  daytime  conditions,  C  <  0,  and  Lg  ~  3^\z  Lob\, 
indicating  outer-scale  values  often  larger  than  the  distance  to  the  ground. 


This  suggests  that  the  daytime  outer  scale  is  driven  by  large-scale  mixing  from 
turbulence  aloft.  Even  near-surface  turbulence  is  thus  seeing  the  influence  of 
air  mixing  throughout  the  boundary  layer.  Conversely,  under  nocturnal  stable 
conditions,  turbulence  is  suppressed,  such  that  L^,  is  significantly  less  than  the 
distance  to  the  ground.  That  is,  the  turbulence-suppressing  nature  of  the  inversion 
only  permits  localized  small-scale  mixing. 


Easily,  at  the  neutral  event  ((  — )■  0)  the  outer  scale  increases  rapidly  with  height, 
indicative  of  the  presence  of  low-frequency  mixing  that  is  not  driven  by  fluctuations 
merely  at  the  ground  level.  Effectively  the  entire  boundary  layer  becomes  involved 
when  neutral  mixing  can  occur.  However,  under  such  conditions  our  interest  wanes 
since  the  effects  of  the  turbulence  will  be  negligible. 


The  above  discussion  of  Lo  evaluation  is  limited  to  the  surface-layer  atmosphere. 
Outside  the  surface  layer  alternative  methods  must  be  formulated,  but  available  data 
are  scarce.  Notice  that  in  arguing  the  Kolmogorov  turbulence  form  we  assumed  that 
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at  the  outer  scale  the  characteristic  velocity  was  that  of  the  wind  speed.  Perhaps 
this  was  because  the  wind  speed  differential  would  be  that  between  the  speed  at 
height  and  that  at  height  zero.  But,  in  general  this  parameter  would  need  to  be 
modeled  using  a  quantity  of  order  Lo  dU/dz.  Buoyancy  effects  would  also  need  to 
be  considered.  Hence,  results  obtained  for  the  surface  layer  do  not  have  immediate 
analogs  in  the  remainder  of  the  boundary  layer. 

1,5  Inner-Scale  Effects  on  the  Refractive  Index  Spectrum 

Inner-scale  effects  on  the  refractive  index  spectrum  have  been  developed  by  a 
number  of  researchers,  starting  with  Tatarski  (1961).  However,  most  of  these 
models  do  not  integrate  easily.  Therefore,  some  years  ago  the  present  author 
introduced  (Tofsted  2003)  a  bump  spectrum  constructed  using  a  transition  function 
originally  introduced  by  Belen’kii  (1996). 


The  first  step  in  describing  this  spectrum  is  to  further  examine  the  variability  of 
the  inner  scale  (first  defined  in  Eq.  1.21),  including  its  height  dependence.  The 
kinematic  viscosity,  u,  depends  on  the  dynamic  viscosity,  /i,  from  Eq.  1.1  and  the 
density,  pa,  from  Eq.  1.2.  Eet  us  combine  this  dependence  with  a  surface-layer 
characterization  of  the  dissipation  rate,  e,  that  is  (approximately)  ul/{kyz).  Here, 
is  the  friction  velocity,  given  in  its  neutral  stability  form  by 


ky  U 

\n[zlz^y 


(1.43) 


where  ky  is  von  Karman’s  constant,  ky  ~  0.40  over  rough  terrain,  Zo  is  the 
roughness  length,  and  u  is  the  wind  speed  at  height  2;  above  the  displacement  height. 
Combining  terms,  we  have 


io  OC  [p/ {pa  {ky  zY^‘^  OC 


T5/2  \n{z/Zo) 
P{T  +  C)  kyu 


3/4 


{kyZ 


lV4 


(1.44) 


This  formulation  indicates  that  we  can  determine  the  inner  scale  as  a  function  of 
height,  but  we  must  begin  by  knowing  u  and  T  at  height  2:,  along  with  P,  and  Zy.  The 
apparent  wind-speed  dependence  in  this  function  is  however,  data  collected 

at  Table  Mountain,  Colorado,  by  researchers  from  the  National  Oceanic  and 
Atmospheric  Administration’s  Wave  Propagation  Eaboratory  at  Boulder,  Colorado, 
suggest  a  slightly  modified  dependence. 
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In  Tofsted  and  Auvermann  (1991)  we  developed  the  empirical  relation  (Eq.  33  of 
that  paper)  that  I  shall  approximate  here  as 


L  ^  0.000463 


7^5/2  ^1/3 

P{T  +  C) 


j3/4 

L  0-515  0.2681 

- 

1  —  0.0618  u  -I - 1 - ^ 

\Zo/ 

L  u  J 

(1.45) 


where  the  temperature  and  pressure-dependent  term  was  appended  to  a  modified 
wind- speed  function  and  2;  and  Zo  obtained  from  the  height  of  the  meteorological 
sensors  and  site  vegetation. 


The  wind-speed  component  of  this  curve  is  plotted  in  Fig.  4  along  with  the  data 
set  from  which  it  was  derived.  In  addition,  we  present  the  wind-speed 

dependence  as  the  blue  dashed  line.  Only  the  neutral  condition’s  log-wind  profile 
was  introduced  since  we  did  not  have  data-tagging  to  assign  any  specific  stability 
condition  to  elements  of  the  data  set,  though  clearly  the  data  set  does  bifurcate 
at  inner-scale  lengths  above  7  mm,  and  this  may  be  stability  related.  A  more 
detailed  study  of  this  behavior  would  be  possible  using  one  or  more  Scintec  SLS- 
20  scintillometers  in  combination  with  wind  and  temperature  measurements  at 
multiple  heights  to  provide  the  data  needed  to  characterize  the  vertical  dependence 
of  io  in  the  surface  layer  as  well  as  f'o’s  stability  dependence. 
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Fig.  4  Empirical  inner-scale  relationship  to  observed  wind  speed  versus  theoretical  inner-scale 
wind  dependence  for  neutral  stability  case 


Knowing  io,  the  inner-scale  effect  due  to  dissipation  can  be  modeled  using  a 
function  suggested  by  Belen’kii  (1996): 


25/6r(ii/6)  ■ 


(1.46) 
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Here,  Kx  is  the  modified  Bessel  funetion  of  the  third  kind,  order  A.  This  function 
is  approximately  unity  at  small  values  of  argument  x  and  trails  off  toward  zero 
at  large  x.  Belen’kii  used  the  function  in  a  single-mode  form  to  approximate 
Tatarski’s  (1961)  inner-scale  exponential  dissipation  effect.  This  function  is  plotted 
in  Fig.  5.  However,  Tatarski’s  form  did  not  account  for  the  spectral  bump. 

Here,  Belen’kii’s  form  is  used  due  to  its  integral  properties,  but  where  2  copies  of 
the  function  are  combined  to  simulate  the  Hill  bump  spectrum  (Hill  and  Clifford 
1981)  in  the  form. 


L)  =  F{kLIIA12),  (1.47) 


with  the  envelope  function, 

F(7)  =  2.75X(7/1.324)  -  1.75X(7/0.586).  (1.48) 


Fig.  5  Dissipation  curve  of  Belen’kii  function 


The  F  function,  being  based  on  X,  behaves  as  X  — )■  1  for  small  argument,  while 
exhibiting  X  — )■  0  at  large  argument,  and  exhibiting  the  characteristic  Hill-bump 
behavior  near  k  ~  l/('o-  This  curve  was  fitted  to  bump  spectra  of  Hill  (1978)  and 
Frehlich  (1992)  where  a  compromise  between  the  differing  forms  was  constructed. 
A  third  bump  spectrum  is  also  available,  by  Chumside  (1990),  but  the  shape  of  this 
curve  is  approximately  the  same  as  that  of  Hill’s  spectrum  and  so  was  not  included. 
These  bump  spectra  are  intercompared  in  Fig.  6. 
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1.6 


Fig.  6  Intercomparison  of  different  inner-scale-affected  bump  spectra 


The  fitted  eoeffieients  modeled  the  average  of  the  Hill  speetrum  and  Frehlieh’s 
intermediate  ease  (1.324  =  0.586  =  10“°'^^^). 

To  eonelude  this  development,  let  us  note  how  the  inner-  and  outer-seale  modulated 
speetra  ean  be  eombined.  Inner-  and  outer-seale  modulated  forms  of  the  original 
Kolmogorov  speetrum,  exhibit  asymptotie  behaviors  that  mateh  this  speetrum 
at  low-  and  high-frequeney  ranges  respeetively.  To  ereate  a  complete  spectrum  we 
simply  note  that  under  most  conditions  Lo  3>  f'o-  As  such,  there  is  little  feedback 
between  the  inner-  and  outer-scale  modulated  portions  of  the  complete  spectrum. 
Thus,  we  should  be  able  to  simply  write 

<!>„(«:)  =  Lo)  +  L)  -  (1.49) 

where  we  subtract  a  copy  of  the  Kolmogorov  spectrum  to  avoid  double-counting 
the  inertial  subrange.  In  this  way,  separate  integral  forms  can  be  developed  to  treat 
different  portions  of  the  spectrum  separately. 

Although  the  combined  spectrum  is  not  perfect,  in  that  it  assumes  isotropic 
turbulence,  this  would  not  affect  its  properties  at  high  frequency  or  within  the 
inertial  subrange,  where  it  would  be  isotropic.  Therefore,  its  properties  account 
for  the  majority  of  the  spectrum  that  most  directly  impacts  optical  effects.  Also, 
at  the  low-frequency  end  of  the  spectrum — although  the  spectrum  proposed  is 
isotropic — when  converted  to  a  1-D  spectrum  its  properties  match  those  of  the 
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Kaimal  group,  which  was  viewed  as  the  best  model  available  at  the  point  where 
the  research  bifurcated  into  the  recent  focus  on  Large  Eddy  Simulations  and  the 
interest  of  the  optical  community  on  spectral  properties.  It  is  hoped  that  the  present 
work  will  help  to  re-establish  these  2  divergent  areas.  The  main  question,  though,  is 
how  to  transform  the  information  available  with  regard  to  anisotropic  turbulence 
and  interpret  this  information  in  terms  of  a  useable  spectrum  for  propagation- 
analysis  purposes.  One  method  might  be  to  simply  transform  the  3-D  spectrum 
down  to  a  2-D  form  and  then  low-pass  filtered.  The  result  could  be  interpreted  as 
a  low-frequency  part  of  the  complete  spectrum.  The  equivalent  high-pass  filtered 
portion  would  correspond  to  the  3-D  portion  of  the  spectrum.  We  already  have 
some  concept  of  the  range  of  the  transition,  but  the  full  exploration  of  this  issue  is 
outside  the  scope  of  the  current  investigation. 
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2.  Introduction  to  the  Surface  Energy  Budget 


In  this  chapter  we  shall  diseuss  the  eonneetion  of  the  turbulenee  strength,  Cl  to 
surfaee  layer  properties,  partieularly  energy  fluxes  arising  from  or  direeted  toward 
the  surfaee.  Reeall  that  in  Chapter  1  we  discussed  in  general  terms  the  connections 
between  the  energy  dynamies  of  the  surfaee-layer  atmosphere  and  how  those  are 
related  to  properties  of  the  turbulenee  speetrum.  For  example,  the  inner-seale 
eorrelation  with  wind  speed  is  strong,  as  well  as  its  eonneetion  to  height  above 
the  surfaee.  The  outer  seale  is  a  funetion  of  height  above  the  surfaee  as  well  as  the 
Obukhov  length,  Lob-  It  was  also  deseribed  how  temperature  differentials  at  the  top 
of  the  surfaee  layer  enter  the  base  of  the  eonveetive  boundary  layer  during  daylight 
heating  of  the  boundary  layer  and  influenee  the  turbulence  above  the  surfaee  layer. 
At  night  the  situation  is  somewhat  altered  since  the  surfaee  becomes  a  heat  sink 
rather  than  a  souree.  Nonetheless,  surfaee-layer  dynamies  remain  important  even  at 
night  due  to  the  proeess  generating  cooler  air  near  the  surfaee  that  is  a  souree  of 
temperature  differentials  when  mixed  with  warmer  air  from  above  via  meehanieal 
mixing  that  oeeurs  intermittently  during  the  night. 

2.1  Turbulence  Prediction  using  Surface  Energy  Budget 

To  further  establish  these  eonneetions,  let  us  review  an  analysis  that  first  appeared 
in  Tofsted  et  al.  (2006).  To  begin,  we  introduee  the  Kunkel  and  Walters  (1983) 
definition  of  Cl 


(2,1) 


where  A  =  79  x  10“®  K/mbar,  is  the  temperature- strueture  parameter,  P  is 
again  the  pressure  in  mbar,  T  is  temperature  in  Kelvin,  and  B  is  the  Bowen  ratio, 
the  ratio  of  the  sensible  to  latent  heat  fluxes,  B  =  Hs/Hl.  This  is  a  surfaee-layer 
formulation.  In  most  oases  where  turbulenee  is  strong,  B  will  tend  to  be  greater  than 
unity,  and  perhaps  muoh  greater  than  unity  suoh  that  this  term  oan  be  viewed  as  a 
minor  perturbation. 

The  key  variable  in  the  above  expression  is  therefore  Cl  Wyngaard  (1973) 
recommended  the  function. 


(2.2) 


During  daylight  surface  heating,  Lob  <  0,  the  C^  height  dependenoe  is 

approximately  while  at  night  the  initial  vertioal  dependenee  of  gives 


25 


way  to  an  approximately  constant  at  the  top  of  the  surface  layer.  What  we  don’t 
see  in  this  standard  method  of  vertical  structure  are  the  commonly  observed  vertical 
and  horizontal  variations  in  C"^. 

What  we  do  see  in  Eq.  2.2  is  the  connection  from  — )■  — )■  T*,  the  scaling 

temperature.  This  latter  parameter  connects  directly  to  measurable  properties  of 
both  microscale  surface-layer  statistics  and  to  surface  fluxes  modeled  by  the  SEE, 
primarily  the  sensible  heat  flux. 

The  sensible  heat  flux  is  approximately  constant  across  the  surface  layer.  It  can  be 
expressed  using  the  T*  parameter  in  the  form, 


^ S  Pa  Pa  ^p  ^  5 


(2.3) 


where  pa  is  the  air  density,  Cp  is  the  specific  heat  of  air  at  constant  pressure,  k  is 
von  Karman’s  constant  (k  ~  0.4),  and  is  the  friction  velocity. 

Equation  2.3  highlights  one  of  the  problems  of  the  standard  literature  in  flux-profile 
theory,  also  known  as  similarity  theory:  the  appearance  of  multiple  instantiations  of 
the  same  parameter  in  slightly  different  forms.  In  this  case  the  scaling  temperature, 
T*,  also  appears  in  the  form  of  the  scaling  potential  temperature,  9^,  where  T*  = 
kO^. 


Eriction  velocity  and  scaling  temperature  also  appear  in  conjunction  with  the 
expression  for  the  Obukhov  length,  Lob  (e.g.,  Paulson  1970): 


ulT  _  uje 
kg%  k"^  g9j 


(2.4) 


where  T  or  6*  is  a  characteristic  temperature/potential  temperature  of  the  surface 
layer,  and  g  is  the  acceleration  due  to  gravity  (-1-9.8  m/s^).  (Near  the  surface,  T  9.) 
Through  the  use  of  Hs  it  is  possible  to  eliminate  T*  or  6**  from  the  Obukhov  length 
calculation,  which  results  not  in  a  solution  but  merely  transfers  the  problem  to  that 
of  determining  the  sensible  heat. 


Interestingly,  Lob  is  considered  a  constant  of  the  surface  layer,  yet  9  (T)  is  a  function 
of  height.  To  resolve  this  we  will  focus  on  9  and  use  its  value  as  extrapolated 
from  the  top  of  the  boundary  layer.  Because  this  temperature  varies  little  over  the 
course  of  a  diurnal  cycle,  the  importance  of  9  is  minimized,  leaving  and  9^  as  the 
principal  unknowns  in  determining  Lob- 


26 


Now,  the  problem  with  estimating  u^,  6^,  and  Lob  is  becoming  simpler  with  time 
due  to  advanced  sensor  technologies.  Modern  3-D  sonic-anemometer  technologies 
(e.g.,  Climatronics’  CSAT-3  or  RM  Young’s  81000  series  devices)  permit  direct 
calculation  of  second-order  statistics  for  atmospheric  wind  and  temperature  fields. 

After  removing  mean  trends,  the  wind  fluctuations  can  be  assigned  as  a  perturbation 
vector  {u',  v',  w')  where  the  u  direction  is  oriented  along  the  mean  wind,  v 
is  a  crosswind  term  in  a  right-hand  orthonormal  system,  and  w  is  the  vertical 
wind  component.  To  denote  mean  effects  we  will  often  adopt  the  angle-bracket 
symbology  (■),  representing  time-averaged  quantities  where  the  averaging  time  is 
significantly  longer  than  the  time  required  for  an  integral  scale  (twice  the  outer-scale 
length  of  turbulence)  to  drift  past  the  observation  point.  Based  on  this  symbolism  we 
shall  form  second-order  statistics  denoting  the  Reynolds’  stress  tensor  components, 

%  =  («>;).  (2.5) 

where  ui  =  u,  U2  =  v,  =  w.  For  a  properly  oriented  wind  system,  {w')  =  0, 
since  there  can  be  no  net  wind  flow  through  the  ground  interface.  Use  of  the 
Reynolds’  tensor  allows  us  to  define  the  friction  velocity  in  terms  of  the  net 
downward-directed  momentum  flux.  This  is  given  by  Stull  (1988): 

Rij  =  {u[uj).  (2.6) 


For  example,  a  time-averaged  sensible  heat  flux  can  be  evaluated  using 

< = (2.7) 

However,  in  general,  i?i3,  R23  <  0  because  winds  are  higher  the  farther  one 
displaces  from  the  surface.  Therefore,  downward-perturbed  winds  are  usually  faster 
than  the  average,  while  upward-perturbed  winds  are  generally  slower  than  the 
average  wind  speed.  In  the  special  case  where  the  coordinate  axes  are  aligned  such 
that  the  surface  stress  is  oriented  along  the  u  axis,  m*  =  —R13. 

The  sensible  heat  flux  can  similarly  be  expressed  in  terms  of  perturbation  wind  and 
temperature  fluctuations  (Paulson  1970): 

Hs  =  Pa  Cp  (w'  T')  =  -pa  Cp  ku^O^  =  -pa  Cp  M*  T*.  (2.8) 
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As  regards  various  flux  calculations,  the  significance  of  the  integral  scale  (relative  to 
the  expectation  averaging  time)  is  that  small-scale  effects  are  isotropic  and  therefore 
decorrelated,  while  the  large-scale  perturbations  are  correlated  and  contribute  to  the 
vertical  fluxes  of  heat,  moisture,  and  momentum.  The  integral  scale  reflects  the  peak 
energy  level  in  the  flow.  Therefore,  the  integration  time  must  be  sufficiently  long  to 
accurately  account  for  the  energy  within  the  flow. 

We  are  therefore  left  with  the  apparent  paradox  in  the  standard  theory  (and  one  to 
be  tested)  that  whereas  T*  is  based  on  correlations  at  the  integral  scale,  T*  can  be 
used  to  predict  which  is  characteristic  of  inertial  subrange- sized  perturbations 
seemingly  distant  (frequency-wise)  from  the  size  of  turbulent  eddies  producing 
fluxes. 

Nonetheless,  the  takeaway  from  this  analysis  is  that  by  using  sonic-anemometer 
measurements  it  is  possible  to  evaluate  ul  and  T*  directly,  from  which  and 
T*  may  be  derived.  Using  these  parameters,  can  be  evaluated,  along  with  Lob- 
The  can  also  be  derived  via  an  analysis  of  a  sensed-temperature  spectrum  (e.g., 
Tofsted  et  al.  2007).  We  thus  have  2  means  of  evaluating  and  can  compare  the  2 
methods  as  functions  of  height  and/or  stability  conditions. 

However,  in  lieu  of  direct  access  to  sonic-anemometer  data,  and  T*  are 
significantly  more  difficult  to  estimate.  This  factor  leads  to  the  adoption  of 
SEB  techniques,  which  require  less  direct  information  (e.g.,  time  and/or  spatially 
averaged  wind  information  as  opposed  to  high-frequency  3-component  wind  data). 

2.2  The  Surface  Energy  Budget 

The  SEB  approach  involves  first  estimating  the  sensible  heat  flux  in  light  of 
several  other  energy  fluxes  at  the  surface;  then,  by  estimating  the  Obukhov  length, 
obtaining  u^,  and  finally  T*,  after  which  follows  directly.  We  shall  write  the 
energy-balance  equation  at  the  surface  in  the  following  form: 

Rsi  +  Rli  =  Hs  +  Hl  +  Rst  +  Rl^  +  G.  (2.9) 

In  each  case  the  fluxes  being  measured  are  entering  or  leaving  the  surface  layer, 
which  is  here  distinguished  from  what  we  previously  described  as  the  surface-layer 
atmosphere.  By  surface  layer  what  is  intended  is  a  layer  of  foliage  plus  the  surface 
itself.  That  is,  a  flat  ground  surface  that  has  temperature  Tg  at  any  given  moment. 
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The  R  terms  of  Eq.  2.9  are  radiative  fluxes.  The  Rg  designates  shortwave -radiative 
fluxes  (wavelength  of  radiation  less  than  2.6  /rm).  This  is  radiation  in  the  solar 
band.  By  Rg  we  designate  terrestrial  graybody  radiation  at  wavelengths  greater  than 
2.6  /im.  Arrows  indieate  either  upward  flow  from  the  surfaee  interfaee  or  downward 
toward  it. 

The  H  terms  denote  eonveetive  fluxes  into  the  surfaee-layer  atmosphere.  The  Hg  is 
the  sensible  heat  flux  (warming  of  the  air),  measured  as  positive  when  the  surfaee  is 
heating  the  air,  and  is  the  latent  heat  of  vaporization  of  water  in  the  soil  layer  or 
evapotranspiration  from  the  foliated  layer.  The  G  represents  the  ground-heat  flux, 
sueh  that  positive  G  represents  heat  flow  into  the  ground,  warming  the  soil. 

In  general,  beeause  the  density  of  the  foliage  is  not  eonsidered  substantial,  the  net 
energy  retained  by  the  surfaee  interfaee  is  assumed  equal  to  zero. 

In  its  Eq.  2.9  form,  the  surfaee  energy  budget  appears  rather  straightforward  to 
evaluate.  However,  the  presenee  of  a  foliated  layer  introduees  eomplieations  in 
bookkeeping  aspeets  of  the  ealeulation.  Eor  example,  in  addition  to  traeking  the 
surfaee  temperature,  Tg,  we  must  also  aeeount  for  a  bulk  temperature  of  the  mean 
leaf  surfaee,  eharaeterized  by  Tj. 

Consider  Eig.  7.  Here,  ap  denotes  the  fraetion  of  the  surfaee  eovered  by  plants 
when  viewed  from  above.  Due  to  the  foliated  layer,  the  sensible  heat  flux  has 
been  subdivided  into  a  eomponent  due  to  heat  from  the  ground  (bare  soil),  Hgg, 
and  a  eomponent  due  to  heat  being  transferred  at  plant  surfaees,  Hgj.  A  similar 
subdivision  oeeurs  for  the  latent  heat  fluxes.  In  both  eases  the  surfaees  interaet  with 
the  air  near  the  surfaees.  The  earrying  eapaeity  of  the  air  regulates  the  overall  net 
fluxes. 

In  Eig.  7  the  eonveetive- flux  arrows  are  direeted  upward.  This  denotes  that  rather 
than  allowing  the  surfaees  to  interaet  with  eaeh  other,  due  to  the  flux  meehanism 
the  plant  and  soil  surfaees  direetly  involved  in  the  eonveetive  fluxes  themselves 
only  indireetly  interaet  with  one  another. 

The  main  influenee  is  therefore  the  direet  flow  of  energy  into  or  out  of  the  surfaee- 
layer  atmosphere.  This,  in  turn,  will  tend  to  heat/eool  the  surface  layer  air  and  result 
in  the  corresponding  feedback.  Conversely,  when  treating  radiative  fluxes  there  are 
direct  reflection  and  re-emission  effects  that  are  immediate. 
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Fig.  7  Expanded  decomposition  of  surface-energy  fluxes  in  the  presence  a  foliated  layer 


For  reference,  let  us  codify  what  is  contained  in  Fig.  7  in  terms  of  equations: 


Hsg  +  Hsf  —  Hs, 

(2.10.21) 

Hlg  +  HLf  =  Hl. 

(2.10.S) 

In  other  literature  (e.g.,  Deardorff  1978;  Tofsted  1993)  the  latent  heat  flux  is  written 
as  the  product  between  the  latent  heat  of  vaporization,  L^,  and  the  vapor  fluxes.  Eg 
and  Ef,  corresponding  to  the  rate  of  evaporation  of  moisture  from  the  ground  and 
from  the  leaf  surfaces  (evapotranspiration)  in  units  of  grams  per  square  meter  of 
underlying  surface  per  unit  of  time  increment.  Here,  for  simplicity  of  presentation, 
all  convective  fluxes  are  denoted  by  the  H  symbology. 

The  primary  goal  of  the  remainder  of  this  report  is  to  further  explain  and  argue  for 
the  solution  of  Eq.  2.9  (with  7  fluxes)  or  its  extension  in  terms  of  Eq.  2.10,  which 
introduces  4  new  fluxes  to  replace  2  from  the  original  expression.  The  reason  for 
this  approach  can  be  explained  when  considering  the  alternative. 
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2.3  Flux-Profile  Characterization  of  the  Sensible  Heat  Flux 


The  flux-profile  method  becomes  necessary  under  conditions  where  site  data  are 
unavailable  or  only  known  from  model  runs  involving  estimated  temperature 
and  wind-speed  conditions.  Under  such  conditions,  modeled  forms  of  the  mean 
horizontal  wind  speed  and  temperature  as  functions  of  height  must  be  invoked. 


Paulson  (1970)  introduced  forms  for  these  functions  of  height  given  by 


¥  r  id  ■  (ij.  • 


(2,11) 


¥-¥=¥  In  - 

k  I  \z. 


(2.12) 


where  Uz  and  Tz  are  horizontal  wind-speed  and  temperature  mean  values  at  height 
and  ipi  and  ^2  are  diabatic-influence  functions  dependent  on  the  ratio  z/Loh- 
The  surface-hdiSed  values  of  wind  speed  and  temperature  are  denoted  as  0  =  and 
Tg,  respectively.  However,  neither  of  these  important  features  is  exactly  as  it  might 
be  portrayed  at  face  value.  That  is,  despite  its  appearance,  Tg  is  not  actually  the 
temperature  at  the  surface.  Rather,  it  is  an  equivalent  temperature  at  an  extrapolated 
height  somewhere  within  the  surface  layer  of  Fig.  7.  Similarly,  Ug  equals  zero  at 
an  extrapolated  height  (and  perhaps  a  different  height  from  the  temperature  profile) 
within  the  surface  layer. 


The  diabatic-influence  functions  are  related  to  dimensionless  vertical  wind  and 
temperature  gradient  functions, 

,  ,  ,  ^  .  kz  du  ,  , 

(2.13) 

=  (2-14) 

such  that 

(2.15) 

Jo  U 

For  daytime  conditions  the  diabatic-influence  functions  appear  as 

0i(O  =  (1  -  15  0"'^",  02(0  =  (1  -  9  0“''"'  (2.16) 

Under  nocturnal  conditions  these  functions  are  modeled  using 

01  (0  =  (1  +  4.70  ,  02(0  =  (1  +  4.70  (2.17) 
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In  both  cases  K^l is  the  ratio  of  eddy  diffusivities  of  momentum  to  heat,  equal 
to  0.74  under  neutral  conditions.  Dyer  (1974)  used  the  constant  5  instead  of  4.7 
for  nocturnal  effects  and  15  instead  of  9  for  the  heat-related  daytime  relation.  The 
coefficients  included  above  are  due  to  Bu  singer  et  al.  (1971).  These  are  also  the 
equations  included  in  Stull  (1988).  (However,  note  the  error  in  Stull’s  Eq.  9.7.5f 
where  he  used  an  exponent  of -1/4  instead  of  the  correct  -1/2,  as  is  included  in  Part 
b  of  his  Fig.  9.9,  which  reproduces  Businger  et  al’s  results.) 

The  importance  of  these  relations  is  that  and  T*  appear  to  be  related  to  the 
vertical  structures  of  the  horizontal  wind-speed  and  temperature  profiles.  If  we  can 
determine  the  shapes  of  these  profiles,  we  can  determine  and  T*  and  therefore 
determine  Hs-  But  note  that  while  the  wind  speed  always  approaches  zero  at  the 
surface,  the  height  of  the  extrapolated  zero  wind  speed  surface  is  not  at  the  ground 
itself  but,  rather,  at  some  height  zq,  termed  the  roughness  height.  Likewise,  Tg  is 
not  the  surface  temperature,  but  instead  is  some  effective  temperature  that  causes 
the  profile  fit  to  match  the  current  shape. 

These  functional  forms  also  indicate  that  the  temperature  and  wind  speed  are 
varying  with  height  across  the  surface  layer.  The  vertical  profiles  are  in  turn  related 
to  large-scale  mixing  effects  that  are  related  to  the  heat  and  momentum  fluxes  within 
the  surface  layer. 

We  also  see  from  Eq.  2.11  that  while  we  may  know  the  left-hand  side’s  (LHS) 
mean  wind  u^,  the  RHS  of  2. 1 1  depends  on  both  and  Lob  (assuming  z  is  a  fixed 
observation  height  and  the  surface  roughness  Zo  is  a  known,  slowly  varying  function 
of  time).  Of  course,  we  could  combine  the  resolution  of  Eq.  2. 1 1  with  2. 12,  but  this 
equation  also  introduces  the  new  unknown  Tg.  And,  Tg  is  not  easily  obtained,  given 
that  it  consists  of  an  amalgam  of  effects  related  to  both  the  surface  and  foliage 
temperatures. 

But,  we  can  estimate  Tg  (or  at  least  get  closer)  if  we  can  estimate  Tg  and  T/  through 
an  energy-budget  computation.  We  can  also  check  that  work  by  computation  of  the 
ffs  flux  directly. 

Given  the  complications  of  working  with  the  rather  intricate  f  and  0  functions 
used  in  the  profile  methods,  it  is  perhaps  not  unexpected  that  various  flux  modelers 
would  chose  simpler  compound  expressions  to  describe  the  sensible  heat  flux.  For 
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example,  Deardorff  (1978)  effectively  approximates  the  sensible  heat  flux  through 
use  of  the  form, 

Hs  =  PaCpCHu{Ts-T^),  (2.18) 

where  T*  is  an  aggregate  surface  temperature  (see  the  Eq.  2.12  discussion)  and  is 
again  the  estimate  of  the  temperature  at  a  specific  height.  This  is  the  same  height  as 
associated  with  the  horizontal  wind  speed  Uz  and  density  pa  (effectively,  pa  is  also 
a  function  of  height  but  we  omit  the  height  indication).  This  reformulation  replaces 
unknowns  and  T*  by  presumably  measurable  (or  model/forecast  predicted) 
quantities  u  and  T^,  along  with  the  new  sensible-heat-flux  efficiency  factor,  ch, 
and  modeled  parameter  Tg. 

For  composite  surfaces  consisting  of  a  flat  soil  surface  plus  a  vegetative  layer, 
one  must  know  the  surface  values  of  Tg,  the  soil-surface  temperature,  plus  Tj,  the 
aggregate  foliage  temperature. 

Yet,  perhaps  inevitably,  by  introducing  this  new  form,  Deardorff  has  also  introduced 
yet  another  parameter  than  needs  to  be  evaluated:  ch-  Thom  (1972)  used  a  slightly 
altered  computation: 

Hs  =  PaCp^^'~^^\  (2.19) 

rniz) 

where  is  a  convective-flux  resistance  factor  that  incorporates  the  wind- speed 
effect.  Let  us  also,  here,  define  the  specific  heat  of  dry  air  at  constant  pressure: 

Cp  =  lR/2  =  1004.84  (2.20) 

kg  K 

where  R  is  the  gas  constant,  equal  to  287.04  J/(kg  K).  This  factor  is  related  to  the 
coefficient  0.34838  from  the  air-density  equation,  since  0.34838  =  100.0/287.04, 
where  the  factor  of  100  converts  pressure  from  millibars  into  Pascals.  (For  moist 
air  there  is  a  slight  adjustment  to  the  Eq.  2. 19  expression,  but  as  it  represents  only  a 
minor  perturbation  it  will  usually  be  ignored  in  the  various  derivations.) 

The  above  assessment  highlights  that  there  are  ad  hoc  methods  for  computing 
the  sensible  heat  flux;  that  each  requires  knowledge  of  an  effectiveness  constant 
(ciT,  rn,  etc.)  dependent  on  atmospheric  stability,  and  of  a  surface-equivalent 
temperature. 

In  this  formulation,  a  method  is  used  for  mixing  the  temperatures  of  the  foliage 
(Tf)  and  soil  surface  {Tg)  that  involves  a  weighted  average  of  the  2  temperatures 
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based  on  their  relative  surface  areas.  Typically,  a  foliage  layer  has  much  greater 
exposed  surface  area  than  the  overshadowed  ground.  To  parameterize  this  effect,  2 
numbers  are  used:  af,  the  relative  fraction  of  the  terrain  covered  by  the  foliage  (the 
fractional,  orthogonally  shadowed  area),  and  T j,  the  single-sided  area  of  leaves  per 
unit  of  area  of  terrain  covered.  That  is,  for  each  square  meter  of  terrain  covered, 
T  f  says  there  is  T  j  times  as  much  leaf  surface.  The  traditional  value  determined 
for  Tj  is  7.  The  value  of  7  was  adopted  by  Deardorff  (1978)  based  on  reported 
values  by  Allen  and  Lemon  (1972)  for  a  corn  crop  and  by  Monteith  et  al.  (1965) 
for  a  barley  crop  —  that  for  each  square  meter  of  overshadowing  foliage,  there  are 
approximately  7  m^  of  leaf  surface  area.  However,  these  studies  considered  mature 
agricultural  crops.  Such  numbers  thus  refer  to  specific  states  of  well-cultivated  plant 
stands.  Natural  (noncultivated  vegetation)  would  not  likely  exhibit  this  dependence. 
For  example,  short  grasses  simply  do  not  have  the  same  areal  extent  as  significant 
crops  of  vegetables  or  grains. 

These  2  parameters  multiply  to  compute  Nj,  the  square  footage  of  single-sided 
plant- leaf  surface  per  square  meter  of  underlying  surface: 


or,  more  appropriately. 


(2.21. A) 


T/  =  Nf/af.  (2.21.5) 

For  more  general  types  of  plants,  the  simple  rule  likely  does  not  apply.  This  problem 
is  addressed  in  more  detail  in  Chapter  6. 


Using  the  basic  rule  for  Np,  Tofsted  (1993)  approximated  the  surface  temperature 
as  the  surface- area- weighted  average. 


(T,  +  l.lNfTj) 
(1  +  l.liV;) 


(2.22) 


The  factor  1.1  was  used  to  account  (c.f.,  Deardorff  1978)  for  the  difference  in 
surface  area  between  the  leaf  surface  Nf  and  the  leaf  plus  stems,  twigs,  branches, 
and  trunks  that  can  be  involved  in  the  sensible  heat  flux  but  would  not  contribute  to 
the  evaporative  heat  flux. 


In  the  process,  the  problem  has  seemingly  become  more  complex  by  exchanging  Tg 
for  both  Tg  and  T/,  the  ground-  and  foliage- surface  temperatures.  This  is  somewhat 
deceptive,  though,  since  Tg  was  never  truly  the  surface  temperature.  Technically, 
the  logarithmic  rule  approaches  minus  infinity  at  exactly  zero,  so  the  process  is 
only  taken  to  a  distance  akin  to  the  zq  used  in  the  wind-speed  profile. 
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2.4  Surface  and  Atmospheric  Inertia  Effects 


As  we  shall  also  explain  in  detail  in  a  later  chapter,  there  is  a  further  consideration 
that  affects  all  of  our  discussions,  as  well.  That  detail  is  first  encountered  when 
treating  the  surface  temperature,  since  there  is  a  thermal  wave  that  passes  into  the 
surface.  Therefore,  there  is  always  a  resistance-type  effect  at  the  soil  surface.  But 
the  same  comment  applies  to  the  near-surface  atmosphere,  since  heat  that  transfers 
into  the  air  is  distributed  over  a  deeper  zone  than  is  associated  with  merely  the 
thickness  of  the  surface  layer.  These  inertial  effects  in  turn  have  an  influence  on 
how  the  model  can  accept  measured  data.  By  this  is  implied  the  following:  Imagine 
the  effect  of  inputting  a  measured  atmospheric  temperature  into  the  model.  As 
long  as  this  temperature  is  reflective  of  and  trails  the  warming  or  cooling  surface 
temperature,  the  proper  results  occur:  heat  flows  in  the  proper  direction  from  the 
surface.  However,  what  if  our  knowledge  of  the  existing  conditions  is  only  partial? 
In  this  case  the  measured  air  temperature  might  lead  the  surface  temperature, 
creating  anomalous  heat  fluxes  and  predictions.  For  example,  if  our  knowledge  of 
solar  radiation  is  not  moment  to  moment  —  at  the  same  data  rate  as  the  temperature, 
say  —  then  under  partly  cloudy  conditions  the  model  might  be  using  an  incorrect 
radiation  estimate  but  an  accurate  air-temperature  value  that  is  reflective  of  the 
moment-to-moment  variations  in  radiation.  To  keep  the  model  as  consistent  as 
possible,  it  is  necessary  to  drive  the  vertical  temperature  model  using  the  surface 
heat  flux  as  its  guide  for  warming  or  cooling. 

This  aspect  will  be  treated  in  a  separate  section;  but,  we  begin  with  a  treatment 
of  the  various  fluxes  to  develop  improved  models  of  these  individual  components 
before  treating  the  overall  coordination  of  the  fluxes  in  temperature  calculations. 

2.5  History  of  Surface  Energy  Budget  Model 

The  earliest  attempt  to  produce  an  SEB  model  was  an  analog  computer  simulation 
by  Halstead  et  al.  (1957).  As  computer  technology  increased,  the  number  of  authors 
attempting  such  derivations  has  also  increased,  including  the  present  author.  More 
specifically,  the  derivation  history  closest  to  the  present  work  is  derived  from  an 
algorithm  reported  by  Deardorff  (1978)  that  was  an  amalgam  of  various  techniques 
and  empirical  relations  formulated  to  account  for  the  different  fluxes.  Following 
Deardorff’s  work,  researchers  at  the  US  Army  Atmospheric  Sciences  Laboratory, 
Ken  Kunkel  and  Don  Walters,  coded  Deardorff’s  relations  into  a  FORTRAN  code 


35 


in  the  early  1980s  that  was  used  to  prediet  turbulenee  eonditions  at  what  was  to 
beeome  the  White  Sands  Missile  Range’s  (WSMR’s)  High  Energy  Laser  Systems 
Test  Facility.  Although  this  model  was  a  direct  translation,  Kunkel  and  Walters 
recognized  that  it  lacked  an  appropriate  surface  adjustment  for  surface-roughness 
effects  in  the  sensible  heat  flux  (Kunkel  and  Walters  1983). 

In  1984  the  present  author  encountered  the  Deardorff  model  as  encoded  by  Kunkel 
when  studying  vertical  structure  of  temperature  in  the  surface  layer  and  its  effects 
on  refractive  path  bending.  Initially,  the  effort  was  merely  to  study  the  predicted 
vertical  temperature  gradients  predicted  by  the  model  based  on  input  weather 
data;  however,  this  effort  soon  branched  out  to  consider  various  alternative  energy- 
budget  factors  since  the  model  appeared  to  be  in  error  under  certain  conditions 
when  predicting  sensible  and  latent  heat  fluxes.  The  most  serious  difficulties 
occurred  when  attempting  to  model  effects  for  highly  vegetated  moist  regions. 
This  issue  was  addressed  (e.g.,  Tofsted  and  Gillespie  1986)  through  the  adoption 
of  parametric  results  by  Thom  (1972).  However,  due  to  changing  priorities  this 
work  was  abandoned  in  the  late  1980s.  The  final  report  documented  the  last  state  of 
the  model  (Tofsted  1993)  that  had  not  changed  for  more  than  5  years.  Since  1993, 
though,  the  need  for  a  model  to  predict  SEE  effects  has  not  diminished.  If  anything, 
such  a  model  is  more  necessary  today,  given  the  proliferation  of  higher-powered 
optics  and  lasers,  including  advanced  (FLIR)  third-generation  imaging  sensors. 

Moreover,  while  significant  advances  have  occurred  in  the  field  of  weather 
prediction,  the  standard  mesoscale  meterological  models  still  are  primarily  focused 
on  generation  of  correct  wind  calculations  and  less  so  on  temperature  and  surface 
properties.  Indeed,  the  MM5  model  commonly  used  a  few  years  ago  had  its  first 
computational  level  at  40-i-  meters  above  ground  level  (AGE).  Such  a  level  is  outside 
or  on  the  upper  edge  of  the  surface  layer,  leaving  characterization  of  surface  effects 
as  an  afterthought. 
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3.  Surface  Energy  Budget  Model  Inputs 


Up  to  this  point  we  have  diseussed  primarily  the  theoretieal  framework  upon  whieh 
the  task  of  turbulenee  predietion  is  based.  Now,  it  is  appropriate  to  introduee  the 
eoneeptual  framework  of  the  eomputer  model  itself.  In  so  doing,  the  foeus  of  this 
ehapter  to  address  a  use  case  and  the  ehoiees  made  with  regard  to  user  inputs  within 
this  ease,  sinee  the  inputs  supplied  will  tend  to  drive  the  quality  of  the  model’s 
results  obtained. 

As  sueh,  let  us  eonsider  what  sort  of  model  might  be  of  use  in  a  modeling 
environment.  To  begin,  one  must  assume  a  user  with  some  degree  of  familiarity 
with  the  problem  being  addressed;  nonetheless,  many  users  might  only  know  that 
a  problem  with  the  optieal  systems  exists  but  not  know  the  physieal  basis  for 
the  effeet.  As  sueh,  users  are  only  assumed  to  have  suffieient  familiarity  with  the 
environmental  parameters  to  provide  inputs  to  the  model. 

The  other  problem  that  typieally  arises  is  that  for  surfaee  eharaeterization  many 
parameters  are  neeessary  to  speeify  the  state  of  the  surfaee,  subsurfaee  soil, 
vegetation,  moisture  availability,  and  atmospherie  eonditions.  Henee,  if  the  number 
of  parameters  required  to  run  sueh  a  model  beeame  prohibitively  high,  it  may 
beeome  unusable.  Given  this  potential,  the  present  effort  has  struggled  to  adopt 
as  simple  of  a  set  of  inputs  as  possible  to  supply  the  model  with  the  neeessary 
eonditions,  while  restrieting  the  number  of  inputs  and  the  information  required; 
this  is  so  a  relatively  untrained  user  eould  sueeessfully  operate  the  eode  and 
obtain  meaningful  results  quiekly.  In  the  proeess  of  diseussing  these  inputs,  we 
also  address  the  means  of  translating  between  the  input  data  and  the  relevant-state 
variables  used  by  the  model.  These  variables  then  appear  in  later  ehapters  where  we 
diseuss  the  dynamie  models  used  to  evaluate  the  fluxes. 

Given  that  this  is  initial  version  of  the  eode  is  based  on  an  initial  set  of  assumptions 
with  regard  to  user  inputs,  future  versions  ean  be  readily  envisioned  in  whieh 
more  detailed  information  is  supplied,  thereby  improving  the  temporal  resolution  of 
wind  and  temperature  information.  But  in  this  first-level  model,  we  eharaeterize  the 
needed  inputs  in  terms  of  various  elements  of  the  environment:  ground  state,  surfaee 
state,  planetary  loeation,  temporal  information,  and  general  atmospherie  eonditions. 
In  all,  there  are  15  variables  eonsidered  neeessary  to  run  the  eode.  Eaeh  of  these 
variables  is  assigned  a  default  value,  so  the  eode  ean  be  run  with  no  standard  inputs. 
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or  by  simply  using  the  defaults  for  most  inputs.  The  remaining  inputs  are  entered 
using  a  standard  format  in  a  file  named  SiteCond.  dat,  the  site  conditions  file. 
Each  line  of  this  input  file  contains  a  mnemonic  6-letter  keyword  followed  by  either 
a  numerical  value  (integer  or  floating  point  depending  on  variable)  or  a  second 
keyword  (of  variable  length)  used  to  select  between  different  types  of  the  designated 
variable.  The  use  of  keywords  makes  the  input  file  easily  understandable  in  terms 
of  the  input  required  (though  in  some  cases  the  user  must  know  the  appropriate 
dimension  to  use  for  the  input  parameter).  In  most  cases,  where  possible,  the  model 
inputs  utilize  the  MKSA  system.  One  exception  is  the  case  of  air  pressure  where 
the  common  meteorological  use  of  millibars  is  adopted  over  the  MKSA  system’s 
use  of  Pascals  (1  mbar  equals  1  HPa).  Temperatures  are  always  in  degrees  Celsius 
or  Kelvin. 

This  model  is  designed  after  the  system  developed  for  the  Electro-Optical  Systems 
Atmospheric  Effects  Eibrary  (EOSAEL)  input  methodology.  Here,  however,  rather 
than  permitting  multiple  entries  per  data-input  line,  only  one  parameter  is  to  be 
input  per  line.  While  this  is  less  efficient,  it  makes  the  input  more  readily  legible 
and  comprehensible. 

3.1  Soil  Properties 

The  primary  soil  characteristics  that  must  be  used  within  the  SEE  model  are  the 
solar-band  mean  albedo,  or  reflectivity,  of  the  soil  and  the  infrared  band  soil- 
surface  emissivity,  along  with  2  of  3  of  the  properties:  soil  heat  capacity  Cg  [J/(kg- 
K)],  thermal  diffusivity  Kg  [m^/s],  and  thermal  conductivity  kg  [W/(m-K)].  In  the 
process  we  also  identify  the  soil  density  pg  [kg/m^].  Only  2  out  of  the  3  soil  thermal 
properties  are  needed,  since  the  third  can  be  calculated  via 

Requiring  a  user  to  supply  the  relevant  condition  data  needed  to  assign  all  6  of  these 
parameters  would  be  difficult  under  most  operational  conditions.  Hence,  rather  than 
impose  this  requirement  on  the  user,  we  choose  to  parameterize  the  soil  conditions 
in  terms  of  2  variables  only.  As  an  alternative  potentially  a  database  of  values  could 
be  accessed,  including  information  on  soil  conditions  and  moisture  levels.  While 
such  an  application  is  beyond  the  scope  of  the  present  effort,  certain  modeling 
environments  feature  just  such  access,  permitting  a  table  look-up  to  obtain  the 
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necessary  information,  and  in  principle  passing  this  information  back  to  a  main 
routine. 

But  for  the  present,  we  simply  assign  up  to  3  variables:  SOILTP,  SOILML,  and 
SOILRH  —  soil  type,  moisture  level,  and  roughness  height,  respectively.  For 
now  there  are  only  3  possible  soil-type  input  values  permitted:  SAND,  CLAY, 
and  PEAT.  These  use  the  canonical  data  sets  supplied  by  Oke  (1978,  table  2.1, 
pg.  38).  Oke  supplies  values  of  the  major  soil  thermal  parameters  for  dry  and 
saturated  conditions.  At  intermediate  soil-moisture  levels  the  model  of  Deardorff 
has  been  adapted  to  interpolate  between  the  dry  and  saturated  conditions  to  produce 
meaningful,  intermediate  moisture  results.  On  the  other  hand,  Oke’s  Table  2. 1  only 
supplies  information  for  the  soil  thermal  properties.  Table  1.1  of  Oke  (1978)  is  used 
to  augment  this  information  to  include  soil  albedo  and  emissivity  ranges  used  for 
dry  versus  wet  soils. 

The  initial  dry  soil  condition  data  used  is  contained  in  the  Table  below. 


Table  Baseline  dry-soil  properties 


Variable  Name 

Symbol 

Dimensions 

SAND  Value 

CLAY  Value 

PEAT  Value 

HeatCap 

c, 

10+®  J/(m3-K) 

1.28 

1.42 

0.58 

TherDif 

Kg 

10"®  m^/s 

0.24 

0.18 

0.10 

WK 

WK 

dimensionless 

0.30 

0.30 

0.60 

Wgmax 

dimensionless 

0.40 

0.40 

0.80 

Wwilt 

W^wilt 

dimensionless 

0.15 

0.15 

0.30 

Albedo 

ag 

dimensionless 

0.35 

0.23 

0.14 

Emisty 

% 

dimensionless 

0.91 

0.94 

0.95 

To  characterize  the  relative  moisture  in  the  soil,  the  SOILML  soil-moisture-level 
input  is  used.  Moisture-level  choices  range  from  PARCHED  VERYDRY,  DRYSOIL, 
WETSOIL,  and  VERYWET  to  SATUR8D.  These  moisture  levels  correspond  to 
numerical  fill  factors  of  water  in  the  soil  relative  to  a  maximum  fill  factor  possible 
for  a  particular  soil  type.  Numerical  translations  are  0.02  (i.e.,  2%  fill),  0.10,  0.35, 
0.65, 0.90,  and  1.00(100%  fill). Let  this  input  be  termedm^,  suchthatO  <  ms  <  1. 
From  the  previous  input  variable  (soil  type),  one  obtains  a  maximum  soil-moisture 
fill  fraction  termed  tUmax  on  the  order  of  0.25.  The  net  soil- moisture  content  is  then 
denoted  by  the  variable  Wg,  the  ground-moisture  fill  factor  per  unit  of  volume  of 
soil: 

Wg  =  msWrai^y,.  (3.1) 
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To  gain  some  perspective  on  what  constitutes  typical  conditions,  Deardorff  (1978, 
table  2)  identified  2  typical  soils:  the  O’Neill  average  and  results  from  a  clay 
pasture.  In  the  former  case,  the  soil-pore  space  was  22%  (tUmax  =  0.22)  and  of 
this  the  moisture  fraction  was  18%  (ms  =  0.18).  For  the  clay  pasture  the  pore 
space  was  30%  (tUmax  =  0.30)  and  of  this  roughly  50%  was  saturated  (ms  =  0.50). 
As  might  be  expected  of  a  bottom-land  pasture,  the  resulting  soil  is  quite  wet  and 
of  much  greater  heat  capacity,  reducing  its  diurnal  variability. 

To  model  the  impact  of  soil  moisture  on  the  albedo,  Deardorff’s  modification  is 
used: 

moist  ^g,dry  (1-0  0.5  77X5).  (3.2) 

The  soil  heat  capacity  is  modified  by  the  amount  of  soil  moisture.  To  account  for 
this  we  multiply  the  water  content,  Wg,  by  the  density  of  water,  =  10^  kg/m^, 
times  the  heat  capacity  of  water,  =  4184  J/(kg-K): 

Cg^moist  CgPry  T  Pw  Wg.  (3,3) 

For  the  thermal  diffusivity,  Deardorff  (1978,  Eq.  38A)  attempted  to  simulate  the 
effect  of  moisture.  However,  the  relationship  shown  by  Oke  (1978,  Fig.  2. 5. a) 
appears  to  be  better  accomplished  by  starting  with  the  dry  thermal  conductivity, 

kg, dry  =  Cg^dry  i^g,dry,  and  modifying  it  as 


where  S(a;)  is  the  sigmoidal  function. 


exp(a;)  —  exp(— x) 
exp(a;)  -f  exp(— x) 


Then,  computing 


f^g, moist  kg^moist/ Cg^moist- 


(3.4) 


(3.5) 


(3.6) 


For  these  2  cases,  soil  emissivities,  eg,  were  also  reported.  Values  of  0.90  and  0.95, 
respectively,  were  given  for  the  O’Neill  and  clay  soils,  and  the  soil  albedos,  ag,  were 
reported  as  0.25  and  0.15,  respectively.  The  O’Neill  soil,  being  considerably  drier 
than  the  pasture  soil,  was  also  significantly  more  reflective,  while  the  2  emissivities 
were  similar. 
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The  last  soil-input  category  is  SOILRH,  a  measure  of  the  soil-surface-roughness 
element  height  used  to  evaluate  the  roughness  length  {zqg)  of  the  ground. 
Three  input  values  are  used:  GRANULR,  PEBBLED,  and  ROCKYIO.  These  inputs 
correspond  to  numerical  sizes  of  typical  “surface  roughness  elements”.  GRANULR 
means  fine  grains  1  mm  in  size;  PEBBLED  represents  surface  pebbles  1  cm  in 
size;  ROCKYIO  equates  to  rocky  soil  covered  with  rocks  10  cm  in  size.  These  will 
produce  surface-based,  roughness-element  heights  of  1  mm,  1  cm,  and  10  cm  that 
are  used  to  compute  the  surface-roughness  length,  zqg,  used  to  evaluate  the  friction 
velocity,  sensible  heat  model,  and  humidity  flux.  Assigning  this  input  to  the  variable 
Hqg,  the  ground-roughness  length  is  computed  via 


ZoG  —  0.13  hoG- 


(3.7) 


3.2  Foliage  Properties 

In  the  Deardorff  approach  to  handling  foliage  information  (although  plant  experts 
would  disagree)  the  primary  variables  of  interest  are  the  height  of  the  vegetation, 
which  affects  wind  flow,  and  the  amount,  which  affects  the  amount  of  shielding  that 
the  vegetation  layer  provides  for  the  surface  beneath.  Though  this  is  a  relatively 
simple  approach,  and  there  are  improvements  that  are  obviously  possible,  for 
the  current  analysis  this  approach  appeared  to  be  the  most  accessible  and  easily 
definable. 

To  define  these  2  inputs,  3  possible  variables  can  be  assigned.  This  route  was  taken 
so  that  users  who  have  direct  access  to  a  ruler  or  other  means  of  measuring  length 
can  easily  input  a  more  realistic  number  than  the  mnemonic  choices  available.  The 
3  variable  names  are  EOLTYP,  EOLHGT,  and  EOLCVR.  The  first  2  of  these  are  2 
versions  of  the  same  input,  essentially  the  standing  height  of  the  vegetation,  zp  (as 
previously  illustrated  in  Fig.  7). 

The  user  can  select  the  foliage-type  input,  EOLTYP,  to  indicate  preset  values  of 
the  height  of  the  vegetation.  Choices  include  GREEN  (i.e.,  a  golf  green  with  foliage 
heights  of  5  cm);  GRASS  measuring  15  cm  (6-inches)  high;  WEEDS  25  cm  high; 
HEDGE  50  cm  high;  and  BUSHS  1.00  mhigh. 

Alternatively,  the  user  can  input  a  EOLHGT  involving  a  floating-point  height  (in 
meters)  directly.  The  governing  variable  in  the  code  is  termed  FolHgt  and  is  set  to  a 
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default  value  of  0.5  m,  roughly  that  of  tall  weeds  (and  approximately  the  height  of 
the  yucca  plants  native  to  the  WSMR,  New  Mexico,  area). 

The  second  main  category  of  input  required  for  foliage  is  the  fractional  foliage 
cover,  variable  FolCvr,  and  use  of  the  input  keyword  FOLCVR.  We  shall  use  the 
symbol  ap  for  this  parameter  in  equations  beyond  this  chapter.  Valid  inputs  range 
from  0.0  to  1 .0.  Negative  values  and  results  corresponding  to  a  cover  fraction  greater 
than  100%  are  simply  reset  to  the  appropriate  valid  range. 

It  should  also  be  mentioned  that  2  constants  are  set  to  evaluate  foliage  radiative 
properties:  foliage  reflectivity  of  shortwave  solar  radiation  (albedo),  set  as  ap  = 
0.20,  and  foliage  infrared  radiative  emissivity,  ep  =  0.95.  (These  values  correspond 
to  live  vegetation,  but  in  deserts  the  plants  spend  much  of  the  year  in  dormant  — 
dead —  states.)  The  emissivity  and  albedo  of  dead  grass  and  weeds  are  obviously 
different,  but  are  not  available  presently. 

3.3  Surface-Layer  Atmosphere  Characteristics 

To  describe  the  most  basic  information  needed  to  characterize  the  atmosphere 
(aside  from  clouds),  we  require  at  least  one  temperature,  one  wind-speed,  and  one 
humidity  value.  The  governing  assumption  of  the  model  is  simplicity  of  input; 
and,  while  sophisticated  temperature,  wind,  and  humidity  data  could  significantly 
improve  the  outputs,  a  user  might  not  have  access  to  such  information,  particularly 
if  attempting  to  predict  the  turbulence  levels  in  a  forecast.  In  this  case,  a  simple 
approach  is  taken:  the  use  of  persistence  in  prediction. 

Based  on  this  use  case  we  simply  require  one  temperature,  measured  or  predicted, 
for  dawn.  The  time  of  dawn  is  chosen  because  this  should  be  the  minimum 
temperature  of  the  day  or  close  to  it.  From  this  we  should  be  able  to  assess  properties 
of  the  complete  boundary  layer  for  the  day.  The  relevant  variable  is  TdawnC, 
with  the  input  keyword  TDAWNC.  The  input  value  is  the  air  temperature  at  4  m 
AGL,  measured  in  degrees  Centigrade.  In  many  tactical  settings  a  6  AM  weather 
observation  is  taken.  From  this  input  we  calculate  T^awn  =  TdawnC  +  where 
Kc  =  273.16  converts  the  input  temperature  from  Centigrade  to  Kelvin  units. 

Along  with  a  dawn  temperature  reading,  the  humidity  variable  chosen  is  a  relative 
humidity  given  as  a  fractional  saturation  (0.0  equals  no  humidity,  1.0  equals  100% 
relative  humidity).  Dawn  is  again  chosen  such  that  the  temperature  and  the  relative 
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humidity  can  be  combined  to  generate  an  absolute  humidity  density  (kg/m^)  in  the 
air.  The  program  variable  is  RHdawn,  while  the  input  keyword  is  RHDAWN.  Let  this 
variable  be  written,  Rdn- 

The  last  parameter  is  a  24-hr  averaged  horizontal  wind  speed  (m/s)  at  a  selected 
station  height  (StaHgf)  in  meters  AGL.  The  value  of  this  station  height  is  set 
internally  to  the  model  but  could  be  added  as  an  input  if  desired.  The  wind-speed 
code  variable  is  WindSH  and  the  input  keyword  is  WINDS H.  The  choice  of  a  station 
height  is  necessary  since  temperature  and  wind  speed  are  functions  of  height  above 
the  surface.  We  assign  the  symbol  U2a{zs)  to  this  variable,  where  zs  is  the  station 
height. 

Default  conditions  set  for  these  variables  are  TdawnC  =  15  °C;  WindSH  =  2.0  m/s; 
RHdawn  =  0.080  (i.e.,  8%  relative  humidity);  and  StaHgt  =  2.0  m. 

3.4  Cloud-Cover  Information 

The  next  general  category  of  inputs  is  the  upper  atmosphere,  characterized  by  cloud 
properties.  Three  parameters  are  used,  and  the  model  of  the  clouds  is  rather  simple. 
This  is  because  for  too  many  clouds  one  can  simply  assume  the  turbulence  level 
will  be  suppressed  sufficiently  that  many  tactical  operations  will  encounter  limiting 
conditions  other  than  turbulence  (i.e.,  aerosol  effects,  precipitation,  or  diffraction  at 
long  ranges). 

To  characterize  the  clouds,  we  use  3  input  types.  The  FRACCC  keyword  denotes 
input  of  the  fractional  cloud-cover  amount,  and  the  model  variable  FracCC.  The 
valid  range  of  this  input  is  again  0.0  (no  cloud  cover)  to  1.0  (overcast  conditions). 
Let  ac  represent  this  parameter. 

The  second  parameter  is  the  cloud  level,  CLDHGT,  using  an  index  variable  CldHgt 
set  to  1,  2,  or  3  in  the  model,  which  correspond  to  input  keywords  LOWEST, 
MEDIUM,  and  HIGHER. 

The  third  parameter  supplies  a  cloud  type  via  keyword  CLDTYP,  using  an  integer 
variable  CldTyp  set  to  1,  2,  or  3,  corresponding  to  input  keywords  CUMULO, 
STRATO,  and  CIRRUS. 

The  significance  of  these  choices  of  keywords  and  characterizations  is  in  connection 
with  a  cloud  transmission  model  (Shapiro  1972)  used  to  estimate  the  relative 
propagation  of  radiation  through  the  cloud  layers. 

Default  values  for  these  3  parameters  are  FracCC  of  10%  (0.1)  and  low-level 
cumulus  clouds  {CldHgt  =  1;  CldTyp  =  1). 
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3.5  Site  and  Time  Information 


Finally,  we  need  to  set  a  series  of  variables  to  know  the  time  and  location  of  the 
calculation  being  made.  Since  we  are  performing  a  24-hr  simulation  we  only  require 
the  year,  keyword  YE  ARAD,  and  variable  Year  AD,  and  a  date,  keyword  JULDAT, 
and  variable  JulDat.  Both  of  these  parameters  require  integer-valued  input  numbers. 

The  site  of  the  computation  is  then  identified  based  on  a  3-D  plot,  given  as  latitude, 
longitude,  and  height  of  the  site  above  sea  level  (ASL).  Again,  this  information 
could  be  gleaned  fairly  easily  from  web  resources.  The  mnemonics  for  these 
variables  were  selected  as  follows:  LATTNE  is  latitude  of  the  site  of  interest  in 
degrees  north  of  the  equator.  LONGEG  is  the  longitude  of  the  site  measured  in 
degrees  east  of  Greenwich.  Hence,  WSMR,  New  Mexico,  is  assigned  a  positive 
LattNE  code  variable  around  32.0,  while  LongEG  is  assigned  a  negative  value  of 
approximately  -106.0. 


The  vertical  dimension  of  the  position  is  indicated  using  the  variable  HGTASL,  and 
code  variable  HgtASL,  denoting  the  site’s  height  ASL,  but  read  as  kilometers  rather 
than  meters.  (This  input  breaks  the  paradigm  of  using  only  meters  for  lengths.) 
The  main  use  of  this  variable  is  to  assess  the  mean  air  density.  Here,  a  simple 
approximation  of  the  air  density  is  given  as  a  function  of  height  ASL  in  kilometers 
in  the  variable  H.  Using  a  function  empirically  derived  by  Abel  Blanco  of  the  US 
Army  Research  Laboratory,  we  have  the  approximation. 


P 


1.225 


H 

10 


1.176 


H 

loo 


4.34  -  7.46 


H  r 

loojj  ’ 


(3.8) 


where  p  is  given  in  kg/m^. 


A  final  input  is  a  height  (in  meters  AGL)  to  be  used  in  calculating  the  output 
values.  This  variable  is  denoted  using  the  keyword  HGTCLC  and  associated  variable 
CalHgt.  This  parameter  allows  the  user  to  input  data  at  one  height  (the  station’s) 
and  output  results  at  a  different  height  (where  is  desired  to  evaluate  its  effect  on 
propagation).  Let  zc  represent  this  variable. 


3.6  Model  Execution 

Following  input  of  all  data  elements  the  input  file  requires  an  ENDDAT  statement. 
This  statement  takes  no  additional  parameter.  Once  this  line  is  read,  the  model 
executes.  Any  lines  following  the  ENDDAT  statement  are  ignored.  The  following 
is  a  complete  model-input  set: 
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Example  Input  File  SiteCond.dat 


YEARAD 

2014 

JULDAT 

175 

LATTNE 

32.00 

LONGEG 

-106.00 

HGTASL 

1.200 

FRACCC 

0.250 

CLDHGT 

MEDIUM 

CLDTYP 

STRATO 

HGTCLC 

2.000 

TDAWNC 

5.00 

WIND4M 

3.00 

RHDAWN 

0.20 

FOLCVR 

0.10 

FOLTYP 

WEEDS 

SOILTP 

SAND 

SOILML 

PARCHED 

SOILRH 

PEBBLED 

ENDDAT 
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4.  Diurnal  Ground  Heat  Flux  Model 


In  this  chapter  we  will  diseuss  the  present  model’s  method  for  handling  the  ground 
heat-flux.  The  method  developed  to  address  this  is  deseribed  in  detail.  However,  it 
is  perhaps  worthwhile  to  first  eompare  this  teehnique  with  methods  used  previously 
to  see  why  it  might  provide  a  better  estimate  of  the  soil’s  eonduetive  heat-flux  than 
previous  methods. 

As  the  touehstone  model  of  the  author’s  experienee,  the  reader  is  referred 
to  Deardorff’s  (1978)  model.  This  model  applied  a  foree-restore  teehnique  to 
ealeulating  the  ground  heat-flux.  The  foree-restore  method  was  developed  by 
Bhumralkar  (1975)  and  Blaekadar  (1976).  In  this  model  a  foreing  term  (the  ground 
heat-flux)  heats  a  near-surfaee  layer  of  thiekness  di  (approximately  10  em)  that 
eorresponds  to  the  penetration  depth  of  the  diurnal  heat  wave.  Seeondarily,  this 
foree  is  partially  eompensated  by  a  restoring  term  assoeiated  with  heat  transfers 
between  the  diurnal  soil  layer  and  an  even  deeper  layer  of  thiekness  d2  (~  50  em) 
assoeiated  with  the  penetration  depth  of  the  annual  thermal  wave.  At  the  time  of 
the  late  1970s  this  method  was  eonsidered  one  of  the  most  advaneed  available  (e.g., 
Hoffert  and  Storeh  1979). 

A  key  problem  with  this  approaeh  is  that  one  obtains  a  solution  for  the  temperature 
of  a  layer  10  em  thiek,  but  not  a  solution  for  the  aetual  temperature  of  the  soil 
surfaee.  Or,  perhaps  in  fairness  one  might  say  the  teehnique  is  tuned  to  provide  a 
eorreet  temperature  of  a  thermal  wave  penetrating  the  ground  plane,  but  only  for 
one  wave  frequeney  that  makes  one  eyele  per  diurnal  period.  It  is  relatively  easy  to 
see  where  this  might  lead  to  problems.  For  example,  frontal  passages  might  eause 
variations  in  solar  irradiation  at  the  surfaee  that  are  not  periodie  over  24  hr.  In  this 
ease,  shorter-period  fluetuations  earry  the  ineident  energy  to  different  depths  and 
ean  result  in  shorter-term  ground-layer  responses. 

Moreover,  the  SEB  model  relies  on  the  aetual  surfaee-skin  temperature  to  generate 
the  eorreet  outgoing  (upward  direeted)  infrared  radiation  that  is  direetly  responsible 
for  eooling  the  ground.  And,  if  the  ground  heat-flux  is  not  properly  handled,  the 
radiation  model  will  not  respond  properly,  either.  This  results  in  a  easeading  series 
of  model  errors,  partieularly  affeeting  the  balanee  of  the  proper  energy  entering 
the  atmosphere  via  the  sensible  heat  flux,  and  will  affeet  the  turbulenee  predietion. 
The  sensible  heat  flux  relies  (again)  on  the  aetual  soil  temperature,  not  on  a  mean 
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temperature  of  a  soil  layer.  To  fix  this  problem,  a  means  must  be  derived  to  calculate 
the  ground  heat-flux  based  on  the  surface  temperature  alone  without  relying  on  the 
nature  of  the  penetration  depth  of  any  particular  frequency  of  thermal  perturbations. 

But  before  considering  that  method,  let  us  also  mention  the  issue  of  horizontal 
conduction  within  the  ground.  For  purposes  of  this  calculation,  the  soil  will  be 
considered  flat.  It  may,  of  course,  be  considered  tipped  relative  to  the  incident 
sunlight.  This  would  not  affect  the  derivation.  However,  in  most  cases  we  will 
consider  it  oriented  perpendicular  to  the  vertical,  though  this  might  be  addressed 
in  future.  The  main  point  is  that  horizontal  heat  flow  will  be  ignored.  When 
considering  the  penetration  depth  of  the  diurnal  thermal  wave  it  is  relatively  easy 
to  see  why.  In  most  cases  our  knowledge  of  soil  properties  is  crude  at  best;  and 
typically  the  approximation  of  horizontal  homogeneity  is  a  given.  Certainly  the 
resolution  of  available  soil  type  data  is  no  better  than  10  cm,  and  the  effects 
of  horizontal  differentials  at  larger  scales  would  be  minimal.  Since  the  model 
described  does  not  attempt  to  address  such  infrared- visualization  effects,  such  flows 
will  not  be  considered. 

The  method  discussed  and  developed  here  was  based  on  a  combination  of  Laplace 
and  Fourier  transform  techniques.  Therefore,  the  discussion  is  divided  into  2 
sections.  In  Section  4.2  the  Laplace  transform  component  of  the  analysis  is 
discussed  as  applied  to  a  periodic  boundary  condition.  The  soil  is  considered  a 
flat,  semi-infinite  (into  the  earth)  slab  of  uniform  medium  of  uniform  thermal 
properties.  The  results  of  this  analysis  allow  one  to  model  the  energy  flux  exactly 
for  such  a  periodic  surface-temperature-boundary  condition.  One  may  then  proceed 
to  decomposition  of  the  soil-surface-temperature  diurnal  wave  in  terms  of  a  Fourier 
series.  This  is  discussed  in  Section  4.3,  where  an  expression  for  the  complete  diurnal 
ground  heat-flux  wave  is  formulated  as  a  summation  of  periodic  components. 

4.1  Model  Assumptions  Used 

In  Section  4.2  the  surface  response  to  a  sinusoidally-perturbed  temperature 
boundary-condition  is  derived.  Such  a  derivation  requires  a  series  of  assumptions  be 
made  to  allow  the  solution  to  be  tractable.  In  the  process,  hopefully,  the  assumptions 
made  are  not  themselves  unrealistic.  These  are 

1)  We  assume  the  soil  thermal  properties  to  be  constants  both  in  time  and  depth 
within  the  layer  of  interest  during  the  computational  period. 
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As  justification,  since  we  are  primarily  interested  in  turbulenee  effeets  —  and  sinee 
turbulence  issues  primarily  oeeur  under  relatively  dry  desert-elimatic  eonditions 
when  optieal  turbulence  becomes  a  problem  —  the  soil  is  usually  dry,  meaning  its 
moisture  eontent  will  not  vary  signifieantly  with  depth  beneath  the  surfaee.  Such 
conditions  would  also  argue  against  the  presenee  of  rainfall  and  evaporation  over 
a  24-hr  period  of  interest.  Either  of  these  would  tend  to  reduce  the  prevalenee  of 
optieal  turbulenee  as  well  as  eause  variations  in  the  soil  properties  as  funetions  of 
time  and  depth.  Even  without  sueh  variations,  one  might  antieipate  some  ehanges 
in  soil  properties  with  inereasing  depth.  Yet  due  to  the  shallow  penetration  of  the 
diurnal  wave  sueh  impaets  might  tend  to  be  minimized,  espeeially  when  eonsidering 
only  a  24-hr  period.  This  was  the  same  approximation  used  by  Ren  and  Xue  (2004). 

Nonetheless,  such  effects  could  be  eonsidered  under  a  testing  regime  where  it  might 
be  possible  to  traek  the  drying  out  of  a  soil  layer  over  several  days  and  eonsider  how 
variations  in  moisture  would  tend  to  alter  the  resulting  turbulenee  predictions. 

2)  We  also  assume  the  effeets  of  the  annual  temperature  wave  ean  be  ignored  if  we 
are  only  dealing  with  a  day  or  a  few  days  of  eomputational  time. 

To  assess  the  impaet  of  this  assumption,  let  us  eonsider  the  average  variation  in 
annual  daytime  temperatures  as  indieative  of  the  variations  in  soil  temperature 
for  the  annual  wave.  At  WSMR’s  loeale  in  southern  New  Mexieo,  the  average 
daytime  high  temperature  varies  from  approximately  55  °E  to  95  °E  between  the 
winter  and  summer  months.  Taking  this  range  in  eombination  with  the  results 
of  the  analysis  below  (further  diseussed  in  Seetion  4.3)  we  find  the  maximum 
energy  flux  into  the  soil  for  an  average  soil  is  approximately  3  W/m^.  This  amount, 
while  signifieant  on  an  annual  basis,  is  minor  eompared  to  the  magnitudes  of 
diurnal  fluxes  that  are  on  the  order  of  hundreds  of  Watts  per  meter  squared.  Strong 
turbulenee  eonditions  require  strong  sensible  heating  rates.  Therefore,  while  the 
effeets  of  the  annual  thermal  wave  should  be  ineluded  for  longer-term  (elimate) 
studies,  when  considering  24-hr  variations  in  turbulence  strength  this  effeet  ean  be 
ignored. 

3)  Einally,  we  assume  that  the  diurnal  thermal  wave  ean  be  treated  as  periodie. 

Eor  this  third  assumption,  we  note  that  onee  the  annual  wave  effeet  is  removed, 
the  main  influence  on  turbulenee  is  due  to  eloud  and  wind  effeets  that  might  be 
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treated  as  being  diurnally  cyclical  in  nature.  For  instance,  in  summer  months  in  New 
Mexico  a  common  diurnal  cycle  begins  with  relatively  clear  skies  in  the  morning 
hours  becoming  perceptibly  cloudier  in  the  afternoon,  then  dissipating  after  dusk. 

In  many  locations,  in  the  absence  of  a  major  weather  change,  persistence  is  the 
dominant  factor  in  forecasting.  Beyond  that,  precipitation  events  generally  disrupt 
the  level  of  turbulence  observed.  Hence,  the  model  developed  is  designed  to  be  a 
best  fit  to  study  conditions  where  turbulence  becomes  a  significant  factor.  Further, 
the  diurnal  model  could  also  be  adjusted  to  treat  a  multiday  scenario  to  study 
cyclical  patterns  of  precipitation  and  subsequent  drying.  But,  this  is  beyond  the 
scope  of  the  present  work. 

4.2  Laplace  Analysis  of  Ground  Impulse  Response  Function 

In  this  section,  Laplace  transforms  will  be  used  to  study  the  flow  of  heat  into  a 
semi-infinite  soil  volume  with  a  known,  single-frequency  sinusoidal  temperature 
perturbation  as  the  upper-boundary  condition  and  homogeneous  soil  conditions 
throughout,  based  on  the  assumptions  stated  in  Section  4.1.  For  simplicity,  the 
variable  x  will  denote  distance  measured  into  the  semi-infinite  slab  volume  starting 
at  the  soil  boundary  (x  =  0)  and  extending  downward  into  the  semi-infinite  region 
(0  <  a;  <  -fcx)). 


Based  on  this  model  and  assumptions,  we  may  ignore  horizontal  heat  fluxes, 
such  that  we  need  only  determine  the  form  of  a  function  T{x,t)  representing  the 
temperature  as  a  function  of  depth  and  time  that  solves  the  heat-transfer  equation: 


dT{x,t)  d‘^T{x,t) 

dt  ^  dx"^  ^  dx"^ 


(4.1) 


where  k  =  [m^/s]  is  the  thermal  diffusivity,  assumed  constant. 


For  the  boundary  condition,  let  us  write 


T(0,  t)  =  A  sin(a;t)  +T^  =  d(t)  -f  Too,  (4.2) 


where  u  =  ‘I'n I r  and  r  is  the  period  of  the  sinusoidal  oscillations. 

Here,  note  that  Too  was  added  to  avoid  negative  temperatures,  but  effectively  it 
becomes  merely  a  background-temperature  offset.  That  is,  it  represents  not  only  the 
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mean  temperature  at  the  surface  but  also  the  asymptotic  temperature  deep  beneath 
the  surface: 

T{oo,  t)  — )■  Too  =  const.  (4.3) 

Once  a  solution  is  found  for  this  case,  it  will  be  relatively  simple  to  generalize  the 
results  in  the  next  section,  since  the  equation  is  linear  in  T{x,  t). 

To  solve  this  system,  it  will  be  easiest  to  Laplace  transform  Eq.  4. 1  with  respect  to 
time.  Here,  we  use  the  standard  definition  of  the  Laplace  transform  (e.g.,  Kreyszig 
1972): 

OO 

C  [M;(t)]  =  J  e-"*  w{t)  dt  =  W{s).  (4.4) 

0 

Standard  transform  and  inverse-transform  tables  will  be  used  to  provide  the  results 
needed  to  express  the  differential  equation  in  terms  of  its  Laplace-transform 
equivalent.  First,  we  consider  the  transform  of  a  time  derivative: 

C  =s1L(s)-m;(0).  (4.5) 

This  result  tells  us  we  need  to  know  the  value  of  the  function  w{t)  at  f  =  0,  tc(0). 
However,  such  terms  are  truly  necessary  only  if  we  are  concerned  with  the  effects  of 
transients.  Since  our  interest  is  only  in  the  general  periodic  behavior  of  the  solution, 
behavior  that  persists  long  after  the  transients  have  damped  out,  we  ignore  all  such 
effects  and  simply  assign  all  transient  terms  as  tc(0)  =  0. 

Next,  since  t  and  x  derivatives  acting  on  T^o  must  equal  zero,  we  may  always  assign 
Too  =  0  initially,  ignoring  the  mean-temperature  offset  (the  zero  frequency  (DC) 
term)  as  well.  This  is  consistent  with  the  observation  that  Too  =  T{0,  t)  is  the  mean 
background  temperature  throughout  the  solution. 

The  Laplace  transform  of  Eq.  4.1  can  thus  be  written, 

od'^Qix^s)  rof  \  fA  \ 

- s0(a;,  s)  =  0,  (4.6) 

ox^ 

except  that  Q{x,  s)  represents  the  transform  of  T(a;,  t)  —  Too,  where  the  background 
offset  has  been  removed. 

Equation  4.6  may  now  be  solved  along  the  x  dimension,  taking  the  easily  derived 
general  form, 

Q{x,  s)  =  D{s)  exp  —\fsxla  +  E{s)  exp  +y/sx/a  .  (4.7) 
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One  of  these  terms  is  immediately  removed  by  applying  the  boundary  condition. 
Because  T{x,t)\x^+oo  approaches  Too,  E{s)  must  be  set  to  zero,  since  the 
exponential  part  of  this  term  diverges  as  a;  — )■  +cx).  Therefore,  E{s)  may  be 
eliminated,  leaving 


Q{x,  s)  =  D{s)  exp  —^xja 


(4.8) 


Recall  that,  in  general,  when  one  encounters  products  in  various  transform 
spaces,  these  products  typically  transform  to  become  convolutions  in  the  original 
space.  Hence,  the  product  solution,  0(a;,s),  becomes  a  convolution  upon  inverse 
transformation  into  T(a;,  t).  For  the  Laplace  transform  such  convolution  operations 
are  expressed  as 


t 

C~^  [Ti(s)  E2{s)]  =  J  fi{t  -  v)  f2{v)  dn.  (4.9) 

0 

This  form  is  consistent  with  the  Laplace  transform’s  causal  applications,  yielding  a 
causal  integral  involving  2  temporal  functions. 

Now  it  will  be  noted  that  since  Q{x,  s)  is  the  transform  of  T{x,  t),  we  may  always 
set  a;  =  0,  in  which  case  we  have  0(0,  s)  which  must  inverse-transform  as  T(0,  t). 
This  implies  that  the  boundary  function,  d{t),  is  the  inverse  Laplace  transform 
of  D{s).  The  remaining  exponential  factor  in  Eq.  4.8  must  therefore  relate  to  the 
effects  of  heat  transfer  from  the  surface  into  the  conducting  slab  as  a  temporal  (and 
causal)  impulse-response  function.  However,  it  is  unnecessary  to  actually  perform 
the  forward  Laplace-transform  operation  needed  to  convert  d{t)  into  D{s)  since  we 
are  not  interested  in  D{s),  per  se,  and  only  in  the  spatial-temporal  solution. 

The  complete  behavior  of  T{x,  t)  will  thus  require  convolving  the  known  function 
d{t)  with  the  transform  of  the  exponential  factor  of  the  Laplace-transformed 
solution.  Once  this  convolution  function  is  known,  we  may  perform  the  convolution 
integral  in  time. 

The  inverse  transform  of  the  exponential  term,  is  a  common  look-up  table 

function  given  as 


c-^ 


5 

2 


exp 


git, 


where  5  =  xj a.  This  function  can  be  rewritten  as 


git,  5) 


1  exp  (-4^) 
27^52  (t/52)3/2 


(4.10) 


(4.11) 
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It  is  perhaps  not  surprising  that  as  an  impulse-response  function  the  time-integrated 
area  beneath  the  function  (when  integrated  over  f  =  0...  -f  cxd)  is  unity,  regardless 
of  the  value  of  S.  And,  as  5  — )■  0  as  x  — )■  0,  the  function  obtains  attributes  similar 
to  that  of  a  Dirac  delta  function.  This  integral  property  is  also  guaranteed  by  the 
simple  observation  that  the  function’s  transform  value  at  s  =  0  is  unity.  One  may 
likewise  represent  this  function  in  a  dimensionless  form,  with  the  property 

OO  OO  (  1  °° 

J git,  6)dt  =  J 

0  0  ^  0 


using  u  =  t/6'^. 

The  function  G(m)  is  plotted  in  Fig.  8.  The  unique  property  of  this  function  is  its 
ability,  in  the  limit  as  5  — )■  0,  of  Git/S‘^)/5^  to  sift  out  the  value  of  the  function  at 
f  =  0  (as  5  — )■  0),  upon  convolution.  Moreover,  this  function  behaves  like  a  single¬ 
sided  Dirac  delta  function.  Its  single-sidedness  allows  it  to  act  in  such  a  way  that 
it  avoids  acausal  effects.  The  function  git,  5)  thus  exhibits  all  of  the  attributes  of 
an  impulse-response  function,  distributing  the  behavior  of  T(0,f)  downward  into 
the  volume,  where  the  delay  of  the  temperature  flowing  downward  depends  on  the 
depth  being  assessed,  parameterized  by  the  variable  6. 


Fig.  8  Dimensionless  function  G{u)  produced  from  Laplace  analysis  of  the  heat  equation 

The  convolution  operation  in  Eq.  4.9  can  now  be  performed.  An  exact  form  is 
available  for  the  inverse  Laplace  transform  of  the  exponential  function,  and  Eq.  4.2 
supplies  a  relation  for  /2(f)  =  (i(f)  =  A  sin  (cut),  leading  to  the  following 
expression  for  the  temperature  wave  inside  the  soil  layer: 

t 

T(x,  t)  —  Too  =  A  J  git  —  v,x/a)  smiuv)dv.  (4A3) 

0 
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Since  only  a  steady-state  behavior  is  sought,  any  transients  are  ignored  such  that 
the  lower  bound  of  the  convolution  integral  can  be  replaced  by  —  cx). 


This  integral  can  be  evaluated  best  by  converting  it  into  a  dimensionless  form  by 
introducing  the  substitutions:  q  =  ut,  u  =  u  v,  and  Then,  the  integral 

takes  the  form 


,  f  1  °^p(-4(fW?) 

j  [(g  -  m)/c2]3/2 


sin(M)  du. 


(4.14) 


We  now  proceed  to  manipulate  this  dimensionless  version.  First,  let  us  rearrange  the 
integration  limits  by  the  substitution  r  =  q  —  u,  allowing  the  integral  to  be  rewritten 


T  1  exp  (-4^)  _ 

^  y  2c2v/^  (r/c2)3/2 


r)  dr. 


(4.15) 


Next,  it  will  be  advantageous  to  introduce  yet  another  new  integration  variable, 
m  =  rjc^,  dm  =  dr/c^,  such  that  the  integral  can  be  rewritten 

1  exp  (—1^) 

A  /  — — - sm{q  —  c^m)dm.  (4.16) 

J  2  VTT  m3/2 
0 


In  this  form  the  sine  can  be  expanded,  using 


sin(g  —  (?  m)  =  sin(g)  cos(c^m)  —  cos(g)  sin(c^m), 


such  that  terms  in  q  can  be  factored  out  of  the  integral,  leaving  2  simplified  integrals 
of  m,  that  evaluate  as 


1  exp 


(-i) 


2  m3/2 


cos(c^m)dm  =  e  cos(c/v^);  (4.18) 


(-ill)  . 

'■  '  C'-t 


1  exp(^-^ 

2  m3/2 


sin(c^m)dm  =  e  sin(c/v^).  (4.19) 


Converting  these  results  back  into  the  original  variables  used,  the  periodic  solution 
for  the  sinusoidal-temperature  wave  is  written 


T{x,t)  =  Ae  sin  (cut  —  x/A) -f  Too,  (4.20) 

where  we  introduce  a  new  characteristic  penetration  depth,  A  =  ^J2k/uj,  associated 
with  a  wave  of  frequency  u  and  soil  thermal  diffusivity  k. 
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Such  a  wave  exhibits  an  increasing  phase  delay  between  the  amplitude  function  at 
a  depth  a;  >  0  and  the  phase  at  the  surface,  and  rapidly  diminishing  magnitude. 


The  shape  of  the  vertical  temperature  profile  can  also  be  used  to  evaluate  the 
ground  heat-flux,  G,  for  this  simple  model,  as  well.  At  any  soil  depth,  x,  G  may 
be  calculated  as 

=  (4.21) 

dx 

where  Gs  is  the  soil  heat-capacity  (J/m^/K).  The  G  thus  has  the  dimensions  of  a 
flux  (W/m^).  Computing  this  flux  based  on  the  vertical  temperature  gradient  of  the 
sinusoidal-temperature  model  at  the  ground  surface  (x  =  0),  we  obtain 


Git) 


^  dT(x  =  0,t) 


(4.22) 


After  some  math,  the  vertical  gradient  of  the  temperature  at  the  surface  (x 
be  computed  as 


dT(x  =  0,  t) 
dx 


y2A 

A 


sin  cc  t  -f 


TT 


The  ground  heat-flux  can  thus  be  written 


0)  can 
(4.23) 


Git)  =  ^  ^  ~  Ay/oj  K  sin  t  -f  ,  (4.24) 

where  the  lead  constant  product  carries  the  dimensions  of  a  flux  (W/m^).  The 
quantity  n  has  the  dimensions  of  a  velocity  (m/s).  Higher-frequency  waves  thus 
penetrate  into  the  soil  layer  more  quickly,  but  because  A  is  smaller,  their  effect  is 
limited  compared  to  the  lower-frequency  diurnal  wave  and  even  lower-frequency 
seasonal  and  yearly  waves. 


4.3  Fourier  Analysis  of  a  Diurnal  Response 

The  results  of  the  previous  section  are  next  generalized  by  expanding  the  periodic 
surface-boundary-condition  temperature  result  of  the  previous  section  into  a  more 
complicated  multi-frequency  result  based  on  a  Fourier  series  decomposition  of  the 
24-hr  diurnal  temperature  behavior: 


t)  =  ^An  COS 
1 


2TTnt 


T 


+  ^B„ 


sm 


27171 1 


T 


+ 


(4.25) 
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Again,  r  is  the  24-hr  diurnal  cycle  period  used  by  the  model.  The  resulting 
temperature  profile  can  be  written  based  on  the  results  of  the  previous  section: 

n 

T{x,  t)  +  cos 

1 


si 


sm 


2nnt 

T 


X 


(4.26) 


Here,  the  penetration  depths,  A„,  of  each  component  wave  of  frequency  ojn  =  noji 
are  expressed  as 


12k 


\  \  —  r-i 


U 


KT 


Ai 


Tin 


n 


where  Ai  =  Jkt/tt  is  the  basic  depth. 


To  obtain  the  ground  heat-flux  we  can  extend  the  results  obtained  for  the  single 
sinusoidal-boundary  component  in  Eqs.  4.23  and  4.24.  Note  first  that  in  general  the 
single-wave  component  will  have  a  gradient  at  any  point  within  the  volume  given 
by 

dTn(a^,  t)  ^  ^  g-a;/A„  _  x/A^)  +  cos{ut  —  a;/A„)] 

At  the  surface,  the  flux  for  this  component  equals 


Gn{t) 


A„C.. 


K 


Ar 


sin 


An  Cs  y/KUn  sin 


(4.28) 


The  peak  heat  flux  thus  always  occurs  l/8th  of  a  cycle  prior  to  the  time  of  the  peak 
temperature.  We  will  also  be  able  to  combine  terms  to  produce  a  series  of  quantities 
Vn  =  y/KUn  with  dimcnsions  of  velocity  (m/s  or  cm/s).  These  denote  the  velocity 
of  penetration  of  heat  associated  with  a  given  frequency  of  thermal  fluctuation. 
Higher-frequency  terms  travel  faster  into  the  soil,  but  not  as  far  as  lower-frequency 
waves. 


Consider,  for  example,  the  behavior  of  this  lowest-order  diurnal  term,  consisting  of 
oji  =  27r/r,  with  r  =  86, 400  s.  For  dry  soils  the  soil  thermal  diffusivity  is  typically 
of  the  order  k  =  0.2  x  10“®  m^/s,  yielding  Vi  =  3.8/im/s,  and  Ai  =  7.42  cm. 
Velocity  Vi  equates  to  a  speed  of  1.37  cm/hr.  This  depth  value  appears  typical  of 
diurnal  thermal  waves  of  the  order  of  several  centimeters. 
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In  contrast,  a  fluctuation  with  a  period  of  5  min  has  a  wave  velocity  of  64.7  /rm/s 
(significantly  faster),  but  affects  a  layer  whose  depth  is  only  approximately  4.4  mm. 


Returning  to  the  general  expression  for  the  soil  temperature,  the  derivative  of  the 
complete  temperature-profile  function  may  be  written  in  the  form, 

COS  ~\- 

While  we  have  focused  on  the  nature  of  the  diurnal  wave  given  a  boundary  condition 
of  a  temperature,  if,  instead,  we  have  been  given  a  system  of  energy  fluxes  at  the 
surface,  we  could  equally  well  begin  by  solving  for  the  equivalent  ground  heat- 
flux  necessary  to  bring  the  energy  equation  into  balance  using  Eq.  4.29  to  solve  for 
coefficients  and  B^,  thereby  determining  the  surface  temperature. 

Since  the  ground  heat-flux  reacts  to  temperature  changes  at  the  ground,  and  involves 
an  energy-storage  mechanism,  the  ground  acts  much  like  a  capacitor  in  an  electrical 
circuit,  except  that  (unlike  a  capacitor)  as  heat  is  introduced  into  the  ground  (mainly 
due  to  solar  irradiance)  the  sensible  heat-flux  and  ground  thermal-radiative-flux 
tend  to  oppose  this  heat  transfer.  Nonetheless,  because  of  this  storage  capacity, 
it  would  appear  that  by  iteratively  updating  the  ground  heat-flux,  and  thereby  the 
surface  temperature,  one  could  solve  iteratively  for  the  ground  temperature  until  the 
energy-budget  equation  relaxes  to  a  solution. 

4.4  Conclusions  and  Observations 

This  new  ground-heat-flux  calculation  method  may  be  described  as  a  Periodic 
Ground-Heat-Flux  Model  for  a  Semi-Infinite  Uniform  Medium.  The  importance 
of  the  ground  heat-flux  is  usually  not  significant  when  considering  only  daytime 
effects,  since  solar  radiation  is  usually  so  dominant  during  daylight  hours.  However, 
for  longer-term  modeling  and  especially  for  nighttime  situations,  the  energy  stored 
in  the  soil  becomes  important  as  other  fluxes  grow  in  significance  after  dark  or 
around  the  time  of  the  neutral  event. 

As  an  interesting  observation  based  on  the  foregoing  analysis,  one  might  ask  this: 
What  is  the  typical  time  of  day  when  the  air  temperature  near  the  ground  reaches  a 
maximum?  Presumably,  this  is  connected  to  the  time  when  the  ground  temperature 
reaches  its  maximum.  From  the  -|-27r/8  term  appearing  in  the  argument  of  the 


2n' 

—  )  -f  i?„  Vn  sin  (  OOr 


2n\ 


(4.29) 


N 


G(t)  = 
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ground-heat-flux  equation,  one  can  see  that  if  the  main  thermal  flux  stimulates  the 
lowest  frequency,  oji,  of  the  diurnal  heat  wave,  the  peak  ground  heat-flux  will  occur 
around  solar  noon,  but  the  peak  temperature  will  be  one-eighth  cycle  or  3  hours 
later,  equating  to  approximately  3  PM  standard  time.  Since  most  of  the  United 
States  uses  daylight  savings  time  most  of  the  year,  particularly  during  summer, 
this  time  adjustment  indicates  the  local  high  temperature  should  occur  around 
4  PM  (daylight  savings  time).  This  behavior  is  commonly  observed  under  clear- 
sky  conditions. 

One  might  similarly  consider  the  impact  of  this  equation  on  an  annual  temperature 
wave.  Peak  heating  in  the  Northern  Hemisphere  should  occur  on  the  summer 
solstice,  but  the  peak  temperature  should  then  occur  around  365/8  days  later,  or 
around  August  6  in  the  Northern  Hemisphere.  The  statistically  coldest  day  of 
the  year  would  then  occur  approximately  46  days  after  the  winter  solstice,  or  on 
approximately  February  5  in  the  Northern  Hemisphere.  It  is  interesting  that  even 
while  not  knowing  this  rule,  the  days  of  summer  were  chosen  to  be  centered  ±l/8th 
of  the  year  about  the  peak  summer  temperature  and  minimum  winter  temperature. 
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5.  Effects  of  Vegetation  on  Convective  Surface  Fluxes 


In  this  chapter,  we  begin  to  consider  updated  models  of  the  various  flux  components 
constituting  the  surface  energy  budget.  These  fluxes  fall  into  radiative,  convective, 
and  conductive  categories.  In  this  chapter  we  consider  the  2  convective  fluxes,  the 
sensible  heat  flux  and  the  latent  heat  flux,  which  is  due  to  surface  evaporation  or  dew 
formation  and  evapo-transpiration  from  plant  surfaces.  The  present  chapter  follows 
the  development  of  these  fluxes  based  on  prior  work  (Tofsted  1993). 

5.1  General  Discussion 

The  general  theory  commonly  used  to  model  convective  fluxes  at  the  earth’s 
surface  is  typically  based  on  the  flux-profile  method  (Dyer  1974),  or  (which  is  the 
same  thing)  similarity  theory.  Similarity  theory  implies  there  are  similarities  that 
exist  in  the  atmospheric  properties  of  all  conservative  passive  additive  properties 
contained  in  the  air  flowing  within  the  surface-layer  atmosphere.  We  have  already 
discussed  the  meaning  of  this  concept  in  Chapter  1 .  Here,  this  concept  is  applied 
as  we  model  the  fluxes  of  sensible  heat  (essentially,  the  conservative  property 
of  temperature)  and  latent  heat  (conserved  moisture)  to  and  from  the  surface. 
According  to  similarity  theory  the  functional  forms  of  equations  describing  these 
fluxes  should  be  similar  in  nature. 

Obukhov  (1946)  was  the  first  to  propose  that  there  should  be  similar  shapes  to 
vertical  profiles  of  temperature,  humidity,  and  wind  speed  above  a  surface  based 
on  parameterized  relations.  He  developed  the  concept  of  the  friction  velocity,  m*, 
to  parameterize  the  wind  speed.  Similarly,  he  identified  a  parameter  termed  the 
scaling  temperature,  T*,  to  characterize  the  vertical  temperature  profile’s  shape 
and  introduced  a  length  scale,  here  called  simply  the  Obukhov  length.  Lot,  to 
characterize  the  curvatures  of  such  profiles. 

Let  us  begin  by  defining  the  2  quantities  we  wish  to  discuss  here:  The  sensible  heat 
flux  is  denoted  as  Hs-  The  latent  heat  flux  is  denoted  by  H^.  Both  of  these  might 
be  related  to  more  basic  fluxes  of  temperature.  Ft,  and  water  vapor,  Fq,  such  that 
(Stull  1988), 

Hs  =  Pa  Cp  Ft,  Ht  =  Pa  Ly  Fq.  (5.1) 

Here  the  sensible  heat  is  obtained  by  multiplying  Ft  =  =  {w'  T')  [K-m/s], 

by  air  density,  pa,  and  is  proportional  to  the  specific  heat  at  constant  pressure,  Cp 
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(Eq.  2.20),  while  the  latent  heat  flux  relies  on  Fq  =  =  {w'  Q')  [m/s],  where 

Q  is  a  relative  amount  of  water  vapor  present  per  unit  quantity  of  total  moist  air 
(g/g).  Thus,  the  air  density,  pa,  can  be  removed  from  the  water  vapor  to  produce  an 
equation  form  that  is  similar  to  that  of  the  sensible  heat,  but  with  the  introduction 
of  the  quantity  the  latent  heat  of  vaporization  (e.g.,  =  2,465  J/g  at  15°  C) 

(Oke  1978),  that  scales  the  amount  of  water  vapor  released  into  a  net  energy  flux. 

In  both  cases  the  net  flux  arising  from  the  composite  surface  depends  on  the 
temperature(s)  of  the  surface(s)  involved;  warmer  surfaces  feature  higher  saturation 
vapor  pressure  and  therefore  are  more  effective  at  carrying  water  away  from  the 
surface.  However,  moisture  fluxes  also  depend  on  the  availability  of  water  at  the 
surface  where  evaporation  is  evaluated. 


A  common  variable  is  the  Bowen  ratio. 


/S 


Hs  _  p  Ft 


(5.2) 


where  T  =  Cp/Ly  is  the  psychrometric  constant.  Stull  (1988)  mentions  that  (3 
ranges  from  5  over  semiarid  regions  to  0.5  over  grasslands  to  0.2  over  irrigated 
fields  to  even  negative  values  over  desert  oases.  However,  he  concludes:  “Attempts 
to  use  this  approach  have  mostly  failed,  because  the  Bowen  ratio  usually  varies  with 
time  and  weather  over  each  site.”  I.e.,  assigning  a  f3  value  a  priori  is  not  effective. 


Plants,  in  order  to  survive,  carefully  control  their  water  resources  by  controlling 
stomatal  entryways  that  exchange  moisture  and  CO2  with  the  outside  air.  The 
degree  of  difficulty  of  passage  of  moisture  through  the  surface  of  plants  is 
termed  the  stomatal  resistance.  Under  high-humidity  conditions  this  resistance 
tends  to  be  low.  Conversely,  under  low-humidity  conditions  this  resistance  can 
be  high  and  extremely  high  for  desert-type  plants.  Or,  as  Stull  remarks,  “[T]he 
evapotranspiration  component  of  the  latent  heat  flux  from  plants  is  a  complex 
function  of  the  age,  health,  temperature  and  water  stress  of  the  plant.” 


This  is,  in  fact,  a  serious  enough  problem  that  neither  Stull  nor  Hoffert  and  Storch 
(1979)  attempt  to  suggest  complete  equations  for  the  latent  heat  fluxes  to  include 
plant  stomatal  resistance.  Perhaps  it  is  a  matter  of  going  “where  angels  fear  to 
tread,”  but  Deardorff  (1978)  did  suggest  equations,  and  for  that  purpose  we  use 
his  results. 
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It  should  also  be  pointed  out  that  the  current  model  takes  a  somewhat  more 
relaxed  view  of  humidity-flux  calculations.  In  Tofsted  (1993)  it  was  assumed  the 
computation  of  the  surface  fluxes  could  be  dominated  by  humidity  effects.  However, 
in  many  locales  where  turbulence  dominates,  moisture  availability  can  be  very  low. 
Also,  in  terms  of  a  diurnal  model,  to  have  a  periodic  condition  it  is  important  to  not 
permit  discontinuities  in  the  fluxes  or  model  parameters.  Allowing  the  soil  layer  to 
vary  significantly  in  moisture  content  over  the  diurnal  cycle  would  disrupt  such  a 
model,  particularly  if  a  reset  event  were  to  occur  every  24  hr.  Hence,  the  approach 
taken  is  to  simply  set  the  user’s  choice  of  moisture  level  at  the  beginning  of  the 
model  scenario  and  leave  this  value  constant  throughout  the  model  run.  In  this  way, 
the  effects  of  different  moisture  levels  can  be  studied  without  permitting  the  soil  to 
dry  over  a  multiday  period. 

Also  in  the  previous  study,  2  distinct  soil-moisture  parameters  were  used:  a 
near-surface  soil  moisture,  Wg,  and  a  deeper  surface  moisture,  W2.  However,  the 
measurement  of  such  parameters  becomes  problematic;  further,  the  modeling  of 
the  effects  of  these  and/or  benchmarking  their  effects  independently  also  becomes 
problematic.  Therefore,  only  a  single  soil-moisture  value  is  employed.  This  value 
is  constant  throughout  any  given  model  run,  and  may  be  thought  to  correspond 
to  the  Wg  parameter  associated  with  the  top  10  cm  of  soil.  This  is  also  consistent 
with  the  new  model’s  focus  on  a  new  method  for  computing  the  ground  heat-flux 
discussed  in  Chapter  4.  There,  the  soil  thermal  properties  are  considered  constant 
over  the  model  calculation  period  as  well  as  constant  with  depth  into  the  soil.  This 
is  consistent  with  keeping  Wg  constant  throughout  the  model  runs. 

Therefore,  it  is  hoped  the  reader  recognizes  the  sensible-heat-flux  calculation  is 
somewhat  simpler  to  formulate  than  the  latent  heat-flux.  We  therefore  will  begin  by 
describing  the  sensible-heat-flux  case  and,  once  that  effect  has  been  described  in 
detail,  treat  the  latent  heat-flux  in  approximately  the  same  level  of  detail. 

5.2  Sensible  Heat  Flux  Calculation  for  a  Vegetated  Surface 

Let  us  begin  this  section  with  a  brief  review  of  the  material  presented  in  Chapter  2. 
In  that  previous  discussion  the  main  point  was  that  the  sensible  heat  flux  is  closely 
connected  with  the  analysis  of  the  friction  velocity,  u^,  the  scaling  temperature, 
T*,  and  the  Obukhov  length.  Lot-  However,  we  also  discussed  the  fact  that  these 
parameters,  while  easily  computed  from  modern  rapid-sampling  sonic-anemometer 
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devices,  are  badly  poised  to  be  computed  from  normal  wind  and  temperature 
measurements.  We  then  introduced  a  substitute  relation  for  the  sensible  heat  flux 
based  on  an  air  temperature,  Tz,  a  surface  layer  aggregate  temperature,  Ts,  and  a 
wind  speed,  uz,  at  the  same  height  as  the  air  temperature  as  Eq.  2.19: 

Hs  =  Pa  Cp  ch{z)  uz  {Ts  -  Tz)  =  Pa  Cp  (5.3) 

Now,  rniz)  is  a  height-dependent  function  of  the  wind  speed  uz  and  the  current 
stability  condition.  And,  this  function  is  the  main  focus  of  attention  in  this  section. 
We  also  introduced  a  definition  for  the  surface-layer  temperature  being  a  composite 
of  the  surface  temperature  of  the  ground,  Tg,  and  the  foliage,  Tf,  in  Eq.  2.22. 

Deardorff  (1978)  appears  to  have  correctly  adduced  that  because  the  foliage  cover 
generally  presents  a  much  greater  surface  area  than  the  underlying  surface,  that  the 
sensible  heat  flux  from  the  foliage  should  be  much  greater  than  that  of  the  ground. 
However,  Deardorff’s  formulation  was  somewhat  flawed  in  that  it  could  result  in 
much  higher  heat  fluxes  from  the  foliage  than  would  be  reasonable  to  assume,  given 
the  remaining  terms  in  the  energy  budget.  That  is,  Deardorff  failed  to  consider  the 
carrying  capacity  of  the  air.  Simply  because  there  is  7.0  times  the  surface  area  does 
not  mean  the  air  is  capable  of  absorbing  7.0  times  the  energy.  Rather,  the  air’s 
carrying  capacity  is  fixed,  but  the  mix  of  how  much  of  that  capacity  is  reflective  of 
the  soil  temperature  and  how  much  is  reflective  of  the  foliage  temperature  is  what  is 
in  question.  Hence,  we  use  Eq.  2.22  for  describing  the  effective  surface  temperature. 

But,  once  the  effective  surface  temperature  is  known  via  Eqs.  2.21  and  2.22,  there 
is  still  an  element  to  consider  —  the  flux-resistance  factor,  th-  Here,  it  will  be 
recalled  that  although  we  compute  the  surface  aggregate  temperature  as  a  mixture 
of  the  ground  and  foliage  leaf  temperatures,  the  position  at  which  the  temperature 
profile  intercepts  this  actual  temperature  cannot  be  the  top  surface  of  the  foliage,  or 
the  actual,  exact  surface  height  of  z  =  0.  Eigure  9  illustrates  this  same  problem,  but 
in  relation  to  the  height  at  which  the  wind-speed  profile  becomes  zero.  This  height 
is  adjusted  relative  to  the  height  above  the  surface,  2:,  according  to  2  corrections. 
The  first  correction  is  the  surface-roughness  length,  zq.  Eor  a  flat  surface  with  no 
vegetation  the  wind-speed  profile  will  become  zero  at  z  =  zq.  However,  for  foliated 
surfaces  the  leaf  surfaces  are  typically  elevated  some  distance  above  the  ground, 
such  that  the  projected  zero  wind-speed  height  occurs  at  Zq  +  D,  where  D  is  termed 
the  displacement  height  (e.g.,  Stull  1988,  sec.  9.7.3). 
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Fig.  9  Foliated  layer’s  displacement-height  and  roughness-length  offsets 


The  roughness  height  therefore  influenees  the  eurvature  of  the  wind  profile,  but  the 
profile  itself  is  also  displaeed. 

Further  eomplieating  this  situation  is  the  faet  that  the  height  at  whieh  the 
temperature  profile  appears  to  intereept  the  surfaee  layer’s  aggregate  temperature, 
Ts,  oeeurs  at  a  different  offset  height  than  zq,  or  D,  or  D  +  zq.  The  effeet  of 
this  height  differenee  must  be  aeeounted  for  in  the  flux  ealeulation.  Otherwise, 
one  eould  simply  derive  a  method  for  eomputing  T*  based  on  height  2:,  eomputed 
temperature  Ts,  and  zq  direetly  from  Eq.  2.12.  This  would  inelude  an  iterative 
eomputation  of  Lob,  and  T*.  Instead,  due  to  these  offsets,  T*  ean  only  be 
evaluated  after  estimating  Hs,  as  influeneed  by  a  surfaee-resistanee  faetor  (or 
u  ch)  that  refleets  these  offsets. 

Stull  reeommends  determining  the  value  of  D  by  studying  a  measured  wind  profile. 
This  would  require  at  least  3  wind  sensors  to  determine  the  mean,  vertieal  gradient, 
and  eurvature  of  the  profile.  In  lieu  of  sueh  available  data,  using  Eqs.  2.21  and  2.22, 
the  following  approximations  are  eonsidered: 


Zqf  ~  0. 13  Zp] 

ZoG  ~  0.13  2:g. 

(5.4) 

Dp  ~  0.70^^; 

Dq  ~  0.70  zg- 

(5.5) 

Here,  Erank  Hansen’s^  reeommendation  was  to  estimate  the  roughness  length  zq  as 
approximately  13%  of  the  height  of  the  typieal  roughness  element.  But  instead  of 
seeking  a  single,  eomposite  roughness  length  or  displaeement  height,  it  is  observed 
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that  the  wind  profile  never  reaches  zero  at  the  base  of  the  vegetation.  Rather,  a 
portion  of  the  wind  remains  beneath  the  vegetation  and  only  reaches  zero  at  the 
surface.  Hence,  the  profile  is  characterized  twice,  once  for  the  wind  curtailed  by  the 
foliage  and  a  second  time  for  the  wind  affected  by  the  soil  surface. 

The  resulting  height  of  the  zero  wind- speed  level  from  the  foliage  perspective  is 
approximately  0.83  2:^7’  for  a  fully  vegetated  surface.  This  result  is  consistent  with 
Stull’s  data  (1988,  Fig.  9.7).  Both  sets  are  scaled  in  the  same  manner  to  account 
for  the  impact  of  surface  irregularities  (where  zq  represents  the  top  height  of  rocks, 
uneven  ground,  etc.,  and  where  zp  represents  the  tops  of  trees,  shrubs,  etc.). 


The  displacement  height’s  importance  is  that  one  cannot  correctly  evaluate  the 
friction  velocity  from  Eq.  2.11  unless  the  height  is  first  adjusted  according 
to  the  displacement  height  in  the  modified  form. 


uz 


In 


z-D 

Zq 


^1 


Z-D 


^Ob 


(5.6) 


A  similar  expression  applies  when  evaluating  the  scaling  temperature  T*.  We  shall 
expand  on  this  result,  but  only  after  considering  the  temperature  profiles  for  barren 
soil  and  foliated  surfaces. 


A  further  height  adjustment  is  required  to  evaluate  rp  due  to  fine  scale  differences 
between  the  zero  height  of  the  wind  versus  the  temperature.  To  do  so,  the  research 
findings  of  Kunkel  and  Walters  (1983),  hereafter  KW-83,  and  Thom  (1972), 
hereafter  T-72,  have  been  investigated.  The  KW-83  paper  examined  sensible  heat- 
flux  measurements  obtained  under  barren  soil  conditions  at  White  Sands  Missile 
Range,  based  on  measurements  at  the  High  Energy  Laser  Systems  Test  Eacility 
then  under  development.  Conversely,  the  T-72  analysis  was  performed  for  heavily 
vegetated  crop  surfaces.  These  2  research  efforts  produced  surprisingly  similar 
offsets  expressed  as  C  m",  where  a  was  0.333  for  T-72  and  0.450  for  KW-83. 

5.3  Barren  Soil's  Resistance  Factor 

At  this  point  a  distinction  should  be  made  between  the  present  method  and  that 
of  Deardorff.  While  Deardorff ’s  model  included  a  number  of  interesting  features 
involving  various  researchers’  findings,  his  development  of  the  sensible  heat  flux 
made  an  incorrect  assumption. 

Eluxes  of  sensible  and  latent  heat  are  driven  by  bouyant  and  forced  mixing  of 
turbulence  elements  of  different  sizes.  The  general  term  “eddy”  is  used  to  describe 


63 


such  elements.  Klipp  (2014)  has  shown  that  these  fluxes  are  largely  driven  by  the 
largest  turbulence  elements  that  are  not  isotropic.  Isotropic  turbulence  tends  to  have 
no  correlations  between  its  components  and  therefore  is  inappropriate  for  carrying 
off  momentum  or  energy  where  biases  are  required. 

Many  simplified  models  have  been  developed  to  approximate  these  fluxes,  of  which 
Deardorff’s  model  was  typical.  Deardorff  used  a  simplified  approximation  where 
he  introduced  one  heat-exchange-rate  coefficient,  ch,  for  all  daytime  (unstable 
atmospheric  state)  calculations,  and  a  second  exchange  rate  for  stable  (nighttime) 
cases.  Deardorff  also  attempted  to  include  the  effects  of  a  foliated  layer.  Knowing 
the  expected  heat  flux  from  a  nonfoliated  surface,  however,  he  simply  assumed  that 
a  heavily  foliated  surface  would  transfer  Np  times  as  much  heat  as  the  flat  surface  in 
a  linear  scaling.  As  a  result,  sensible  heat-fluxes  of  up  to  700  W/m^  were  computed 
based  on  this  model,  results  that  were  completely  erroneous. 

In  contrast,  others  (e.g.,  Hoffert  and  Storch  1979)  have  attempted  to  invoke  the 
direct  use  of  Eqs.  2. 1 1  and  2.12  (or  their  equivalents)  directly,  without  adjusting 
for  the  difference  in  height  between  the  temperature  and  wind-speed  zero-height 
levels.  Even  considering  Thom’s  analysis  versus  Kunkel-Walters,  one  must  also 
interpolate  results  between  barren  and  foliated  terrain  types. 

Eortunately,  when  this  work  began  in  1983,  we  inherited  Ken  KunkeTs 
implementation  of  Deardorff’s  paper,  in  which  Ken  had  already  implemented  his 
adjustment  to  account  for  the  barren-soil  conditions.  Then,  over  the  next  few  years, 
Thom’s  work  was  first  uncovered  and  subsequently  included  as  an  extension  of 
KW-83  to  treat  foliated  surfaces. 

To  discuss  this  development,  let  us  first  examine  Kunkel  and  Walters’  method  for 
barren  soils.  Kunkel  and  Walters  adopted  Deardorff’s  basic  form  for  expressing  the 
sensible  heat  flux  as  a  function  of  a  temperature  difference,  the  mean  wind-speed 
uz,  and  a  variable  ch  parameter: 

Hskw  =  PaCpCpUz  {Ts  —  Tz).  (5.7) 


Using  the  nomenclature  developed  here,  Kunkel-Walters’  cp  appears  as 


0.74-1  ^2 


Ch  — 
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This  form  is  modified  by  /c  X/0.74  from  the  form  that  would  be  obtained  by  simply 
using  Eqs.  2.11  and  2.12  to  solve  for  ch,  where  the  ipi  and  '^2  functions  are 
those  appearing  in  Eqs.  2.11  through  2.17.  The  adjustment  term  /cX/0.74  appears 
related  to  the  offset  height  of  the  effective  zero-temperature  plane.  The  use  of  the 
parameter  Dq  emphasizes  that  the  displacement  height  involved  here  is  that  of  a 
barren  surface. 

According  to  Kunkel  and  Walters,  X  was  derived  from  the  bluff-body  form  of 
Garratt  and  Hicks  (1973),  and  ipi  and  ^2  are  the  diabatic-influence  functions 
described  in  Chapter  2.  This  method  parameterized  a  laminar  sublayer  to  handle 
the  barren  surface.  The  variable  k  is  again  von  Karman’s  constant  (approximately 
0.4  for  rough  surfaces);  2;  is  the  height  above  the  surface;  and  zqg  is  the  bare-ground 
roughness  length.  Note  that  KW-83  did  not  consider  a  displacement  height  because 
the  flat  ground  and  lack  of  vegetation  did  not  require  the  consideration  of  one.  But 
the  use  of  Dq  suggests  that  the  soil  offset  will  need  to  be  distinguished  from  that 
associated  with  the  vegetation,  as  does  the  use  of  suggest  that  the  drag  effects 
of  the  soil  will  be  different  from  those  of  the  foliage. 

Kunkel  and  Walters  defined  X  as 


X  =  [0.37{30u,GZoG/i^f^'’Pr^-%  (5.9) 

where  u  =  jj,/ pa  is  the  kinematic  viscosity,  which  we  have  already  encountered  just 
prior  to  Eqs.  1.1  and  1.2;  and  Pr  is  the  Prandtl  number  (0.72  in  our  atmosphere). 
Simplifying,  k  X  can  be  expressed  as 

kX  =  0.5258  {u^G  ZoG/^f'^^-  (5.10) 

One  may  then  consider  how  this  compares  with  the  resistance  technique: 

chu^  l/rniz),.  (5.11) 


Multiplying  ch  by  u,  Eq.  2.11  can  be  used  to  collapse  a  portion  of  the  ch  expression 
into  M*.  What  remains  is  a  denominator  associated  with  the  T*  equation  plus  the 
adjustment  factor  k  X : 


ChU 
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-  ^2  +  0.71  (m*g 


(5.12) 
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Since  m*,  Zq,  and  iz  are  all  positively  valued  and  independent  of  the  stability 
condition,  the  surface  resistance  to  heat  flux  will  be  greater  than  that  predicted 
by  the  basic  theory  based  on  Eqs.  2.11  and  2.12.  This  suggests  that  the  interface 
height  for  the  barren  soil  is  lower  than  the  corresponding  zero-wind  condition’s 
extrapolated  height  —  for  if  the  height  were  greater  it  would  mean  the  resistance 
was  less,  not  greater;  any  positive  contribution  in  the  denominator  equates  to  a 
greater  resistance. 

5.4  Vegetated  Terrain's  Resistance  Factor 

Thom’s  (1972)  resistance  model  yields  much  the  same  conclusion  as  for  the  barren- 
soil  condition.  In  his  paper,  Thom  characterized  the  aerodynamic  resistance  to  the 
flux  of  property  P,  calling  it  rp.  This  is  the  resistance  encountered  at  a  rough 
surface  that  generally  exceeds  the  resistance  to  momentum  flux  (r^),  just  as  for 
the  previous  barren-soil  case.  Thom  expressed  this  difference  in  a  nondimensional 
form  using  the  parameter  Bp^,  given  by 

Bp^  =  [rp{z)  -  rM{z)] .  (5.13) 

This  resistance  method  treated  the  property  fluxes  of  heat,  momentum,  and 
humidity  much  like  currents  (/)  in  electrical  circuits.  Temperature,  humidity,  and 
kinetic-energy  differentials  between  a  material  property  of  the  air  measured  at 
station  height  zs  and  a  similar  property  measured  at  the  surface  are  analogous  to 
potential  differences  (V),  such  that  the  resistance  terms  (r)  parameterize  the  fluxes. 

Thom  quantized  the  baseline  atmospheric  resistance  (resistance  to  momentum  flux) 

TMiz)  =  (5.14) 

ui 

This  is  obvious  since  pa  ul  is  just  equal  to  the  total  vertical  flux  of  horizontal 
momentum  (Stull  1988,  67).  The  corresponding  flux  relation  for  momentum  based 
on  the  resistance  model  of  Eq.  5.3  would  be 

FM  =  Pa— - =  (5.15) 

rM{z) 

Both  Pa  and  are  positive  definite.  Therefore,  Fm  is  a  downward-directed  flux  of 
momentum  to  the  surface. 


Thom’s  equation  for  a  general  property  flux  uses  rp  written  as 


rp{z) 


1 


Xz  Xs 


X* 


X^P 


(5.16) 
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In  the  case  of  sensible  heat  (temperature),  is  the  temperature  at  height  2;  (i.e., 
Tz)',  Xs  is  the  surface  value  of  the  parameter,  in  this  foliated  case,  Tp  =  Ts,  the 
effective  mean  aggregate  surface  temperature  of  the  leaves;  and  x*  is  the  scaling 
value  of  the  given  parameter.  In  this  case,  x*  becomes  the  scaling  temperature,  T*. 
Hence, 


rH{z)  =  — 


Tz  -  Ts 


T* 


{5.17. A) 

I  —  sp  I 

From  the  definition  of  T*  in  Eq.  2.12,  the  ratio  inside  this  equation’s  absolute- value 
operator  is  always  positive.  We  therefore  remove  this  symbol: 


Tz  —  Ts  _ ^  1  _  u^T^ 

^  rniz)  Tz-Ts 


{5.17. B) 


The  nondimensionalized  excess  resistance  to  heat  {Bj^  in  an  analog  of  Eq.  5.13) 
can  then  be  written  using  Eqs.  5.14  and  5.17.5  as. 


Bh  =  [rH{z)  -  rM{z) 


u{z)_ 


(5.18.21) 


from  which. 


Tz  -  Ts  1  u{z) 
=  ^ - : 


T 

j-  * 


T* 


Tz-Ts  Bfj  u^  +  u{z) 

Thom  then  completes  his  analysis  by  supplying  an  explicit  form  for  B]j^: 


(5.18.5) 

(5.18.C') 


BJ,'  =  L35K)'-'\ 


(5.19) 


which  is  explicitly  dependent  on  his  choice  of  dimensions  of  cm/s  for  his  friction 
velocity,  u{.  Translating  this  result  into  the  model  dimensions  of  m/s, 

Bjj^  =  6.27  ul^^.  (5.20) 


However,  Thom  also  based  his  model  on  a  bluff-body  analysis  and  obtained  the 
above  relation  assuming  u  =  0.15  cm^/s  and  zq  =  7  cm  for  the  bean  crop  he 
studied.  Thom’s  result  can  thus  be  cast  into  the  same  framework  as  Kunkel-Walters’ 
by  using  his  result  that  a  typical  u{  =  25  cm/s  produces  a  5//^  of  4.0.  Erom  this 
result,  and  using  the  conditions  cited,  one  obtains  the  rule, 

Bjj^  =  0.38{u,zo/iy)T\  (5.21) 
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Combining  this  new  relation  with  Eqs.  5.17.5  and  5.18.C,  the  transfer-coefficient 
product  becomes 


ChUf  ~ 


1 

rniz) 


u^pT^  _  _ _ 

Tz  —  Ts  Up 0.38u^p  {u^p  Zop/uy/^ 


ku^  ,  , 

= _ ! _ _  (5.22) 

kup/u^p  +  k  X  0.38  (m*f  Zop/uY^^ 

For  a  rough  surface  k  ~  0.40  is  used  to  evaluate  the  lead  constant  in  the 
denominator’s  perturbation  term,  yielding 


Ch  Up  = 


In 


(z-Df) 

zqf 


k  u. 

(z-Df) 

Lob 


'*F 


+  0.15  {u^p  Zop/uY^^ 


(5.23) 


where  the  roughness  length  and  displacement  height  used  are  those  consistent  with 
a  fully  foliaged  layer.  Yet  the  use  of  zqp,  u^p,  and  Dp  indicates  we  will  need  to 
consider  separate  parameters  from  those  used  to  describe  the  bare-ground  case. 


5.5  Transfer  Efficiency  for  Intermediate  Cases 


The  previous  2  sections  considered  the  separate  effects  of  bare  soil  and  a  foliage 
layer’s  influence  on  sensible  heat.  Similar  results  were  obtained  for  the  2  analyses. 
For  comparison  purposes  both  of  these  results  are  reproduced  here: 


ChgU  = 


0.7A-^  ku 


*G 


In 


(z-Dg) 

ZOG 


^2 


(z-Dg) 

Lob 


+  0.71  {u^gZog/i^, 


,0.45 


(5.12) 


CppU  — 


ku^p 
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(z—Df) 

Zqf 


-Yi 


(z-Df) 

Lob 


+  0.15  {u^p  zop/uY'^^ 


(5.23) 


Both  feature  similar  adjustment  terms  in  the  denominator.  The  first  offsets  adjust 
the  log-altitude  \n{z/ Zq)  profile  shapes  by  diabatic-influence  functions  {'ipi  and  ip2)- 
Thom  bases  his  correction  on  the  wind-profile  function  ^i,  while  Kunkel-Walters 
based  theirs  on  the  thermal  term  involving  ^2-  Both  also  included  similar  intercept 
height  adjustments  based  on  fractal-power  functions  of  friction- velocity  variables. 


Even  after  accepting  both  of  these  results  as  correct  in  the  limit,  applying  Thom’s 
solution  to  conditions  involving  fully  foliated  surfaces,  and  implementing  Kunkel- 
Walters’  analysis  of  barren-soil  conditions,  an  interpolation  rule  still  is  needed 
under  intermediate  conditions  (0  <  ctf  <  1).  Complicating  this  task  is  the  means  of 
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subdividing  the  wind  effects  on  the  2,  since  changing  the  surface-roughness  length, 
zo,  impacts  the  values  of  the  very  parameters,  m*,  Lob,  and  T*  (particularly  u^),  that 
drive  the  resistance  calculations. 


Previously,  in  Tofsted  (1993),  the  sensible  heat  flux  was  parsed  by  weighing  the 
average  surface-interface  temperature,  used  when  evaluating  the  sensible  heat  flux, 
by  the  relative  areas  of  exposed  ground  and  foliage  surfaces,  as  in  the  example  of 
Eq.  2.22.  However,  this  method  assumed  that  the  same  wind  ventilated  both  the  soil 
and  plant  surfaces.  Here,  a  different  paradigm  is  invoked  where,  instead  of  parsing 
the  temperature,  we  parse  the  wind  that  ventilates  the  surface  interface  based  on  the 
wind-speed  profile  as  illustrated  by  Thom  (1972,  Fig.  1). 


The  wind-speed  profile  shown  in  Thom’s  figure  is  similar  to  that  of  Fig.  8  above, 
except  instead  of  the  speed  becoming  zero  inside  the  foliage  canopy,  a  remnant 
of  wind  remains  beneath  the  canopy  that  becomes  zero  only  at  height  zqg  +  -Dg- 
This  suggests  the  wind  speed  can  be  divided  into  a  portion  that  influences  only  the 
foliage  fluxes  and  another  part  that  influences  only  fluxes  at  the  ground  surface.  The 
wind-speed  equation  then  is  written  as,  uz  =  uzg  +  uzf,  or  in  expanded  form  as. 


Uz  = 


U*G 

IT 

U^F 

~Y 


In 


In 


Z-Dg 

Zqg 

Z-Df 

ZqF 


z 

Lob/  -i 
Z 


^Ob/  J 


(5.24) 


at  heights  Z  significantly  above  the  surface  interface  (Z  >  2  Hf,  2  Hg). 


In  most  cases,  for  substantial  vegetation,  the  foliage  layer  will  absorb  the  bulk  of  the 
wind’s  momentum,  leaving  a  reduced  wind  profile  beneath  the  canopy.  Below  the 
canopy,  the  wind  profile  should  reflect  the  influence  of  the  ground  and  its  roughness 
parameter. 


The  main  factor  in  this  approach  to  be  resolved  is  the  relative  values  of  uzg 
and  uzF,  or,  equivalently,  u^g  and  u^f-  Previously,  a  weighted  average  was 
computed  based  on  the  relative  areas  of  barren  ground  (1)  versus  leaf-surface  area 
{Nf  =  (7/  T /).  This  appears  approximately  correct,  but  instead  of  applying  it  to 
the  temperature,  in  this  case  it  is  applied  to  the  wind.  Still,  some  factors  could  be 
better  resolved  by  comparison  with  measurements  for  different  terrain/vegetation 
combinations.  That  is,  while  the  ground  is  considered and  given  a  weighting  of 
unity,  depending  on  its  roughness  {zqg),  a  unit  area  of  bare  ground  may  create  more 
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drag  than  the  same  area  of  relatively  smooth  leaves.  But  since  the  leaves  present 
different  angles  of  attack  to  the  incident  wind,  they  may  present  more  or  less  drag 
than  the  surface.  Nevertheless,  the  model  used  will  be  to  subdivide  the  available 
wind  based  on  the  relative  area: 


Wg  = 


1 

1+^’ 


Wf  = 


Nf 

1  +  Nf- 


(5.25) 


This  relative-area  concept  will  then  distribute  the  available  drag  effects  according 
to  proportional  amounts  of  the  momentum  being  transferred  to  the  surface  via  the  2 
component  friction  velocities: 


U^G  —  Uj,F  —  WpUj,. 


(5.26) 


Each  wind  component  is  then  modeled  as  exhibiting  its  own  wind  profile,  consistent 
with  the  surface  it  interacts  with.  For  example,  the  wind  interacting  with  the  soil  is 
modeled  as  only  experiencing  drag  effects  due  to  the  ground  (parameterized  by  a 
separate  ground  roughness  length  zqg)- 

Here,  the  10%  adjustment  of  the  leaf  index  Nf  to  account  for  twigs  and  branches  is 
dropped  to  ensure  that  the  results  obtained  for  the  sensible  heat  flux  are  consistent 
with  calculations  made  for  the  latent  heat  flux. 


Subdividing  the  wind  effect  rather  than  the  temperature  influence  allows  the 
efficiency  coefficients  for  the  ground  and  foliage  to  be  applied  separately  in 
resolving  the  impact  of  each  of  the  2  influences.  Thus,  one  can  define: 


chg{Z)  — 


0.74  ^ku^G/uzG 
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chf{Z)  — 


k  u^:f/uzf 
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{Z-Df) 
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(Z-Df) 
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0.33 


(5.27.5) 


The  net  sensible  heat  flux  can  then  be  written  as  Hsg  +  Hsf  in  the  form. 


Hs  —  Pa  Cp  chf{Z)  uzf  {Tf  —  Tz)  +  chg{Z)  uzg  {Tg  —  Tz) 


(5.28) 


By  performing  the  parsing  of  the  drag  effects  on  the  wind  via  the  variable,  we 
can  still  write  that  Hg  oc  T*.  This  allows  T*  to  be  evaluated  from  Hg,  and  we 
may  iterate  on  the  values  of  Lob,  u^,  and  Hg  (T*). 
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In  the  program  these  relations  are  simplified  through  the  use  of  the  constants 


such  that, 


=  Pa  Cp  Chg(Z)  UzG, 

(5.29.A) 

=  Pa  Cp  Chf(Z)  Uzf, 

(5.29.5) 

Hsg  =  Aug  (Tg  —  Tz), 

(5.30.A) 

Hsf  =  Auf  (Tp  —  Tz). 

(5.30.5) 

In  a  similar  manner,  individual  latent  heat  fluxes  from  ground  and  foliage  are  found 
in  the  next  section. 


5.6  Latent  Heat  Flux  for  Foliated-Terrain  Conditions 


Based  on  the  results  obtained  for  the  sensible  heat-flux  for  vegetated-terrain 
conditions,  it  is  now  possible  to  expand  on  these  results  to  solve  for  the  latent  heat- 
flux  for  vegetated-terrain  conditions.  In  doing  so,  we  follow  a  modified  version  of 
the  method  Deardorff  developed  for  the  latent  heat  flux.  In  Deardorff ’s  approach  to 
the  moisture  flux  —  unlike  the  sensible  heat  flux  that  just  depended  on  temperature 
—  not  every  surface  need  be  moist.  Therefore,  the  fraction  of  a  surface  that  is 
susceptible  to  evaporation  must  be  moist  initially.  Parameters  are  used  to  designate 
the  degree  of  moisture  availability  on  both  ground  and  vegetation  surface.  Variables 
r"  and  a'  characterize  fractional  moisture  availabilities  of  foliage  and  bare  ground 
surfaces,  respectively.  The  weighted  mean  fraction  of  the  surface  susceptible  to 
evaporation  was  modeled  through  use  of  the  parameter. 


a'  +  r"Nf 

(1  +  N,)  • 


(5.31) 


in  Tofsted  (1993).  The  terms  a'  and  r"  are  based  on  Deardorff  (1978),  given  as. 


a'  =  {I-  Sc)  +  min(l,  Wg/wx)  Sc, 


(5.32.A) 


Sc  = 


(5.32. B) 
(5.32.C) 


^  1  Sc  [^s/(^s  T  ^a)]  [l  ('^ dew / '^ dmax)  ^  ]) 

1,  evaporation  is  occurring, 

0,  condensation  is  occurring, 
where  Wg  is  the  fractional  moisture  of  the  ground  (by  volume);  wk  is  the  fraction 
of  moisture  the  ground  contains  when  it  behaves  as  if  it  is  saturated;  r*  is  the 
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stomatal  resistance;  is  the  atmospheric  resistance;  Wdew  is  the  mass  of  dew  on 
the  foliage  per  square  meter  of  ground  surface  area  (normally  zero  during  the  day); 
and  Wdmax  is  the  maximum  dew  accumulation  per  square  meter  of  ground  before 
runoff  to  the  ground  will  occur.  Further  equations  for  r^,  r^,  and  Wdmax  can  be 
found  in  Deardorff  (1978).  These  equations  depend  on  the  foliage  type,  wilt  factors, 
mean  incident  sunlight,  and  other  coupling  factors  that  will  not  be  explained  here. 
The  controlling  parameters  are  generated  in  the  model,  and  no  justification  for 
the  validity  of  Deardorff’s  approach  will  be  presented.  Note  that  evaporation  is 
considered  to  be  occurring  if  QsatiTc)  >  Qz  (i-C-,  when  the  specific  humidity  of 
saturated  air  at  the  ground  temperature  exceeds  the  specific  humidity  of  air  at  the 
station  height)  or  QsatiTp)  >  Qz,  depending  on  whether  the  ground  or  foliage 
surfaces  are  being  considered. 

Using  a  flux-equation  form  similar  to  that  in  Paulson  (1970),  the  total  latent  heat 
flux  is  described  by  the  equation, 

H d,  E  Ly  Q^  ^*7  (5.33) 

where  E  is  the  evaporative  flux  (kg  of  water  per  square  meter  of  underlying  surface 
per  second),  and  Q*  is  defined  in  the  same  sense  as  T*  in  Eq.  2.8,  in  that  a  negative 
Q*  is  indicative  of  heat  leaving  the  surface  interface  and  entering  the  surface-layer 
air. 

This  equation  can  also  be  expressed  in  efficiency-coefficient  and  resistance-method 
forms  as 

HL  =  LyE  =  Pa  Ly  CQ  uz  {Qs  -  Qz)  =  Pa  Ly^^  ^  ~  ^  (5.34) 

where  rq  is  the  resistance  to  water- vapor  flux,  cq  is  the  efficiency  of  the  water-vapor 
flux,  and  Qs  is  an  equivalent  surface-specific-humidity  source  term.  This  was  the 
approach  taken  in  Tofsted  (1993). 

This  approach  is  modified  to  account  for  the  current  parsing  of  the  wind  speed, 
instead  of  the  surface  property,  according  to  the  relative  drag  effects  of  the  surface 
based  on  the  properties  of  the  foliage  layer  in  accord  with  the  sensible-heat-flux 
calculation  discussed  above. 

This  is  possible  because  of  the  general  assumption  that  rq  =  th,  reflecting  the 
similarity  of  all  conservative-passive-additive  transport  processes.  This  calculation 
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is  even  more  simply  stated  than  in  Tofsted  (1993),  since  the  wind-speed  parsing 
becomes  separated  from  the  humidity-availability  parsing  necessary  to  determine 
separate,  equivalent  Qs  values  for  the  ground  and  foliage  surfaces. 

Given  the  above  discussion,  one  can  readily  write 

Qg  =  ex'  QsatiTc),  Qf  =  e"  QsatiTp)-  (5.35) 


Essentially,  these  quantities  represent  saturation  water-availability  as  represented 
by  the  Qsat  components,  multiplied  by  relative-humidity  parameters  represented  by 
a'  and  r" .  We  then  write,  immediately,  Hl  =  Hig  +  Hif,  such  that. 


Hl  —  Pa  Ly  cqf{Z)  uzf  {Qf  —  Qz)  +  cqg{Z)  uzg  {Qg  ~  Qz) 


(5.36) 


Here,  using  the  property  that  both  humidity  and  temperature  may  be  considered 
conservative-passive-additives,  we  may  assume 


cqf  =  chf  and  cqg  =  chg-  (5.37) 

This  procedure  allows  for  the  same  parsing  of  the  wind  into  foliage  and  ground 
components  as  was  performed  in  the  sensible-heat-flux  case. 
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6.  Boundary-Layer  Thermal  Accounting 


In  this  chapter  a  key  defieieney  of  the  Deardorff  (1978)  model  is  addressed.  In 
Chapter  5  the  ealeulation  of  the  sensible  and  latent  heat  fluxes  foeused  on  the 
parsing  of  energy  contributions  to  these  fluxes  between  foliage  and  soil  surfaees. 
However,  one  aspect  of  these  fluxes  that  was  not  emphasized  was  the  issue  of  the 
air  temperature  used,  Tz- 

The  issue  is  this:  In  Deardorff ’s  model,  the  air  temperature  is  simply  considered 
to  be  a  given  and  not  affeeted  by  energy  fluxes  to  or  from  the  surfaee  interfaee. 
Instead,  the  air  temperature  is  typieally  updated  based  on  measured  data  at  some 
height  ^  above  the  surfaee.  But  this  gives  rise  to  2  possible  problems.  First,  what 
if  sueh  data  are  simply  unavailable?  Seeond,  what  if  the  available  data  are  not 
properly  synehronized  with  the  surface-soil  and  surfaee-foliage  temperatures?  In 
this  case  the  measured  air-temperature  evolution  could  be  out  of  phase  with  the 
surfaee  interfaee,  produeing  false  fluxes. 

To  produce  a  suitable  air-temperature  evolution,  the  air  temperature  in  the  surfaee 
layer  should  lag  the  surfaee  temperatures  but  should  lead  the  reaetion  of  the  overall 
boundary-layer  temperature.  To  address  these  dynamies  the  flux-profile  relations 
governing  the  standard,  vertieal  temperature  strueture  are  slightly  modified  to 
produee  profile  shapes  that  appropriately  eonneet  the  energy  states  of  the  boundary 
and  surfaee  layers. 

To  do  so  we  note  that  the  general  temperature  profile  within  the  boundary  layer  is 
generally  eharaeterized  by  some  type  of  adiabatie  lapse-rate  profile,  using  either  the 
moist  adiabatie  lapse  rate  of  -6.4  K/km  or  the  dry  adiabatie  lapse  rate  of  -9.8  K/km. 
By  extrapolating  these  profiles  to  the  ground  an  intereept  point  may  be  identified, 
given  by  temperature  Tq  that  we  shall  use  in  eharaeterizing  the  energy  eontent  of 
the  boundary-layer  air.  Beyond  Tq,  the  surfaee-layer  atmosphere  is  eharaeterized  by 
an  extra  amount  of  energy  related  to  a  height  seale  and  the  differenee  in  temperature 
between  Tq  and  the  temperature  at  some  eharaeteristie  height.  In  the  previous 
ehapter  this  temperature  was  ealled  Tz-  Here,  we  shall  substitute  various  variable 
names  to  be  more  eonsistent  with  a  height  {Z)  and  temperature  (T)  paradigm. 

6.1  Vertical  Temperature  Profile  Models 

To  begin,  reeall  that  in  Eq.  5.28  we  developed  an  expression  for  the  sensible  heat 
flux  being  a  eombination  of  fluxes  from  the  soil  and  foliage  surfaees,  Hs-  We 
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also  introduced  a  length  scale  termed  the  Obukhov  length,  Lob-  In  this  chapter 
that  variable  will  be  renamed  as  Zk,  consistent  with  other  height  scales  that  will 
likewise  be  labeled  as  Z-type  variables. 

Given  that  Hs  is  known  or  can  be  calculated  knowing  Tz  (Ta  in  this  chapter),  we 
write  the  Obukhov  length  as 

U^T 

=  -T - (6.1) 

k  9  [Hs/ [pa  Cp)] 

The  Obukhov  length  is  considered  the  dominant,  vertical  scaling  length  within  the 
surface  layer  according  to  the  flux-profile  theory.  This  characteristic  vertical  length- 
scale  approximately  equals  the  height  at  which  mechanical  and  buoyant  effects  are 
balanced.  Beyond  \Zk\  mechanical  effects  dominate.  Using  Zk,  any  function  of 
height  within  the  surface  layer  can  be  written  in  a  dimensionless  form  dependent 
on  the  ratio  C  =  z/Zk- 

In  particular,  the  vertical  structures  of  wind  speed  and  temperature  are  typically 
written  using  a  nondimensional  function  of  height  dependent  on  C,.  Paulson’s  (1970) 
nomenclature  has  been  slightly  altered  to  write  vertical  temperature  and  wind-speed 
gradients  in  the  forms, 

,  ,  ,  kz  dU 

MzIZk)  =  (6.3) 

where  k  is  von  Karman’s  constant  (a  dimensionless  quantity  set  to  0.385),  (7*  is 
the  friction  velocity  (m/s),  and  T*  is  the  scaling  temperature  (K).  The  (7*  and  T* 
parameters  are  defined  based  on  their  relations  to  the  vertical  sensible  heat  flux 
(W/m2), 

Hs  =  -Pa  Cp  H  %,  (6.4) 

where  pa  is  the  air  density  (kg/m^)  at  the  flux-calculation  height  and  Cp  is  the 
specific  heat  of  air  at  constant  pressure  [Cp  ^  1004.84  J/kg/K).  We  assume  that 
the  sensible  heat  flux  is  a  constant  of  the  surface  layer  (it  varies  by  approximately 
10%,  but  we  assume  it  constant),  such  that  (7*  and  T*  are  also  constants  of  the  layer. 

We  also  of  necessity  must  compute  the  flux  at  some  height,  call  it  Zcaic-  For 
purposes  of  this  chapter  we  identify  this  height  with  the  height  Za  at  which  the  air 
temperature  equals  Ta-  (And  note  that  temperature  and  wind  variables  are  actually 
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expectation  values,  T  =  (T),  averaged  such  that  fluctuations  over  several  seconds, 
corresponding  to  variations  within  the  inertial  subrange,  are  ignored.) 


Integrating  the  above  nondimensional  gradient  functions  and  <p2,  one  can 
produce  integrated  vertical  wind-speed  and  temperature  profile  functions  involving 
new  nondimensional  diabatic-influence  functions  ipi  and  ip2: 


k  [Uz  -  Up] 
\r).{z/zo)  -  ilJi{z/ZKy 


(6.5) 


T  = _ ^  ~  _  (6  6) 

*  Hz/zy-Mz/ZKY 

where  z^  is  the  surface-roughness  length,  some  small  fraction  of  the  height,  Zp,  of 
the  average  roughness  element  (Hansen^  recommended  zq  zz  fi.l?,  Zp),  and  Tg  is 
the  effective  surface  temperature. 


To  be  consistent  when  using  these  forms,  Eqs.  6.5  and  6.6  cannot  be  used  to 
determine  Hs,  since  Hs  is  found  using  the  flux  model  of  Chapter  5.  Instead,  since 
Uq  =  0,  and  assuming  Uz  is  known,  Zp  can  be  computed  iteratively.  Then,  once 
Zp  is  known,  T*  can  be  derived  from  Hs  and  f/*,  and  Eq.  6.6  then  provides  an 
estimate  for 

ATz  =  Tz-Ts  =  Ta-Ts.  (6.7) 

Yet,  notice  that  this  analysis  only  yields  ATz,  not  and  Tp  separately.  But  Ta 
is  also  necessary  to  evaluate  the  downward  long-wave -radiation  flux.  And  both  Ta 
and  Ts  are  needed  separately  to  account  for  energy  contained  in  the  surface  layer. 


Hence,  we  need  at  least  one  more  equation  to  resolve  Ta-  It  will  also  become 
clear  that  this  formulation  must  be  considered  separately  for  different  atmospheric- 
stability  conditions.  Therefore,  let  us  begin  by  considering  the  daytime  diabatic- 
heating  case.  (The  nocturnal  boundary-layer  case  will  be  examined  later.) 

Eor  the  daytime  case,  solar  radiation  warms  the  surface  interface,  which  then 
heats  the  surface-layer  atmosphere.  The  temperature  Ta  will  therefore  be  elevated 
somewhat  above  the  background,  boundary-layer  equivalent  temperature  Tq  (Ta  > 
Tg).  This  differential  is  maintained  by  the  continuous  flow  of  sensible  heat  into 
the  atmosphere  from  the  surface  interface.  But,  warmed  air  in  the  surface  layer  is 
then  the  primary  means  of  delivering  heat  into  the  remainder  of  the  boundary  layer 
through  convective  processes. 
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This  secondary  warming  can  only  occur  if  Ta  >  Tq.  Otherwise,  when  Ts  >  Ta  the 
surface  layer  can  warm,  even  while  no  heat  is  transferred  into  the  upper  boundary 
layer.  Likewise,  Ta  will  rapidly  decay  toward  Tq  in  the  event  the  sensible  heat  flux 
from  the  surface  is  cut  off,  an  effect  often  seen  when  clouds  shade  the  surface  and 
during  solar  eclipses. 

Yet,  clearly,  the  sensible  heat  only  depends  on  AT,  not  Tq.  This  leads  to  an 
interesting  paradox:  While  the  sensible  heat  flux  depends  on  Ts  —  Ta,  the  flux 
of  heat  out  of  the  surface  layer  depends  on  Ta  —  Tq.  Temperature  Ta  couples  to 
both,  meaning  either  a  steady-state  relation  could  exist  or  a  cyclical  behavior  could 
emerge. 

6.2  Decomposition  of  the  Sensible  Heat 

To  identify  the  resulting  set  of  coupled  equations  to  describe  evolution  of  the 
boundary-layer  and  surface-layer  atmospheres,  we  must  be  able  to  parse  the 
sensible  heat-flux  into  a  portion  that  is  heating  the  surface-layer  air  and  another 
portion  that  passes  through  the  surface  layer  and  heats  the  boundary  layer.  We 
denoted  these  by  Hsa  and  Hsb  for  the  portions  associated  with  the  surface  layer 
and  boundary  layer,  respectively, 

Hs  =  Hsa  +  Hsb-  (6.8) 

The  easiest  of  these  to  resolve  is  Hsb,  which  affects  the  value  of  Tq.  The  rate 
at  which  Tq  is  increasing  in  the  boundary  layer,  dTc/dt,  involving  temperature 
change,  dTc,  and  occurring  over  time  step  dt  will  be  expressed  simplistically  (for 
now)  as 

dTc  Hsb  1  Ta  —  Tq 

_ L  = _ — _ oc  — _ -  (6  91 

dt  {paC,)Zj  Zj  ^ 

where  Zj  is  the  depth  of  the  boundary  layer  up  to  the  elevated  inversion  height. 
Here  we  assume  the  heat  delivered  is  distributed  evenly  over  the  complete  boundary 
layer.  Use  of  Hsb  acknowledges  our  need  to  model  both  a  sensible  heat  flux  flowing 
into  the  boundary  layer  but  also  a  net  energy  flux  from  all  sources  that  affect  the 
boundary-layer  temperature.  We  designate  Hsb  as  the  boundary-layer  heat  flux,  but 
in  fact  the  complete  flux  equation  will  be  more  complicated  since  there  are  several 
fluxes  affecting  the  energy  budget  of  the  boundary  layer.  For  example,  there  exists  a 
downward  sensible  heat  flux  at  the  top  of  the  boundary  layer  caused  by  entrainment 
of  rising  air  into  the  elevated  inversion  layer  that  is  approximately  an  extra  quarter 
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of  Hsb,  according  to  Stull  (1988).  Also,  the  density  of  the  air  is  not  constant  and 
accounting  for  this  involves  inclusion  of  an  extra  weighting  factor.  But  the  main 
point  illustrated  by  Eq.  6.9  is  that  the  change  in  Tq  depends  on  the  temperature 
difference  {Ta  —  To)  and  not  {Ts  —  To)  or  {Ts  —  T a)- 

Using  the  same  logic  as  in  Eq.  6.9,  we  can  heat  the  surface-layer  air  using 

dTA  ^  Hsa  1  1  nl 

dt  {paC,)ZT^  ’ 

where  is  a  characteristic  length  scale  of  the  surface-layer  atmosphere.  Eikely,  it 
is  of  the  order  of  magnitude  as  |  Zk  \ ,  but  this  is  one  of  the  elements  to  be  resolved  in 
this  analysis.  Also,  this  Equation  presumes  that  Ta  changes  in  the  same  proportion 
as  the  mean  characteristic  temperature  of  the  full  surface  layer. 

In  the  steady-state  case,  note  that  Ta  becomes  a  constant,  and  Hsb  =  Hs,  where 
Hsa  =  0.  That  is,  the  surface  layer  then  acts  merely  as  a  conduit  for  transferring 
energy  to  the  boundary  layer. 

We  thus  have  2  expressions  for  heating  the  2  layers.  These  must  next  be  coupled. 
To  see  how  they  might  be  related,  consider  that  to  mix  the  heated  air  in  the  surface 
layer  into  the  boundary  layer  the  dynamics  must  rely  on  the  relative  buoyancy  of 
the  surface-layer  air  as  it  rises.  The  relative  buoyancy  is  given  by  the  characteristic 
air  temperature  (Ta)  versus  the  local  ambient  (background)  temperature.  One  can 
think  of  the  temperature  Ta  as  being  associated  with  air  heated  near  the  surface  that 
is  rising  and  the  background  air  being  air  that  has  been  mixed  in  the  boundary  layer 
and  is  falling  toward  the  surface  and,  therefore,  is  characterized  by  temperature  Tq. 
Of  course,  as  the  air  rises  out  of  the  surface  layer,  it  cools  along  with  the  rest  of 
the  ambient  air  at  the  same  adiabatic  lapse  rate  as  the  background  air  characterized 
by  temperature  Tq.  The  relative  difference  should  remain  approximately  constant 
as  long  as  we  can  ignore  the  effects  of  entrainment.  But  the  entrainment  that  occurs 
is  part  of  the  mixing  that  diffuses  the  heat  across  the  layer.  Hence,  overall,  the 
product  V  AT  should  remain  a  constant,  where  V  is  the  volume  of  the  rising  air 
and  AT  =  Ta  —  Tq  is  the  temperature  difference.  This  volume  is  associated  with 
the  unit  footprint  of  the  model  (1  m^  of  surface)  and  the  characteristic  height  of  the 
air  being  mixed  out  of  the  surface  layer  (Zt). 

The  initial  acceleration  of  the  rising  buoyant  air  will  be  a  =  g  AT/ T a.  This  is 
simply  Archimedes’  principle  applied  to  the  buoyant  air.  The  sense  of  AT  is  that 
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when  AT  >  0  an  upward  displaced  parcel  of  air  will  become  buoyant.  Let  us 
consider  a  given  air  parcel  to  have  an  initial  vertical  velocity  equal  to  zero.  The 
parcel’s  acceleration  is  thus  proportional  to  the  density  difference  divided  by  the 
mean  density  of  the  air  being  moved  (force  divided  by  mass  equals  acceleration). 
The  time  of  rise  that  we  are  concerned  with  is  related  not  to  the  time  it  takes  for  the 
parcel  to  rise  to  the  top  of  the  boundary  layer,  but  merely  the  time  needed  for  the 
parcel  to  exit  the  surface  layer.  The  distance  the  parcel  must  rise  is  thus  only  Zt- 
The  rise  time  should  thus  be  on  the  order  of 

trise  >  \l  2  Zt/ a  =  \J2  ZtTaHq  AT).  (6-11) 


For  typical  temperature  differences  on  the  order  of  a  few  degrees,  an  estimate  of  the 
acceleration  coefficient  can  be  formed  as  a  =  g  AT/ T  ^  (7/100  =  0.1  m/s^.  For 
strong  daytime  heating  Z^  could  be  perhaps  only  10  m  thick.  The  time  needed  to 
rise  this  10  m  would  be  approximately  14  s,  consistent  with  observed  rapid  decay 
of  surface-turbulence  conditions  when  clouds  overshadow  optical  lines  of  sight. 


Of  course,  this  calculation  focuses  only  on  the  time  necessary  for  a  warm  air 
parcel  to  rise  by  a  height  equal  to  the  surface-layer  thickness.  This  calculation 
could  also  be  used  to  simulate  the  behaviors  of  other  organized  features  of  the 
daytime  atmosphere  such  as  thermal  plumes.  At  WSMR,  desert  dust  devils  are  often 
observed  that  are  perhaps  300  m  tall  (the  rise  time  for  these  would  be  on  the  order 
of  80  s).  The  computed  final  velocity  of  air  at  the  top  of  such  a  column,  based 
on  the  buoyancy  force,  would  be  approximately  8  m/s.  Typical  dust  devils  expel 
visible  material  from  their  tops.  While  8  m/s  may  be  high,  since  it  does  not  include 
entrainment  effects,  as  an  order-of-magnitude  result  it  appears  reasonable. 


Next,  we  assign  a  quantity  AE  =  po  Cp  AT  Zt  (J/m^)  as  the  amount  of  energy 
per  square  meter  provided  by  the  surface  layer  over  rise  time  trise-  We  thus  have  an 
amount  of  energy  delivered  in  a  specific  amount  of  time,  such  that. 


HsB  AE  /  trise 


Po  Cp  AT  Zt 
^2  Zt/u 


Po  Cp 


g  AT3  Zt 
2Ta 


(6.12) 


We  thus  have  2  out  of  the  4  terms  in  Eq.  6.9.  However,  the  product  pa  Zj  needs  to  be 
slightly  adjusted  since  it  actually  represents  an  integrated  mass  and  height  product 
given  by 

fZi 


Pa  Zl 


Pa{z)  dz. 


(6.13) 


0 
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To  integrate  this  expression,  we  replace  the  vertical  dependence  of  pa  by  a  form 
derived  from  the  hydrostatic  equation: 


dP  If  1 

-r^~P^9  — ^  /  Padz  =  —  dP  = +-[P{0)  -  P{Zi)].  (6.14) 

dz  Jo  9  J  9 

The  pressure  at  the  surface  is  given  as  P(0)  =  Pq  =  Pbottom  based  on  the  height  of 
the  site  ASL,  while  the  top  pressure  may  be  approximated  by  an  exponential  decline 
based  on  Z/  and  the  atmospheric  scale  height, 


RT  RTP  IP 

Zsc  = - =  = - 

9  P  9  pa  9 


—  —  Po  Zsc, 
9 


(6.15) 


using  g,  the  gravitational  acceleration,  and  P,  the  gas  constant.  Hence, 

V  ,  ^0  n  t  ry  iry  ry  [l  “  GXp  ( -  Z/ ] 

PaZi  — ^  y  -  Qw{.-Zi/Zsc)]  -  Po  Zi - (^Zi/Zs  ) - ■ 


(6.16) 


While  this  expression  could  be  improved  further,  we  will  stop  here.  Rather,  let  us 
simplify  the  writing  of  the  result  by  defining 


Gi(r)  =  [1  -  exp(-r)]/T.  (6.17) 

PaZj  — >  pqZi  Gi{Zi  /  Zsc)-  (6.18) 

As  an  example,  for  a  boundary  layer  of  thickness  Zj  ^  2  km  and  a  scale  height 
Zsc  ~  8  km,  ZijZsc  =  1/4  and  Giil/A)  =  0.885.  Thus,  the  error  in  using  po  Zi  is 
approximately  12%  versus  the  more  accurate  version.  (Further  improvements  will 
remove  progressively  less  error.) 

Returning  now  to  Eq.  6.9,  replacing  terms  with  the  results  of  Eqs.  6.12  and  6.18: 
dTa  PoC,^gAT^ZT/(2T^). 

dt  ~  C,poZ,G,{Z,/Zsc)  G,{Z,/Zsc)  ■  '  '  ' 

Of  course,  this  Equation  supplies  an  answer  for  daytime  (surface  heating) 
conditions  (AT  >  0)  only,  and  only  if  Ta  can  be  sustained  over  the  time  period  of 
the  time  step  involved.  If  Rise  is  significantly  less  than  the  time  step  of  the  model, 
it  could  be  that  the  heated  atmosphere  rises  out  of  the  surface  layer  leaving  air 
of  temperature  Tq  in  its  wake.  Therefore,  the  production  time  is  significant.  Eor 
example,  in  the  example  above  where  the  rise  time  was  found  to  be  approximately 
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14  s,  a  model  time  step  of  1  min  would  be  too  long.  The  time  step  chosen  should 
therefore  be  less  than  the  rise  time  of  the  surface  layer.  Secondly,  at  night,  AT  <  0 
and  Eq.  6.19  yields  imaginary  numbers,  invalidating  the  method.  Thus,  a  separate 
derivation  will  be  needed  for  the  nighttime  case. 

It  would  also  be  convenient  if  we  could  replace  the  surface-layer  height  by  some 
other  depth  scale,  such  as  |  Zk  \ ;  but,  as  we  shall  discover  in  a  later  section,  Zt  is 
best  treated  as  its  own  variable,  as  it  is  related  to  Za  and  T a- 


From  the  result  for  the  energy  entering  the  boundary  layer,  Hsb^  we  can  combine 
Eqs.  6.8  and  6.10  to  obtain  the  result. 


STa  _  Hs  —  Hsb  1 
dt  (po  Cp)  Zt 


(6.20) 


Thus,  while  Hs  depends  on  Ts  —  Ta,  any  energy  remaining  within  the  surface  layer 
will  tend  to  heat  the  surface  layer  and  diminish  the  energy  exiting  to  the  boundary 
layer.  This  formulation  also  assumes  Zt  remains  constant  as  the  layer  is  heated. 


6.3  Extended  Surface-  and  Boundary-Layer  Heating  Equations 

In  the  previous  section  the  sensible  heat  warming  of  the  surface  and  boundary  layers 
was  considered  in  a  simple  fashion.  However,  now  these  relations  are  expanded  to 
include  additional  terms  due  to  radiative  and  convective  fluxes  that  were  previously 
omitted.  While  latent  heat  fluxes  do  not  alter  the  temperature  state,  and  short-wave 
radiative  fluxes  pass  through  the  atmosphere  without  warming  it  (or  so  it  is  modeled 
here),  long-wave  radiation  is  partially  absorbed;  a  sensible  heat  flux  from  the  top  of 
the  boundary  layer  must  be  handled. 

First,  consider  the  long- wave  infrared  fluxes.  The  atmospheric  surface  layer  will 
tend  to  absorb  long-wave  radiation  emitted  by  the  surface  and  re-emit  radiation 
toward  the  surface  and  toward  the  boundary  layer  above.  Eikewise,  the  atmospheric 
surface  layer  will  absorb  radiation  emitted  downward  from  the  boundary  layer. 
Governing  these  fluxes  is  the  atmospheric  emissivity,  which  we  consider  in  detail 
in  the  following  chapter.  Here,  let  us  designate  the  emissivity  as  €a-  The  radiative 
fluxes  are  itemized  as  follows: 


1)  The  long-wave  flux  from  the  atmospheric  surface  layer  —  both  upward  (from  the 
top  of  the  surface  layer)  and  downward  (from  the  bottom)  directed  —  modeled  as 

L^,a  =  Li^a  =  O'  eAT\,  (6-21) 

using  a  for  the  Stefan-Boltzmann  constant. 
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2)  The  downward  long-wave  flux  from  the  bottom  of  the  boundary  layer  (into  the 
top  of  the  surfaee  layer)  is  expressed  by 

L^,B  =  (TeAT^.  (6.22.21) 

3)  Then,  the  upward  long-wave  from  the  effective  surface  designated  as  (also 

diseussed  at  length  in  the  next  ehapter).  Beeause  the  atmospherie  emissivity  also 
quantifies  the  ability  of  the  atmosphere  to  absorb  infrared  radiation,  only  a  portion, 
ca  of  the  upward-direeted  long-wave  energy  leaving  the  surfaee  interfaee  will 

be  absorbed  by  the  surfaee  layer.  The  remainder  will  pass  through  both  the  surfaee 
layer  and  the  boundary  layer  and  be  lost  to  spaee. 

4)  The  last  2  long-wave  fluxes  of  note  arise  from  the  upward-direeted  radiative  flux 
leaving  the  top  of  the  boundary  layer,  denoted  by 

^  €-aT^  =  €aL^,Ti  (6.22.5) 

where  Tt  is  the  temperature  at  the  top  of  the  boundary  layer,  given  by  Tt  =  Tq  — 
r  Zi,  where  T  is  the  adiabatie  lapse  rate  for  dry  air  equal  to  9.8  K/km.  is  the 
equivalent  blaekbody  radiation  at  the  top  of  the  boundary  layer.) 

5)  Finally,  the  downward  radiative  flux  emitted  from  above  the  boundary  layer 
aeeounts  for  both  upper  air  radiative  emissions  and  eloud  emissions.  To  model  the 
upper-air  emission  we  use  an  estimation  from  Stull’s  Figs.  3.6  and  3.8  that  suggest 
the  upper  air  dries  out  to  a  speeifie  humidity  value  that  is  one-third  of  the  value  in 
the  boundary  layer.  From  this  approximation  we  ean  eompute  a  quantity  eu  that  is 
the  emissivity  for  this  layer.  We  then  model  the  downward  basie  radiation  as 

Li,u  =  o'euT^,  (6.23) 

where  Tt  is  the  temperature  of  the  top  of  the  boundary  layer.  To  this  quantity  we  add 
the  eloud  radiation  that  is  blaekbody  in  nature  but  sealed  aeeording  to  the  amount 
of  eloud  eover  (Fc): 

ff,c  =  (rFcT^.  (6.24.21) 

This  is  the  total  flux  emitted  downward  from  the  eloud  layer.  However,  only  a 
eertain  fraetion  of  this  will  reaeh  the  top  of  the  boundary  layer,  as  determined  by 
the  upper-air  emissivity: 


Li,c,t  —  O'  Fc  {1  —  eu)  T^.  (6.24.5) 


82 


Of  this  amount,  a  certain  fraction  will  then  make  it  through  the  atmospheric  window 
and  reach  the  effective  surface.  This  amount  is  expressed  by 

Li,c,e  =  O'  Fc  {I  —  e^i)  T^-  (6.24.C) 

The  difference  between  these  2  calculations  (where  eA  >  ^u)  is  just  that  portion  of 
the  radiation  that  is  absorbed  in  the  boundary  layer: 

Li,c,b  =  O'  Fc  {eA  —  eu)  T^.  (6.24.i2) 

The  reason  why  we  can  represent  the  absorption  effects  in  this  manner  is  because 
the  absorption  effects  of  the  upper  air  and  the  boundary  layer  are  associated  with 
the  same  absorption  lines,  so  the  effects  overlay  one  another  spectrally. 

Throughout  this  discussion,  Tq  has  represented  the  air  temperature  (K)  at  the  cloud- 
base  height.  Following  Stull  we  compute  Tt  then  add  3  °C  (denoting  the  rise  in 
temperature  of  the  air  due  to  the  elevated  inversion)  to  obtain  Tc  for  low  clouds: 

Tc(Zo«,)=Tt  +  3[C'].  (6.25.21) 

For  midlevel  clouds  we  assume  they  are  another  3  km  up.  Using  the  moist  adiabatic 
lapse  rate,  we  compute 

Tc(mid)  =  Tc{iow)  -  3  [km]  x  6.4  [C/km].  (6.25.5) 

For  high  clouds,  we  add  another  3  km  of  altitude: 

Tcihigh)  =  Tc(mid)  -  3  [km]  x  6.4  [C/km]  =  Tc{iow)  -  6  [km]  x  6.4  [C/km], 

(6.25.^) 

The  factor  (e^  —  eu)  is  added  to  account  for  the  absorption  of  the  cloud  radiation 
by  the  intervening  upper-air  layer.  The  difference  is  used  because  the  ability  of 
the  air  within  the  boundary  layer  to  absorb  radiation  is  proportional  to  e^,  but  this 
absorption  coincides  with  the  same  spectral  lines  where  the  upper  air  is  absorbing 
with  efficiency  eu- 

Combining  flux  terms,  the  improved  version  of  the  surface-layer  temperature’s 
evolution  becomes. 


(FT A  ^  {Hsa  —  2  -f  +  eA  L^,e) 

dt  po  Cp  Zt 


(6.26.21) 
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Using  this  result,  the  more  accurate  version  of  the  Tq  evolution  becomes 


dTc  {\Hsb  -  L^,b  -  Li^b  +  L^,a  +  Li^u  +  Li,c,b) 

-IF 

where  the  5/4  factor  derives  from  the  entrainment  of  warmer  air  in  the  elevated 
inversion  that  mixes  into  the  boundary  layer  when  rising  plumes  of  air  overshoot 
the  top  of  the  boundary  layer  and  mix  with  warmer  air  above.  This  results  in  a 
downward  sensible  heat  flux  into  the  boundary  layer.  The  result  is  a  partial  heat  flux 
from  the  inversion  layer  downward  into  the  boundary  layer. 


Eq.  6.26.5  can  also  be  somewhat  simplified  as 


dTc 

dt 


\Hsb  —  Li,B  +  L^,a  +  (e^  —  ^u)  {.Li,c  —  L^,t) 
Po  Cp  Zj  Gi  {Zij Zsc) 


which  we  may  further  simplify  and  write  as 


dTc 

dt 


\ddsB  +  L^,a  —  Li,B  +  L^i,T 
Po  Cp  Zj  Gi{Zi /Zsc) 


(6.27) 


(6.28) 


where  represents  the  net  long-wave  radiation  entering  at  the  top  of  the 

boundary  layer  that  will  be  absorbed  within  the  upper  regions  of  the  boundary  layer. 


The  key  dynamical  aspect  of  Eqs.  6.26.A  and  6.28  is  to  note  that  is  an 
important  term  in  evaluating  T*,  the  scaling  temperature  that  directly  influences 
the  computation  of  It  also  drives  the  sensible  heat  flux  from  the  ground  and 
regulates  the  heat  flux  into  the  boundary  layer.  Thus,  while  computation  of  the 
various  surface-energy-budget  fluxes  is  important,  producing  an  accurate  model 
of  the  dynamics  of  the  evolution  of  the  surface-layer  temperature  is  critical  to 
improving  estimates  of  To  capture  the  dynamics  of  Ta  it  will  be  necessary 
to  reduce  the  length  of  the  time  step  used. 


Along  with  the  difference  Ts  —  Ta,  the  resulting  scaling  temperature  T*  will  also 
tend  to  cycle,  causing  variability  in  the  calculated.  Wind-speed  variations  will 
also  tend  to  introduce  more  or  less  heat  into  the  surface  layer,  causing  fluctuations. 
This  is  often  observed  during  daytime  environments.  We  thus  appear  to  have  a 
model  capability  that  tends  to  mimick  the  observed  variability  of  daytime  near¬ 
surface  C^,  as  long  as  our  time  step  is  short  enough  to  capture  the  temporal 
frequency  of  these  variations. 
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Note  also  that  a  portion  of  the  radiation  arriving  from  the  clouds  has  been  blocked 
by  the  upper-air  absorptivity,  eu-  Since  this  absorptivity  is  at  lower  specific  humidity 
the  absorption  effects  will  be  more  tightly  centered  about  the  absorption  lines  of  the 
radiation.  Therefore,  the  upper  air  has  already  absorbed  this  radiation. 

6.4  Perturbed  Daytime-Temperature  Profile  Function 

The  previous  section’s  results  appear  to  resolve  a  critical  issue  with  regard  to  the 
handling  of  atmospheric  temperatures.  However,  we  did  not  resolve  which  value  to 
use  for  the  characteristic  thickness  of  the  surface  layer,  Zt-  We  also  did  not  resolve 
how  to  choose  Za  based  on  Ta- 


Let  us  therefore  consider  a  general  temperature  function  with  height,  called  T{z)  = 
Tz,  and  compare  that  with  the  background  temperature  that  we  associate  with 
the  general  boundary-layer-temperature  profile,  Tb{z).  We  model  this  latter  profile 
using  the  function 

Tb{z)  =  Tb  =  Tg  —  T  z.  (6.29) 

At  this  point  we  shall  set  T  as  the  dry  adiabatic  lapse  rate,  since  under  most 
circumstances  we  will  not  be  considering  moist  atmospheres. 


In  general,  T{z)  will  approach  Tb{z)  as  2:  increases.  The  difference  between 
these  2  functions  defines  a  profile  we  associate  with  the  departure  of  the  surface- 
layer  temperature  from  the  adiabatic  atmosphere.  The  daytime  version  of  this 
functional  form  is  the  subject  of  this  section’s  discussion.  The  connection  between 
the  resulting  profile  and  the  use  of  Ta  and  Zt,  however,  may  be  discussed  now.  Let 
us  write 


T{z)  =Tz  = 


Tb  +  {Ta  —  Tq),  z  <  Zt, 
Tb,  z  >  Zt, 


(6.30.A) 


Ta-T  z,  z  <  Zt, 
Tg-Tz,  z  >  Zt, 


(6.30.5) 


where  Tz  is  a  model  of  the  true  vertical  profile,  but  greatly  simplified  such  that  it 
follows  Tb  at  large  height  and  evaluates  to  approximately  Ta  throughout  the  surface 
layer.  We  then  select  Zt  and  Ta  in  such  a  way  that  the  above  simplified  model  is 
optimized,  using  a  least-squares  approach,  for  the  current  atmospheric  state. 


To  determine  this  optimization  we  must  have  a  vertical  structure  model  for  the 
temperature  as  a  function  of  the  Obukhov  length,  Zk,  that  smoothly  merges  into 
the  background  Tb{z)  vertical  structure  of  the  boundary  layer. 
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We  begin  this  proeess  by  eonsidering  the  surfaee-layer-temperature  differenee 
formula,  repeating  Eq.  6.6  here: 


T7,-T.= 


% 

k 


(6.31) 


where  z  =  Z,  and  t/’2(C)  is  given  by  Paulson  (1970)  as 

«C)  =  2  1n(!i±4^t 


(6.32) 


where 

^(C)  =  (l-7C)'/^  (6.33) 

with  7  =  9  and  C  <  0  for  the  temperature  profile  for  daytime  eonditions. 


This  profile,  appropriate  for  the  daytime  diabatie-lapse  atmosphere,  ean  be  rewritten 
by  expressing  the  height  dependenee  as 


where  \yi{\Zk\/ Zq)  is  a  eonstant  of  the  eurrent  stability  eondition.  This  term  thus 
has  an  influenee  on  the  offset  of  the  profile  dependent  on  the  surfaee  properties, 
but  does  not  influenee  the  vertieal  strueture  away  from  the  surfaee.  Essentially,  this 
means  it  simply  gets  absorbed  into  any  eonstant  temperature  offset  and  may  be 
ignored. 

The  height-profile  shape  therefore  only  depends  on  the  ratio  Z/Zk  =  C- 
Unfortunately,  the  funetion  ln(|C|)  — ■^2(0  is  eontinuously  inereasing  with  no  upper 
limit.  However,  for  |C|  >  20,  the  2  logarithms  tend  to  eaneel. 

Still,  to  ensure  a  profile  that  approaehes  the  adiabatie  lapse-rate  behavior  of  the 
boundary  layer  at  large  distanees  from  the  surfaee,  a  eorreetion  must  be  made 
to  the  surfaee-layer  dependenee  that  beeomes  dominant  at  large  distanees  from 
the  surfaee.  In  this  way  a  single  eonsistent  funetion  ean  be  assigned  to  the 
surfaee/boundary  layer  for  purposes  of  evaluating  Ta,  Za,  and  Zt- 


To  perform  this  task,  let  us  next  rewrite  the  surfaee-layer  profile  based  on  our 
observations  of  Eq.  6.34: 


Tz  =  Ts  + 


Tl 

k 


(6.35) 
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Let  ^  =  |C|,  such  that, 


P(0  =  ln(0-^2(-0- 


(6.36) 


The  background  profile  we  wish  to  adapt  to  is  the  Tb{Z)  function  of  Eq.  6.29.  To 
do  so,  we  must  perturb  P{^)  such  that  the  modified  function  approaches  zero  at  the 
top  of  the  boundary  layer  and  has  zero  derivative  there  as  well.  This  perturbation 
should  also  approach  zero  effect  within  the  surface  layer.  Let  us  denote  this  modified 
function  as  Q{^,  Nj)  (where  Nj  =  ZiI\Zk\  parameterizes  the  thickness  of  the 
boundary  layer).  This  new  function  can  be  defined  using 

N,)  =  PK)  -  P(N,)  -  \Zk\ «  -  N,).  (6.37) 

This  function  satisfies  the  stated  requirements  at  the  top  of  the  boundary  layer  but 
to  ensure  that  the  profile  also  matches  the  original  profile  in  the  surface  layer,  at 
Z  =  Zq  the  profile  must  become  T^.  To  satisfy  this  requirement  we  must  use 


Tz  =  Ts  +  {Tg  -  Ts) 


Q{ZI\ZkINj) 

Q{Z^I\ZkINi) 


r(z-Zo). 


(6.38) 


This  modified  profile  matches  the  desired  temperature  properties  at  the  top  and 
the  bottom  of  the  profile,  while  applying  a  minimal  distortion  in  curvature  to 
accomplish  both  purposes.  That  is,  the  T  =  9.8  K/km  gradient  is  a  small 
perturbation  at  the  base  but  produces  the  correct  asymptotic  behavior.  Like  the 
original  profile  of  Eq.  6.35,  Tq  —  Ts  <  0,  as  is  T*. 


Let  us  then  find  the  explicit  form  of  Q{^).  We  already  have  a  definition  for  P{i). 
Taking  the  derivative  of  this  function. 


dP 

dZ 


1  dP  1 

■f 

9 

Zk  d^  Zk 

(1  +  90'/' +  (1  +  90. 

(6.39) 


Evaluating  this  derivative  at  .^  =  Zi/\Zk\  =  Nj,  after  a  little  math. 


dP  _  1  1 

dZ  Z=Zi  ~  Zi  y/l  +  9Ni' 

Substituting  this  definition  into  Eq.  6.37,  Q  can  be  rewritten  as 


(6.40) 


=  (6.41) 


This  vertical  function  features  a  value  Q{Zo/\Zk\,  Nj)  that  approximately  equals 
\\i{Zq/\Zk\),  as  expected.  However,  the  form  of  Eq.  6.38  is  rather  complicated  and 
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can  be  considerably  simplified.  This  and  evaluation  of  parameters  Ta  and  Zt  of  the 
step-profile  function  of  Eq.  6.30  are  the  subjects  of  the  next  section. 


6.5  Simplified  Unstable  Layer  Vertical  Model 

In  this  section  the  calculation  of  the  parameters  Ta,  Za,  and  Zt  of  the  step  profile 
model  of  Eq.  6.30  are  described.  To  evaluate  parameters  Ta  and  Zt,  we  introduce 
the  integrated  squared  error: 


52 


r\Tz-T{Z)fdZ 

JO 


R^{Z)dZ. 


(6.42) 


Taking  the  derivative  of  this  expression  with  respect  to  Ta  and  Zt,  we  obtain  the 
results, 

Ta  =  2T{Zt)-Tg,  (6.43) 

Z'j'  Z'j' 

{Ta  -  Tg)  Zt  =  j  [T{Z)  -  Tg]  dZ  =  j  R{Z)  dZ.  (6.44) 

0  0 

Combining  these  expressions,  a  transcendental  equation  emerges  that  must  be 
solved: 

Zt 

[T(Zt)-To]  =  ^  j[T(Z)-Ta]dZ.  (6.45) 

Erom  this  function,  the  ratio  =  Zt/\Zk\  is  solved  as  a  function  of  Nj  = 

ZiI\Zk\,  as  shown  by  the  red  line  in  Eig.  10.  This  means  of  solving  for  Zt  is 

possible  if  Eq.  6.45  is  rewritten  using  Eq.  6.38  to  transform  the  term  T{Z)  —  Tg 
based  on  the  substitution. 


Tz-Tg 


Q{ZI\Zk\,  Ni) 
Q{Zo/\Zk\,  Ni)- 


(6.46) 


This  approximation  is  possible  when  considering  the  surface  layer  (i.e.,  ignoring 
the  r  2:  term).  Then,  substituting  the  RHS  of  Eq.  6.46  into  the  integral  of  Eq.  6.45, 


[T{Zt)  -  Tg] 


1 

2^ 


Q{ZI\Zk\,  Ni) 
Q{ZiiI\Zk\,  Ni) 


{6.47. A) 


However,  we  recognize  that  having  factored  (T5  —  Tg) IQ{ZqI\ Zk  | ,  -^7)  out  of  the 
integral,  using  Eq.  6.38  a  similar  factor  could  also  appear  on  the  EHS. 
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Cancelling  these  faetors  out,  the  resulting  equation  appears  in  the  form 


Q{^s,Nj)  =  ^ 

24s  Jo 

where  4s  clearly  appears  as  a  function  of  Nj. 


Fig.  10  Ratio  ZtI\Zk\  of  surface-layer  characteristic  thickness  {Z^)  to  absolute  value  of 
Ohukhov  length  {\Zk\)  (red  line),  and  ratio  ZaI\Zk\  (dashed  blue  line),  as  functions  of  Ni 

Once  Zt  is  known,  T{Zt)  =  Tt  can  be  calculated,  and  Ta  follows  immediately 
from  Eq.  6.43.  Further,  because  this  is  a  daytime  case,  Tt  >  Tq.  Similarly,  Ta  > 
Tt,  Za  <  Zt,  and  Za  may  be  solved  as  a  function  of  Zt'- 

Q{ZaI\Zk\,  iV/)  =  ‘1Q{ZtI\Zk\,  Ni).  (6.48) 

The  function  ZaI\Zk\  may  also  be  expressed  in  terms  of  Nj,  as  plotted  in  Fig.  10. 
It  is  worth  noting  that  while  Za  is  of  the  same  order  as  \Zk\,  this  analysis  and 
Fig.  lO’s  blue  dashed  curve  further  justify  the  setting  of  both  Zt  and  Za  as  separate 
parameters  from  \  Zk\,  since  each  varies  in  a  slightly  different  fashion. 

For  daytime  cases,  the  boundary-layer  depth,  Zj,  is  of  the  order  1-4  km,  and  \Zk\ 
is  on  the  order  of  10-40  m.  The  range  of  the  parameter  Nj  is  thus  from  25  to  400. 
But  while  Zt  increases  with  Ni,  Za  remains  of  the  order  of  \Zk\- 

The  choice  of  Ta  and  Zt  permits  us  to  write  the  surplus  heat  present  in  the  surface 
layer  as 

Es  =  pa  Cp  {Ta  —  Tg)  Zt-  (6.49) 

This  product  has  dimensions  of  Joules  per  square  meter  of  surface  area. 
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The  Eq.  6.38  vertical-temperature-profile  expression  may  now  be  connected  back  to 
Paulson’s  surface-layer  profile  of  Eq.  6.31  by  associating  T*  of  the  standard  profile 
with  its  equivalent  in  Eq.  6.38.  To  do  so,  let  us  first  compare  the  2  profiles  in  their 
general  forms: 

Tz  =  Ts+j  [hi  -  M-ZI\Zk\) 

z=Ts  +  (Tc.  -  Ts)  [l  -  .  (6.50) 

Vl4o,JV7j_ 

Next,  let  us  write  the  equation  for  the  specific  height  Z  =  \Zk\-  (Let  = 
T  ( I  Zk  I ) .)  Ignoring  the  adiabatic  term, 

T«-Ts+'^  [in  -  V.2(-l)] 

+  (6.51..4) 

T  Kir)  -^’^'-^>1  “  ffell 

We  can  use  this  equation  to  assess  a  relation  between  T*  and  the  terms  on  the  right. 
At  this  point  the  left  and  right  sides  appear  distinctly  different,  but  if  we  examine 
the  difference  of  the  two  Q  functions  on  the  right,  considerable  cancellations  occur: 


ButP(,^o)  ~  ln(.Co)i  since '^2(0)  =  Oand,^o  1  ~  0.  AndP(l)  — '^2(— l)i  since 
ln(l)  =  0,  and  we  assume  ^o/Nj  ^  0.  These  transformations  and  approximations 
thus  suggest 

Q(&.  TV,)  -  Q(l.  IV,)  «  In  +  ^,(-1)  +  (6.52,B) 

Einally,  for  large  Nj,  the  final  term  on  the  right  will  also  be  small.  The  Q  difference 
on  the  RHS  of  Eq.  6.5 1  .B  is  thus  equal  to  the  negative  of  the  quantity  in  brackets  on 
theLHS  of  6.51. B. 


90 


Cancelling  these  factors  out,  what  remains  is 


T,  ^  {Tg-Ts) 

Q{^o,Ni)- 

And  this  result  allows  us  to  rewrite  Eq.  6.50  in  the  form, 

Tz  =  Ts-j[Q{^o,Ni)-Q{^,Ni)], 

or,  restoring  the  adiabatic  trend, 

Tz  =  Ts-^  [g(eo,  Ni)  -  g(e,  Nj)]  -TZ. 


(6.53) 


(6.54.A) 


(6.54.5) 


Writing  the  formula  in  this  form  is  important  when  comparing  with  results  from 
the  nocturnal  analysis.  The  sign  of  T*  is  negative  during  the  day.  On  the  other 
hand,  the  Q  function  is  negative  value  and  increasing  in  magnitude  with  height. 
The  difference  quantity  in  brackets  is  then  positive,  and  our  function  is  cast  so  that 
the  perturbation  will  be  positive  definite  during  the  daytime. 


Now,  the  development  of  Eqs.  6.51  through  6.55  allowed  us  to  remove  one  instance 
where  Ts  appeared.  We  can  next  eliminate  Ts  entirely  by  evaluating  Tz  at  Z  =  Zj. 


T{Zj)  =  Tb{Zj)  =  Tg-T  Zi.  (6.55) 


Substituting  this  result  into  the  EHS  of  Eq.  6.55.5  and  cancelling  terms,  we  find 

Tg-TZi  =  Ts-^  [g(eo,  Nj)  -  Q{Nj,  iV,)]  -  T  Zj,  (6.56.  A) 

Tg  =  Ts-jQ{^o,Ni),  (6.56.5) 

where  we  also  recognize  that  Q{Ni,  Nj)  =  0. 

We  may  therefore  remove  the  Ts  term  from  Eq.  6.55.5,  replacing  it  with  Tg-  Then, 
using  Eq.  6.55, 

Tz  =  Tb  +  jQ{^,Nj).  (6.57) 

Note  that  in  this  section  T*  and  g(,^,  Nj)  are  negative,  such  that  T*  Q  is  in  every 
instance  a  positive  perturbation.  Eurther,  this  new  profile  form  disconnects  the 
profile  shape  from  its  near-surface  details.  This  is  critical  since  we  shall  find  it 
easier  to  determine  T*  based  on  the  sensible  heat  flux  than  tracking  the  value  of 
based  on  a  temperature  estimated  at  a  specific  height  within  the  surface  layer. 


91 


Before  proceeding  to  consider  the  nocturnal  profile  shape,  let  us  pause  and  consider 
how  we  might  set  this  profile  given  measured  data.  We  see  immediately  that  there 
are  several  parameters  to  consider:  Tq,  %,  i  =  Z/\Zk\,  and  Ni  =  Zi/\Zk\-  In 
Tofsted  et  al.  (2006)  we  estimated  Zi  for  the  White  Sands  Missile  Range  region 
based  on  data  collected  locally.  For  other  locales  the  height  of  Zi  can  be  estimated 
from  the  ceiling  height.  The  model  also  computes  and  tracks  this  quantity.  The 
daytime  model  also  computes  and  tracks  Zk-  The  Obukhov  length  can  also  be 
estimated  from  measured  data  from  a  sonic  anemometer.  Hence,  Nj)  and  T* 
can  be  estimated.  Further,  from  a  temporal  record  of  the  sensible  heat  flux  Hs,  it 
is  possible  to  identify  the  time  of  the  neutral  event  (heating  reversal).  At  this  time 
T*  =  0  and  Tz  =  Tb  such  that  Tq  can  be  established. 

It  is  also  possible  to  measure  the  temperature  gradient  vertically  by  sensing  T{Z2)  — 
T{Zi)/ {Z2  —  Zi)  and  applying  the  result  to  height  Z  =  {Z2  +  Zi)/2.  The  measured 
temperature  gradient  can  then  be  assigned  to  the  vertical  gradient  of  Eq.  6.58.  After 
some  math,  we  obtain 

dTz  ndQ{^,Nj)d^ 

dZ  k  d^  dZ 

_  T*  r  1  1 

“  ¥  [vTTM  V^  +  QNi 

Using  a  sample  vertical  gradient  plus  a  computed  Obukhov  length  and  an  evaluated 
T*,  this  equation  is  actually  over- specified.  It  could  therefore  be  used  to  validate  the 
choice  of  7  =  9. 

6.6  Stable  Layer  Vertical  Structure  Model 

The  analysis  of  the  previous  section  considered  daytime  atmospheric  conditions, 
Zk  <  0.  At  the  time  when  the  atmosphere  undergoes  thermal  reversal,  the  sign  of 
Ta  —  Tg  reverses  from  positive  to  negative.  The  diabatic  daytime  analysis  then  no 
longer  applies  and  new  equations  must  be  developed.  As  part  of  this  metamorphosis, 
the  temperature-evolution  equations  were  based  on  buoyant  mixing  of  heated  air 
boiling  up  through  the  mixed  layer.  Stability  reversal  actively  suppresses  such 
buoyant  motions,  and  this  dynamic  must  be  replaced  as  well. 

However,  the  discussion  of  the  current  section  will  focus  on  the  available  nocturnal 
profile  form,  along  with  the  topic  of  merging  this  form  with  the  general  adiabatic 
profile  of  the  boundary  layer  that  transforms  into  the  residual  layer  after  active 
heating  of  the  layer  ceases  in  the  late  afternoon  until  the  following  morning. 
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In  the  previous  section,  a  bulk  temperature,  T^,  and  a  characteristic  layer  thickness, 
Zt,  were  studied  so  that  the  net  excess  energy  in  the  surface  layer  could  be 
monitored  and  adjusted.  We  were  also  interested  in  tracking  the  net  rate  of 
convective  heat  flow  into  the  boundary  layer.  The  boundary  layer  was  characterized 
by  temperature  Tq  and  layer  thickness  Zi. 

In  the  nocturnal  environment,  however,  in  addition  to  the  residual  layer  that  appears 
as  (roughly)  the  replacement  of  the  full  boundary  layer,  a  surface-based  inversion 
layer  also  begins  to  grow.  Within  this  inversion,  the  temperature  is  coldest  at  the 
ground  and  increases  in  temperature  through  the  top  of  this  layer.  The  inversion 
temperature  thus  features  a  positive  temperature  gradient  up  to  the  inversion  top. 
But  then  the  question  is  raised  regarding  the  vertical  shape  of  this  element  of  the 
boundary-layer  profile. 

To  answer  this  question  we  need  to  adopt  a  new,  characteristic  depth  measure  for  the 
inversion  layer.  Let  us  call  this  depth  Zy  (as  Zj  is  already  being  used  to  designate 
the  height  of  the  elevated  inversion).  Let  us  similarly  identify  a  characteristic 
temperature  of  the  inversion  analogous  of  Tq.  Call  this  Ty.  We  define  Ty  such 
that  the  temperature  of  the  inversion  at  height  Z  =  0  extrapolates  to  Ty. 

It  should  be  emphasized  here  that  the  objective  of  these  considerations  is  not 
necessarily  to  find  the  truth,  but,  rather,  to  find  a  working  model  that  is  merely 
an  approximation  of  the  atmosphere,  not  the  true  dynamics.  Nonetheless,  even  an 
approximation  can  be  used  to  supply  information  regarding  radiative  fluxes,  which 
is  one  of  our  main  objects  in  pursuing  this  concept  of  a  vertical  temperature  profile. 

In  this  section,  therefore,  we  consider  the  characterization  of  the  nocturnal  boundary 
layer  using  an  approach  similar  to  that  adopted  in  the  previous  section  for  the 
daytime  diabatic  atmosphere.  That  is,  the  standard  stable  flux-profile  model  is 
extrapolated  to  the  entire  boundary  layer  by  modifying  the  profile  functions  in 
such  a  way  that  outside  the  surface  layer  the  profile  approaches  the  behavior  of 
the  standard  adiabatic  lapse  rate;  meanwhile,  near  the  surface  the  profile  structure 
follows  that  of  the  generally  agreed-upon  shape  of  the  flux-profile  theory’s  curves 
in  the  surface  layer. 

The  objective,  then,  is  to  again  make  adjustments  to  the  standard  profile  shapes 
that  introduce  only  minor  corrections  at  low  altitudes,  but  that  cause  the  profiles  to 
adjust  to  the  appropriate  adiabatic  behavior  at  high  altitudes  (the  top  of  the  residual 
layer).  Such  corrections  leave  the  surface-layer  characterization  unchanged  from 
the  standard  theory. 
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Unfortunately,  what  we  shall  discover  is  that  even  when  this  allowance  is  made,  the 
standard  theory  must  be  adjusted.  This  is  because  the  profile  of  the  standard  theory 
approaches  a  constant,  positive  vertical  gradient  as  one  rises  above  the  surface  layer. 
Such  a  behavior  is  inconsistent  with  observations  of  vertical  temperature  structure. 
For  example,  Stull’s  data  (1988,  Figs.  1.11  and  1.12)  show  a  smoothly  decreasing 
vertical  gradient  of  temperature  with  height,  unlike  the  linear  trend  of  the  standard 
profile’s  model. 

Therefore,  let  us  first  consider  the  standard  model,  examine  the  parts  of  it  that 
are  inappropriate  for  merging  into  the  complete  boundary-layer  model,  and  make 
adjustments  as  necessary. 

As  before,  we  wish  to  assign  a  general  profile  appropriate  for  the  residual  layer  as 
described  by  the  vertical  function, 

TBiZ)=TG-TZ.  (6.59) 


The  gradient  of  whatever  perturbation  function  is  added  to  this  profile  must  produce 
a  result  that  merges  into  this  profile  at  some  point.  In  particular,  let  us  assume  that 
the  height  of  this  merger  is  Zy,  a  height  that  denotes  the  top  of  the  surface-based 
inversion  layer. 


On  the  other  hand,  we  have  the  form  used  for  the  standard  vertical  profile: 


Tz  =  Ts  + 


n 

k 


(6.60) 


The  standard  method  for  characterizing  the  nighttime-diabatic-influence  function 
ip2  is  to  use 


^2  (C) 


(6.61) 


such  that. 


T 

Tz  =  Tc  +  ^ 


In  (  ^  )  +  In  ( 


-IK 


z 


Here,  as  for  the  daytime  function,  I  have  separated  off  the 
ln(Zx/^o)-  This  offset  term  may  again  be  absorbed  into  a  general 


(6.62) 

constant  factor, 
constant. 


Now,  the  first  problem  with  this  profile  shape  is  this  choice  of  C  =  ^Z/Zk- 
Notice  that  if  we  had  chosen  to  describe  the  basic  inversion  layer  as  having  a  vertical 
gradient  of,  say,  Tj,  that  we  would  need  to  set  this  gradient  to 


T/ 


(6.63) 


94 


That  is,  the  properties  of  the  surface  layer  would  be  directly  linked  into  the 
properties  of  the  surface-based  inversion  as  a  whole.  Perhaps  this  is  not  a  bad 
thing  but  nonetheless  it  means,  at  the  least,  that  we  lose  one  of  our  so-called  free 
parameters,  either  T*  or  Zk,  in  fitting  to  the  inversion-layer  gradient  T/. 

Worse,  we  have  a  constant  positive  gradient  leaving  the  surface  and  no  mechanism 
for  turning  it  around  to  become  a  negative  gradient  once  the  top  of  the  inversion 
layer  is  reached. 

A  second  complication  with  using  this  profile  form  is  that  the  daytime  surface-layer 
profile  model  could  be  fitted  into  the  overall  boundary-layer  model,  linking  the 
surface  layer  directly  into  the  rest  of  the  boundary  layer.  But  the  standard  nocturnal 
model  only  links  the  surface  layer  into  the  bottom  of  the  surface-based  inversion, 
meaning  a  second  connection  would  be  needed  to  connect  the  result  into  the  residual 
layer.  This  seems  overly  complicated. 


For  these  reasons  (and  after  much  agonizing,  given  the  rather  widespread  use  of  the 
standard  forms),  the  original  form  of  this  expression  was  abandoned  and  a  simpler 
alternative  form  was  adopted,  given  by 


Tz  =  Ts  + 


k 


(6.64) 


Now,  obviously  the  resulting  expression  is  just  equal  to  an  offset  plus  a  ln(Z) 
function.  So  this  function  is  not  very  interesting.  The  interesting  aspect  appears 
when  this  form  is  adapted  to  a  specific  height  of  inversion  layer  by  introducing  a  Q 
function  tailored  to  cancel  the  surface-layer  portion  not  at  the  top  of  the  boundary 
layer,  but  at  the  top  of  the  inversion  layer.  In  so  doing,  we  shall  retain  the  ability 
to  define  T*  and  in  the  surface  layer  without  losing  the  ability  to  model  the 
inversion  layer. 


For  this  new  form  of  the  surface-layer  temperature  profile  we  introduce  a  new 
version  of  the  function  (with  ^  =  Z/Zk)'- 


^(0=ln(0- 


(6.65) 


Using  this  form,  we  can  now  shadow  the  previous  daytime  methodology  for 
adapting  the  surface-layer  profile  to  the  boundary  layer.  The  next  step  is  to 
transform  the  P  function  into  an  analog  of  the  daytime’s  Q  function.  As  previously, 
we  connect  this  Q  function  into  the  boundary-layer-profile  function  Tb,  but  at  the 
height  Zv,  not  Zj.  Let  us  then  define  a  new  parameter  M/  =  ZyjZx  denoting  the 
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dimensionless  height  of  the  surface-based  inversion.  Given  this  measure,  the  analog 
of  Eq.  6.37  is  written, 

Q(t  M,)  =  P(0  -  P(M,)  -  Zk  [H.  -  M,).  (6.66) 

The  derivative  of  P  is  {1/^)/Zk.  Evaluating  P  at  Z  =  Zy,  the  derivative  becomes 
{1/Zv).  Multipying  by  Zk  yields  (1/M/),  so  Q  reduces  to 


Q(e,  Mj)  =  ln(0  -  ln(M/)  -  (l/M/)(e  -  M/) 

=  ln(e/M/)  -  e/M/  +  1.  (6.67) 

In  this  form,  clearly  Q  can  be  represented  as  the  function  of  a  single  variable: 

Q(e,  Mj)  =  Q(e/M/);  Q{A)  =  ln(7l)  -  +  1.  (6.68) 


The  function  Q  is  negative  throughout  its  range,  with  a  maximum  of  zero  at  A  =  1. 
This  negative  property  is  consistent  with  the  Q  function  obtained  in  the  daytime 
case.  In  the  process,  this  expression  has  been  transformed  from  a  function  of  ^ 
and  M/  to  one  of  only  ^/Mj  =  Z/Zy,  independent  of  Z^-  (Perhaps  this  is  not 
unexpected  since  in  the  daytime  case  Zt  addresses  the  energy  characterization  of 
the  surface  layer,  effectively  eliminating  the  need  to  track  Zk-) 

As  previously,  this  function  is  designed  to  provide  a  zero-function  value  and  zero 
derivative  at  its  upper  limit,  Zy.  And  similar  to  the  daytime  version,  this  function 
diverges  in  a  log  sense  as  ^  approaches  zero  due  to  the  ln(,^)  dependence.  Therefore, 
also  similar  to  the  daytime  case,  the  integral  can  be  extended  down  to  Z  =  0  since 
ln(2:)  — )■  0  as  2:  — )■  0.  Thus  the  result  will  again  not  be  sensitive  to  its  lower  bound, 
as  in  the  daytime  case. 


The  utility  of  this  function  is  further  justified  by  comparison  with  the  curves  in 
Stull’s  book  (1988,  Eigs.  1.11  and  1.12).  Rather  than  featuring  a  flat  temperature 
structure  within  the  inversion  layer,  Stull’s  vertical  temperature  profiles  appear  to 
smoothly  approach  a  gradient  of  zero  at  the  top  of  the  inversion.  Eigure  1 1  (next 
page)  illustrates  an  example  of  this  equation. 

The  Q  function  can  then  be  used  in  an  analog  of  Eq.  6.38: 


Tz  = 


Ts  +  (Tg  —  Ts) 
Tg-T{Z-Zo 


^  _  QjZIZy) 
Q(ZolZv) 

=  Tb{Z) 


r(z-  Zo) 


^  ^  (6.69) 

Z  >  Zy. 
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Fig.  11  Inversion-layer- temperature  structure  for  dT/dZ  =  1  °C/m  at  2  m  AGL  and  a  layer 
thickness  of  200  m 


Based  on  this  profile,  the  energy  defieit  of  the  surfaee-based  inversion  ean  be 
ealeulated.  As  evident  in  Fig.  11,  the  majority  of  the  inversion  is  loeated  at  less 
than  half  of  the  inversion  height.  Therefore,  we  shall  find  that  the  signifieanee  of  T* 
is  sueh  that  it  influenees  the  full  inversion  layer. 


The  energy  defieit  of  the  inversion  layer  ean  now  be  integrated.  This  is  determined 
by  first  evaluating 

rZv  (Tq  -  Tr)  ~ 

/  (T,  -TB)dz^  UL  y  /  Q(Z/Zv)  dZ.  (6,70) 

JZo  Q[Zq/Zv)  -^0 

Again  employing  the  variable  ^  =  ZjZy  and  extending  the  integral  to  zero. 


r  Q{ZlZy)  dZ  ^  Zyf'  Q(0  =  Zy 

’  Zq  J  0 


(6.71) 


Therefore,  the  energy  eontent  of  the  inversion  beeomes. 


17  _  (rr  rr  \  ^  ^  ^  (Tg-Ts)  Zy 

Es-PaC,J^^  (Tz  rB)*~p,Cp  2' 


(6.72) 


whieh  is  negative- valued  beeause  Q  <  0. 


Next,  let  us  eonsider  representing  Es  using  temperature  Ta  and  height  Zt- 
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Using  the  crude  temperature  model  of  Eq.  6.30  that  led  to  the  series  of  relations  in 
Eqs.  6.42  through  6.45,  we  can  write 


Tt-Tg=^  j  [T{Z)  -  Tg\  dZ.  (6.73) 

Except  for  the  upper  limit  of  Zt  instead  of  Zy,  this  is  the  same  integral  as  in 
Eq.  6.71.  We  can  thus  write 


{Ts  -  To) 


Q{Zt/Zv) 

QiZolZv) 


After  cancelling  out  constant  terms, 


Q{z/Zv) 

QiZo/Zv) 


dZ. 


Z'jp 

Q{Zt/Zv)  =  ^J  Q{ZlZv)dZ. 
^  0 


Setting  ^  =  ZjZy, 


Q{is) 


1 


0 


Integrating  using  the  Maple  program, 

Q(e5)  =  In(es)  -  1  ^ 

2^5  ln(e5)-2e§  +  2es 

esln(e5)  =  ^-2e5  ^ 

Erom  which  we  find  2  roots: 


=  G  i.i(&)  -  f . 

ln(5s)  +  2  =  ^ 


(6.74) 

(6.75) 

(6.76) 

(6.77.A) 

(6.77.5) 

(6.77.^) 


^5  =  0.1763,  1.6787.  (6.78) 

Selecting  the  lesser  root,  since  Zt  <  Zy, 

Zt  =  0.1763  Zy.  (6.79) 
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The  height  Za  assoeiated  with  Ta  may  be  eomputed  using  the  stable  layer 
equivalent  of  Eq.  6.43  that  lead  to  Eq.  6.48: 


Q{ZaIZv)  =  2Q{ZtIZv)  Za  =  0.06326  Zy,  (6.80) 


Eor  typieal  inversion-layer  depths  of  100-400  m,  Za  =  6-25  m,  while  Z^  =  18- 
71  m.  The  height  range  of  Za  is  perhaps  slightly  higher  than  that  traditionally 
attributed  to  the  surfaee  layer,  but  eertainly  oeeurs  well  within  the  overall  inversion 
layer.  Eikewise,  Z^  clearly  lies  outside  the  traditional  surface  layer,  but  since  it  now 
is  being  used  to  represent  the  energy  deficit  of  the  full  inversion  layer,  it  too  appears 
reasonable. 


The  next  step  is  to  eliminate  Ts  and  Zq  from  this  form.  Eollowing  the  same  approach 
as  for  the  daytime  case,  we  find  that 

n  _  (Ts  -  Tg) 
k  Q(ZyZv) 

This  result  is  obtained  because  the  ratio 


Q{Z^IZy)  -  Q^ZjZy)  ln(Z/Zo)  -  {ZjZy)  +  (Zp/Zy) 
ln(Z/Zo)  ln(Z/Zo) 


(6.82) 


as  long  as  Z  and  Z^  are  much  less  than  Zy.  This  is  clearly  true  for  measurements 
made  in  the  region  typically  associated  with  the  surface  layer;  such  as  Zy. 


Substituting  this  definition  into  the  temperature  expression. 


r(z-Zo)  ,z<Zv. 

,  Z  >  Zy. 


(6.83) 


Both  Ts  and  Z^  can  now  be  eliminated.  We  consider  the  analog  of  Eq.  6.56.B, 
expressing  Ts  as 


Ts^Tc+'^QiZolZy). 


(6.84) 


The  vertical  temperature- structure  model  from  Eq.  6.83  then  transforms  into 


Tz  =  TB  +  '^Q{Z/Zy), 
k 


(6.85) 


for  Z  <  Zy,  and  =  Tb  for  Z  >  Zy.  Recall  that  Q  <0,  while  T*  >  0,  such  that 
a  proper  negative  correction  term  occurs  at  night. 
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The  Eq.  6.85  temperature  formula  now  supports  evaluation  of  Ta  as 

Ta^Tg+j  g(0.06326)  =  To  +  =  Tg  -  4.737 T,.  (6.86) 

Using  T*  and  Zy  the  energy-deficit  equation  can  now  be  written, 

Es  =  Pa  Cp  (^"{Tz  -  Tb)  dz  zz  -p,  Cp  ^  (6.87) 

JZo  K  2 

An  interesting  aspect  of  this  analysis  is  that  while  we  have  lost  Zq,Ts,  and  Zk  as 
useful  quantities  to  characterize  the  surface-based  inversion  and  surface  layer,  T* 
as  a  scaling  temperature  still  is  a  meaningful  quantity.  It  should  also  be  emphasized 
that  Zk  at  night  is  often  erratic,  and  the  presence  of  Hs  within  the  equation  for  Zk 
is  even  more  problematic  at  night  since  vertical  mixing  is  often  shut  down  by  strong, 
positive  vertical  temperature  gradients.  The  presence  of  such  effects,  though,  does 
not  preclude  the  use  of  T*  in  characterizing  the  temperature  structure,  even  if  it  can 
no  longer  be  related  to  a  turbulent  flux  of  sensible  heat. 

Instead,  assuming  the  height  of  the  inversion  layer,  Zy,  is  known  or  can  be  estimated 
(based  on  Eg,  perhaps),  then  T*  could  be  directly  estimated  from  a  measured 
vertical  temperature  gradient.  Taking  the  Z  derivative  of  Eq.  6.86, 

dTz  ^  f  (T, 
dZ  \ 

which  can  be  used  for  temperature  gradients  measured  close  to  the  surface  in 
computing  the  parameter 


While  this  form  suggests  a  small  Z  evaluation  height  could  aid  in  computing  T* 
by  reducing  the  Zy  influence,  we  note  that  the  above  has  not  been  considered  the 
foliage  displacement-height,  which  tends  to  complicate  the  evaluation  of  Z  itself. 

Results  of  this  chapter’s  structure  models  provide  needed  inputs  for  Chapter  8’s 
long-wave  radiation  calculations.  They  also  support  time-evolution  calculations  for 
variables  Ta  and  Zt,  to  be  discussed  in  Chapter  9. 


/k)  (Z-> 


Zy' 


—  r,  z  <  Zy 

—  r,  z  >  Zy 


(6.88) 
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7.  Cloud  and  Surface  Radiative  Effects  Modeling 


In  this  chapter  the  equations  used  to  model  the  radiative  fluxes  at  the  surfaee  are 
deseribed.  To  some  extent  this  is  a  review  of  material  first  diseussed  in  Tofsted 
(1993)  with  regard  to  Shapiro’s  eloud  model  (1972)  of  direet  and  diffuse  radiation 
reaehing  the  ground.  Therefore,  Seetion  7.2  is  merely  an  overview  of  the  Shapiro 
model  following  an  overall  review  of  the  various  radiation  ealeulations  ineluded 
in  the  Deardorff  (1978)  model  in  Seetion  7.1.  Beginning  in  7.3,  a  new  method 
for  handling  short-wave  radiative  refleetions  in  a  surfaee/foliage  layer  is  deseribed. 
This  method  is  also  eonsidered  in  a  slightly  modified  form  to  treat  infrared  fluxes 
within  the  surfaee  interfaee.  In  the  proeess,  the  methods  used  to  deseribe  the 
radiative  fluxes  are  homogenized  with  the  multiple  surfaee  methods  inferred  from 
the  eonveetive-flux  ealeulations. 

7.1  Review  of  Standard  Radiation  Models 

In  his  groundbreaking  1978  paper,  Deardorff  brought  together  a  series  of  methods 
developed  aeross  the  researeh  speetrum  to  eompute  the  surfaee  energy  budget. 
It  seems  appropriate  to  review  his  methodology  and  then  suggest,  in  follow-on 
seetions,  improvements  used  in  the  eurrent  model. 

First,  it  should  be  pointed  out  that  Deardorff  (1978)  provided  no  details  regarding  a 
shortwave  solar-radiation  model.  This  is  interesting  and  suggests  that  he  simply 
used  direet  measurements  of  ineident  solar-irradiation  information.  He  simply 
assumed  a  known  value  for  the  ineident  solar  radiation  above  the  top  of  the  foliage 
layer  that  is  denoted  by  here.  He  therefore  wrote 

SGi={l-CTF)S^,  (7.1) 

as  the  radiation  reaehing  the  ground,  and 

‘S'ct  =  (1  —  cTp)  (7.2) 

as  the  radiation  refleeted  at  the  ground.  The  differenee 

‘S'cnet  =  SgI  —  Sg^  =  (1  ~  etc)  (1  ~  (7.3) 

thus  represents  the  net  rate  of  solar  shortwave  radiation  absorption  at  the  ground. 
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Deardorff  then  modeled  the  net  reflected  short-wave  radiation  as 


S'-!- =  (1  —  (T_p)  q;g  *S'4. -I- ctF  S'j,.  (7.4) 

One  might  therefore  infer  that  the  net  flux  of  short-wave  radiation  absorbed  by  the 
foliage  layer  should  be  expressed  as 

5'F,net  =  O-F  (1  —  ac)  (7.5) 


although  Deardorff  did  not  provide  an  exact  equation  describing  this  as  such. 

In  so  doing,  Deardorff  ignored  the  effects  of  all  multiple  reflections  from  soil  and 
plant  surfaces.  Deardorff  also  discounts  any  reflected  radiation  from  the  surface 
reaching  the  foliage.  Perhaps  such  assumptions  could  be  valid  for  stands  of 
cultivated  crops,  but  for  relatively  uniformly  mixed  terrain  of  partial  vegetation, 
foliage-soil  interactions  should  not  be  ignored.  The  Tofsted  (1993)  SEE  model 
simply  adopted  the  Deardorff  technique.  Here,  this  method  is  updated  with  a  more 
exact  solution  but  using  the  same  assumption  of  a  single  vegetated  layer  used  by 
Deardorff. 


Next,  consider  the  method  used  by  Deardorff  (1978)  to  model  the  surface  long-wave 
radiation  flux  from  the  atmosphere.  Deardorff  writes  the  net  long-wave  flux  at  the 
top  of  the  foliage  layer  as 


Rhi  = 


dc +  (l-ac)  0.67  (1670  ga) 


0.08 


(tt: 


(7.6) 


where  ac  is  the  fractional  cloud  cover,  is  the  atmospheric  specific  humidity,  a  is 
the  Stefan-Boltzmann  constant,  and  is  the  air  temperature  in  Kelvin.  Effectively, 
then,  Deardorff  is  using  a  relation  of  Staley  and  Jurica  (1972)  to  express  the 
atmospheric  emissivity  as 


6^  =  0.67  (1670  ga)°'°®.  (7.7) 

Now  Eq.  7.6  appears  to  be  wired  incorrectly.  That  is,  infrared  emissions  from 
the  humid  atmosphere  occur  from  molecules  within  a  relatively  short  distance: 
Radiation  reaching  the  ground  arises  from  molecules  within  approximately  only 
the  first  10  m  above  ground!  Beyond  that  distance,  due  to  absorption  effects, 
air  molecules  within  the  first  10  m  tend  to  nearly  completely  absorb  infrared 
energy  emitted  by  molecules  farther  from  the  surface.  Hence,  it  should  be  that 
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the  atmospheric  emissivity  is  the  restricting  factor  on  the  near-blackbody  radiation 
emerging  from  the  cloud  base,  and  not  the  fractional  cloud  cover  that  scales  the 
atmospheric  band  emissions  of  the  near-surface  atmosphere.  Thus,  instead,  the 
relation, 

Rli  =  +  (1  -  e^)  (7.8) 

is  used,  whereby  the  effect  of  the  near-surface  air  emissivity  is  such  that  it  filters 
the  incident  longwave  energy  arising  from  the  cloud  base  associated  with  the 
temperature  Tc.  In  the  process  a  new  variable  must  be  assessed  (Tc),  yet  from  the 
input  parameters  a  reasonable  guess  can  be  obtained  for  this  temperature  based  on 
the  temperature  of  the  top  of  the  boundary  layer  plus  a  guess  as  to  the  height  of  the 
cloud  base. 

The  more  significant  unknown  to  be  addressed  regarding  the  infrared  radiation  is 
the  appropriate  form  for  modeling  the  atmospheric  emissivity,  e^.  One  notes  that  the 
expression  for  €a  given  in  Eq.  7.7  approaches  zero  at  zero  atmospheric  humidity. 
Hence,  we  know  that  this  form  ignores  the  effects  of  carbon  dioxide  (as  well  as 
oxygen,  nitrogen,  and  all  other  dry  gases).  This  suggests  at  a  minimum  a  reanalysis 
of  atmospheric  emissivity  is  needed.  This  will  be  developed  in  Section  7.6,  but  first 
a  model  of  the  radiative  interactions  within  the  surface  interface  will  be  developed  in 
Sections  7. 3-7. 5.  This  analysis  will  determine  the  apportionment  of  energy  between 
the  soil  and  foliage  surfaces,  as  well  as  consider  visible  direct  and  diffuse  radiation 
and  long-wave  radiation  flowing  from  the  ground,  foliage,  and  atmosphere. 

7.2  Shapiro's  Cloud  Model 

Shapiro  (1972;  1982)  constructed  an  empirical  model  based  on  reported  radiation 
data  from  a  series  of  ground  stations  along  with  correlated  cloud  condition 
reports.  The  model  consisted  of  3  cloud  layers  where  absorption,  transmission, 
and  reflection  coefficients  were  estimated  for  each  layer  along  with  a  ground- 
haze  effect.  Each  cloud  layer  computed  the  reflection  (Rk),  transmission  (T^),  and 
absorption  (Ak)  coefficients  which  satisfied  the  condition 

-Rfc  +  =  1;  ('^•9) 

for  the  kth  layer,  guaranteeing  conservation  of  energy.  Shapiro’s  model  was  based 
on  observed  weather  conditions  and  Eppley  radiometer  outputs  of  net  solar  radiation 
received  under  those  conditions.  Shapiro  based  his  model  on  solar  elevation  to 
produce  tabulated  data  sets  for  different  clouds  in  each  indicated  cloud  layer. 
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The  choice  of  cloud  types  and  layer  locations  has  been  approximated  in  the  cloud 
model  of  the  current  program  to  simplify  the  input;  however,  the  model  could  be 
expanded  to  accommodate  increased  information  availability  by  the  user  since  the 
full  Shapiro  model  has  been  incorporated  into  the  program,  including  the  data  sets 
of  all  possible  cloud  conditions.  Currently,  the  user  is  only  permitted  to  select  a 
single  cloud  layer’s  elevation  and  a  single  cloud  type  (cumulus,  stratus,  or  cirrus). 

For  a  given  cloud  type  and  height  the  Shapiro  model  uses  the  computed  solar 
elevation  to  interpolate  reflectance,  transmittance,  and  absorption  information  from 
the  tabulated  database.  Once  the  layer  data  have  been  interpolated,  the  Shapiro 
method  uses  the  equivalent  surface  albedo  to  compute  the  net  downward  radiation 
at  the  top  of  the  surface  interface,  S^. 

As  his  database  Shapiro  used  the  SOLMET  station  network  of  radiation-data 
collected  at  26  sites  scattered  throughout  the  continental  United  States.  Shapiro’s 
database  also  included  precipitation  impacts;  however,  from  the  standpoint  of  an 
optical  turbulence  evaluation,  once  precipitation  begins  it  is  considered  a  dominant 
effect  and  would  either  completely  or  effectively  decrease  the  turbulence  impacts 
to  the  level  that  a  calculation  would  be  unnecessary. 

Shapiro  considered  cloud  types  as  consisting  of  Thin  Cirrus  or  Cirrostratus,  Thick 
Cirrus  or  Cirrostratus,  Altostratus  or  Altocumulus,  Stratocumulus  or  Stratus,  and 
Cumulus  or  Cumulonimbus.  Effects  were  classified  according  to  the  cosine  of  the 
zenith  angle  of  the  sun  by  increments  of  0.10  from  0.05  to  0.95. 

The  Shapiro  model  calculated  the  net  downward  radiation  flux  through  use  of  a 
multiple  scattering  computation  between  the  different  cloud  layers,  the  haze  layer, 
and  the  surface.  In  implementing  this  model,  the  net  surface  reflectance  is  evaluated 
using  a  multiple  scattering  approach  described  in  Sections  7.4-7. 6.  However,  the 
model’s  haze-layer  parameterization  has  been  disabled,  due  to  complications  over 
the  maximum  (10  km)  visibility  reported  at  airports.  (Eow  humidity  sites  that 
feature  high  turbulence  often  see  visibilities  much  higher  than  10  km.) 

In  the  model’s  code,  the  Shapiro  cloud  model  is  encapsulated  in  a  single  subroutine 
that  is  called  any  time  the  sun  is  above  the  horizon.  Input  cloud  information  is 
translated  into  formats  associated  with  the  Shapiro  model,  including  cloud  fractions 
and  types  in  each  layer  and  solar  elevation. 

Eor  further  details  on  the  Shapiro  model,  the  reader  is  directed  to  the  original 
documentation. 
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7.3  Foliage  Layering  Model 


In  this  and  the  next  2  sections  the  basic  Deardorff  method  for  handling  the  effects  of 
a  foliage  layer  on  radiative  fluxes  will  be  examined  and  updated.  As  was  pointed  out 
in  Section  7.1,  the  Deardorff  approach  does  not  include  any  feedback  effects  due 
to  multiple  reflectances  between  the  foliage  layer  and  the  ground  surface.  There 
also  appears  to  be  a  consistency  issue  with  regard  to  this  apparent  contradiction: 
In  the  convective  exchange  model  the  foliage- surface  area  is  assumed  to  exceed 
the  area  of  underlying  surface  by  a  factor  of  7.0,  while  the  radiative  model  relies 
on  a  flat  2-sided,  semitransparent  layer  whose  multiplying  factor  is  thus  only  2.0. 
To  resolve  this  inconsistency,  several  steps  must  be  examined.  The  first  step  is 
to  construct  a  consistent  model  of  the  foliage  layer  that  produces  realistic  values 
for  the  surface  area’s  multiplying  factor.  Once  this  foliage  model  is  developed 
(Section  7.3),  including  a  leaf-orientation  distribution  model,  a  foliage  model  can 
be  constructed  based  on  multiple  foliage  sublayers.  Calculations  of  reflection, 
absorption,  and  transmission  can  then  be  performed  for  a  single  sublayer  (Section 
7.4),  and  then  full  model  calculations  can  be  performed  (Section  7.5). 

The  main  Deardorff  inconsistency  apparently  is  connected  to  the  assumption  that 
for  a  given  value  of  <7^,  the  fractional  underlying  surface  covered  by  the  foliage, 
the  leaf  surfaces  are  simply  assumed  to  be  flat  and  parallel  to  the  underlying  ground 
surface  in  the  radiation  model,  but  not  in  the  convective  flux  model.  But,  in  general, 
the  leaf  surfaces  will  exhibit  random  orientations  to  the  ground.  Therefore,  a  new 
model  is  developed  in  this  section  to  account  for  these  differences.  The  result  is  that 
the  surface  interface  will  exhibit  different  reflectance  and  transmission  properties 
relative  to  radiation  flowing  through  the  layer  in  different  directions.  In  particular, 
this  will  produce  a  solar-zenith- angle  dependence  that  was  not  previously  modeled 
as  well  as  altering  the  diffuse  scattered  and  transmitted  radiation  factors  from  values 
used  previously. 

To  model  the  effect  of  random  orientation  of  the  leaf  surfaces,  we  first  note  that 
each  leaf  has  2  surfaces  for  every  surface  oriented  in  the  proper  direction  to  receive 
incident  radiative  flux  energy.  Therefore,  the  relative  area  of  leaf  surface  per  area  of 
underlying  surface  covered  {ap)  is  always  at  least  Np  =  T p  ap  >2  ap.  We  further 
recognize  that  there  are  2  other  parameters  of  interest:  ac,  the  soil  albedo,  and  ap, 
the  foliage  albedo,  both  with  respect  to  directly  incident  radiation. 
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To  develop  this  model,  several  simplifying  assumptions  are  first  made.  Reflections 
off  either  the  ground  or  leaf  surfaces  will  be  considered  Lambertian:  where  the 
emerging  radiance  is  a  constant,  and  the  resultant  irradiance  is  proportional  to  the 
cosine  of  the  angle  due  to  the  relative  cross  section  of  the  source  being  reduced 
for  directions  off  the  normal  to  the  surface.  Second,  transmittance  through  leaves 
will  also  be  considered  to  emerge  in  a  Lambertian  form  as  well.  Third,  each  leaf 
will  be  considered  to  be  flat,  consisting  of  a  single  normal  vector  associated  with 
the  appropriately  directed  leaf  surface.  Fourth,  each  leaf  will  be  assumed  to  have 
a  uniformly  random  orientation  relative  to  the  vertical  axis.  While  this  condition 
ignores  sun-tracking  (phototropic)  plants,  it  simplifies  the  calculations  considerably 
and  accounts  for  many  types  of  plants. 

Based  on  this  fourth  assumption,  it  is  relatively  easy  to  visualize  the  probability 
density  function  of  the  leaf  orientations.  It  is  such  that  the  distribution  of  the 
leaf  normal  vectors  perpendicular  to  the  sides  of  the  leaves,  when  considering 
downward- flowing  radiation,  will  be  evenly  distributed  over  the  upper  hemisphere. 
If  we  define  as  1.0  the  square  area  of  the  circle  that  lies  underneath  said  hemisphere, 
then  the  total  area  of  the  upper  surface  of  said  hemisphere  must  equal  2.0.  This  is 
developed  mathematically  in  the  following  discussion: 

Let  the  normal  vector  to  a  given  leaf  be  described  by  a  unit  vector  whose  orientation 
is  described  by  variables  Q  (zenith  angle)  and  0  (azimuth  angle)  oriented  in  the 
upper  hemisphere. 

It  is  common  to  write  vectors  in  a  Cartesian  system,  denoting  a  triplet  {x,  y,  z) 
as  the  components  of  such  vectors,  where  the  axis  is  oriented  in  the  vertical 
direction.  For  unit  vectors,  ^y^  ^  z^  =  1.  For  integration  purposes  the  standard, 
spherical-polar  angle  system  will  be  adopted.  Let  Q  be  the  angle  of  a  unit  vector 
measured  relative  to  the  ^z  axis,  and  let  0  equal  the  azimuthal  angle  measured 
counterclockwise  in  the  x  —  y  plane  from  the  +x  axis,  initially  increasing  toward 
the  +y  axis.  Then,  a  given  unit  vector  can  be  expressed  as 

h  =  (cos(0)  sin(6'),  sin(0)  sin(6*),  cos(6')).  (7-10) 

The  solid  angle,  dVt,  about  a  unit  vector  is  then  designated  by 

dVt  =  sin(6*)  dO  dcj).  (7-11) 
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For  the  uniform  orientation  distribution,  for  any  given  upward-directed  unit  vector 
the  probability  of  leaves  being  oriented  in  that  direction  dP  =  dil /{27r)  is  equal 
in  all  directions.  This  is  shown  through  the  following  integral: 

/  dP  =  /  ^  =  /  d0  /  de  sin(d)  -  =  1,  (7.12) 

J  JH  ZTT  Jo  Jo  ZTT 

where  the  solid-angle  integral  is  performed  over  the  upper  hemisphere  (H). 

On  the  other  hand,  the  overall  surface  area  covered  by  such  a  distribution  is 
measured  by  foreshortening  the  surface  area  subtended  by  any  given  leaf  according 
to  the  cosine  of  its  orientation  with  respect  to  the  vertical  direction.  This  is  evaluated 
via  the  integral: 

/  cos{9)  dP  =  /  cos(6*)  —  =  /  d0  /  d9  sin(6*)  cos(6*)  —  =  1/2. 

J  Jh  zn  Jo  Jo  zn 

(7.13) 

In  this  model  there  is  thus  twice  as  much  upper-leaf-surface  area  as  the  underlying 
surface  area  covered,  and  4  times  as  much  surface  area  overall  when  including  the 
lower-leaf  surfaces,  meaning  Np  =  4  ap- 

For  this  distribution  T p  appears  to  equal  4.0.  However,  this  value  is  obviously  less 
than  the  reported  nominal  value  =  7  (Monteith  et  al.  1965;  Allen  and  Lemon 
1972)  used  by  Deardorff.  To  obtain  larger  values,  recall  first  that  is  defined  as  the 
ratio  Np/ap  in  Eq.  2.21.5,  yet  based  on  the  immediately  preceding  development  a 
single  foliage  layer  could  never  produce  this  observed  behavior. 

Therefore  a  multilayer  foliage  model  must  be  developed,  but  the  means  of 
describing  such  a  model  requires  several  further  considerations.  First,  let  us  assume 
that  leaves  in  different  layers  will  not  be  correlated  with  one  another.  That  is,  the 
positions  of  individual  leaves  in  separate  layers  are  assumed  independent.  Consider 
a  plant  canopy  consisting  of  several  such  independent  layers,  each  of  equal  foliage 
density.  Call  this  density  apm,  where  there  are  M  total  layers.  For  example,  if  there 
were  3  layers  (M  =  3),  then  the  total  foliage- surface  area  per  square  underlying 
surface  would  be  just  the  sum  of  the  surface  area  in  the  3  layers,  or, 

Np  =  apiT  FI  +  aF2T  F2  +  apsT  PS.  (7-14) 

For  simplicity,  the  orientation  of  the  leaves  can  be  assumed  constant  and  equal  in 
each  layer,  such  that  =  4.  Also,  for  simplicity,  the  amount  of  foliage  can  be 
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modeled  as  equipartitioned  between  the  different  layers,  such  that  aprn  =  (^s,  ^ 
single  value  characterizing  all  of  the  sublayers.  Hence,  in  this  model, 

Nf  =  12  as.  (7.15) 

Next,  since  the  leaves  in  each  layer  are  distributed  randomly,  the  overlap  of  the 
leaves  between  the  different  layers  will  also  be  random.  The  probability  of  a  clear, 
vertically  drawn  line  of  sight  through  a  given  layer  becomes  (1  —  a^).  Then,  the 
probability  of  seeing  through  all  M  layers  becomes  (1  —  ag)^ .  So,  based  on  the 
definition  of  ap, 

{l-ap)  =  {l-as)^.  (7.16.71) 

as  =  l-{l-apy/^.  (7.16.5) 

Then  the  total  foliage-surface  area  per  unit  of  underlying  surface  becomes 

Np  =  Np{M)  =  AM  as  =  AM  [l-  (1  .  (7.17) 

In  the  limit,  as  the  number  of  layers  increases,  the  leaf  fraction  in  each  layer  is 
reduced  and  a  limiting  behavior  emerges: 

Npoo  =  ^F(^)|iim  M^-oo  =  —4  ln(l  —  ap),  (7.18.74) 

leading  to  a  result  in  a  familiar  form, 

1  -  ap  =  exp{-Np^/A) .  (7.18.5) 


From  this  result,  one  may  express  the  function. 


Npoo  .  ln(l  -  ap) 

tFoo  —  -  —  —4 - . 

ap  ap 


(7.19) 


This  function  begins  at  4.0  for  ctj?  =  0  and  increases  steadily.  Interestingly,  Np^o  = 
4.8  at  ap  =  0.7,  such  that  Tp^  7  at  this  point.  Coincidently,  while  Deardorff 
cites  this  factor  of  7,  the  studies  he  compared  to  and  his  computations  were  made 
with  ap  =  0.75.  Yet,  from  these  relations  it  is  clear  the  point  ^  7  is  simply  one 
point  along  a  continuum  of  behavior. 


In  other  words,  it  appears  that  using  a  constant  T p  was  simply  a  convenient 
approximation  developed  by  the  energy-budget-modeling  community  to  describe 
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the  primary  behavior  of  the  cultivated  crops  studied.  But  in  more  general  cases,  such 
as  fallow  fields  and  desert  regions  where  ap  varies  significantly  from  the  cultivated 
norm,  the  standard  value  would  not  be  appropriate. 

In  the  model  developed  here,  Np  will  be  identified  with  Np^o  and  Tp  with  the 
Ti?oo  expression  above.  However,  since  Np^o  oo  diS  a p  — )■  1,  a p  will  be 
restricted  in  range  {ap  <  0.975)  to  avoid  these  limiting  cases.  To  check  whether 
this  is  a  reasonable  upper  limit  for  this  variable,  consider  a  set  of  circular  trees  that 
are  nonoverlapping,  but  touching  along  their  outer  edges,  whose  leaves  fall  within 
cylinders  of  equal  radius  about  their  trunk  centers.  If  each  tree  has  a  radial  extent  of 
1.0,  then  an  equilateral  triangle  connecting  the  centers  of  3  adjacent  trees  will  have 
sides  of  length  2.0,  with  each  tree  subtending  tt/O  of  the  center-to-center  triangle, 
such  that  the  net  footprint  of  the  3  trees  is  7r/2  of  the  full  triangle  of  net  area  v^. 
The  net  foliage  fraction  is  then  7r/(2  v^)  ^  0.9069.  The  chosen  maximum  therefore 
exceeds  this  case  and  should  be  sufficient  for  any  reasonable  foliage  situation. 

However,  an  infinite-layer  model  is  merely  a  mathematic  construct  —  it  cannot  be 
implemented  in  software.  But  as  illustrated  in  Fig.  12,  low-order  layer  models  are 
insufficient  to  account  for  the  infinite-layer  model’s  Np  behavior.  Therefore,  a  100- 
layer  model  was  selected  since  it  tracks  the  infinite-layer  model’s  behavior  up  to 
large  ap  values. 

Because  the  behavior  of  the  infinite-layer  model  will  be  considered  the  standard 
of  comparison,  the  nomenclature  will  now  be  simplified  to  remove  the  infinity 
symbols;  whenever  Np  and  T i?  are  used  hereafter,  it  is  implied  that  we  intend  Np^o 
and  Tjt’oo. 

Next,  notice  that  from  Eq.  7.16.B  the  quantity  (1  —  as)  expresses  the  transmittance 
factor  for  radiation  passing  vertically  through  the  leaf  layer  without  intercepting  one 
of  the  leaves.  This  transmittance  expression  abets  the  transitioning  of  the  discussion 
to  consideration  of  radiative-transfer  processes  involving  light  passing  through  the 
leaf  sublayer  model  from  zenith  angles  (angles  relative  to  the  vertical  axis)  other 
than  zero  (directly  downward).  Let  Op  be  a  zenith  angle  of  light  passing  through  the 
foliated  layer.  And  let  /i  =  cos{9r). 

The  length  of  the  scattering  path  through  a  finite-thickness  leaf  layer  is  then  longer 
by  the  factor  1/ cos(6*r)  compared  to  radiation  passing  vertically  through  the  layer. 
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Fig.  12  Various  models  of  Np  dependence  on  comparing  Deardorff  constant  Tp 
dependence  versus  multilayer  model  dependencies  and  infinite-layer  dependence 

In  this  case  the  transmittanee  faetor  through  the  whole  foliage  layer  beeomes 

TiOn)  =  exp[-iV^oo/(4/r)]  =  (1  -  (7.20) 

Thus,  even  for  foliage  layers  with  low  ap,  ineident  direet  sunlight  will  always 
beeome  effeetively  out  off  beyond  some  angle  due  to  shadowing  of  the  ground  by 
the  leaf  layer.  The  greater  ap  becomes,  the  more  rapidly  the  light  is  out  off  as  Op 
increases. 

This  transmittanee  term  fully  desoribes  the  effeot  of  the  leaf  layer  on  the  direet 
radiation-transmission  oomponent.  What  remains  is  a  series  of  results  involving 
radiation  that  is  reflected  from  foliage  or  transmitted  through  the  leaves.  However, 
before  engaging  in  these  analyses,  let  us  summarize  the  results  of  the  current 
seotion. 

While  Deardorff ’s  approaoh  assumed  one  oould  fix  the  value  of  Ti?  at  7.0, 
regardless  of  the  value  of  <7^,  the  results  of  the  ourrent  seotion  reveal,  first,  that 
more  than  one  layer  is  required  to  obtain  this  7.0  figure  and,  second,  that  when 
the  placement  of  leaves  in  multiple,  randomized  foliage  layers  is  oonsidered,  then 
the  value  of  beeomes  dependent  on  the  overall  fraetional  foliage  oover  ap. 
Moreover,  we  have  seen  that  ap  also  guides  the  overall,  transmittance  factor  of 
direct  radiation  passing  through  the  foliage  layer,  but  this  effect  is  now  also  a 
function  of  the  solar- zenith  angle. 
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As  a  consequence,  we  have  found  that  both  Np  and  are  functions  of  ciir.  Or, 
to  express  this  concept  slightly  differently,  because  the  leaf  positions  in  different 
layers  are  decorrelated,  the  net  api  in  each  layer  is  less  than  ap,  such  that  the  leaf 
surface  does  not  scale  linearly  with  ap. 

A  single-layer  model  thus  plots  along  a  maximum  linear  relation  of  Aap,  but  this 
line  is  insufficient  to  explain  observed  Np  dependence.  Because  of  this  limitation,  it 
was  necessary  to  consider  extra  layers.  But,  these  extra  layers  require  a  multilayer 
canopy  model  to  describe  radiative  interactions  much  more  complex  than  those 
considered  by  Deardorff. 

This  also  illustrates  fairly  clearly  that  the  canopy  results  commonly  published, 
involving  the  assumed  Np  =  7  ap  behavior,  would  tend  to  overpredict  the  impact 
of  foliage  for  thinner  foliage  canopies  and  would  tend  to  underpredict  the  impacts 
of  canopies  with  ap  >  0.7. 

In  desert  conditions  normally  ap  values  are  relatively  small  (0.1  <  ap  <  0.2), 
producing  Tp  values  close  to  4.  These  will  now  predict  surface  effects  more  heavily 
weighted  toward  soil  fluxes  than  those  previously  obtained.  Such  a  model  would 
seem  to  be  consistent  with  the  natural  dispersion  of  desert  plants,  where  the  first 
seeds  to  sprout  take  up  the  available  water  supply.  Nonetheless,  certain  desert 
vegetation,  such  as  mesquite  bushes,  challenge  this  model  and  typically  represent 
concentrations  of  dense,  localized  leaves  that  also  can  alter  the  shape  of  the  very 
terrain  itself  through  the  accretion  of  hummocks  of  dirt  at  their  bases,  trapping  the 
dust  of  many  wind  events. 

7.4  Foliage  Sublayer  Reflectivity  and  Emissivity  Model 

Based  on  the  layered  foliage  model  posited  in  the  previous  section,  a  new 
connection  can  be  developed  between  the  observed  additional  surface  area  of 
foliage  and  the  statistics  of  light  propagating  vertically  through  a  multilayered 
foliage  canopy  with  a  uniform  leaf-orientation  distribution  model.  This  process  was 
begun  in  the  previous  section  for  the  relatively  simple  calculation  of  the  proportion 
of  direct  radiation  that  can  pass  through  a  layer.  Still  to  be  resolved  are  the  details  of 
various  forms  of  diffuse  radiation  propagating  through  a  foliage  layer.  In  this  section 
the  first  stage  of  that  resolution  process  is  considered  by  computing  the  reflective 
and  transmissive  properties  of  the  randomly  oriented  leaf  model.  These  results 
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are  analyzed  via  integral  techniques  for  direct  scatter  from  the  leaf-orientation 
distribution;  then,  further  integration  to  determine  the  scatter/transmission  of  direct 
radiation;  and,  finally,  the  resolution  of  direction-averaged,  stream-wise,  upward- 
and  downward-flowing  radiation  fields. 

The  first  step  in  resolving  these  effects  of  reflection  and  transmission  requires  a 
detailed  analysis  of  the  scattering  and  reflective  properties  of  a  single  leaf  oriented 
in  a  specific  direction  to  the  direction  of  the  incident  light.  Once  the  properties  of 
an  individual  leave  have  been  resolved,  the  mean  properties  of  a  foliated  layer  can 
be  evaluated  through  integration  over  the  leaf-orientation  distribution. 

Let  us  designate  by  the  unit  vector  O  the  specific  orientation  of  the  upper  surface 
of  a  leaf  designating  a  vector  normal  to  the  otherwise  flat  surface  of  a  leaf.  If 
the  upward  direction  is  indicated  as  the  positive  axis  in  a  standard  {x,  y,  z) 
Cartesian  coordinate  system,  then  the  positive  2;  axis  is  associated  with  the  vector 
triplet  (0,0, 1).  For  a  given  leaf,  since  the  leaf  distribution  considered  is  uniform 
in  direction,  the  scattering  properties  of  a  general  leaf  can  be  analyzed  by  selecting 
specific  input  and  output  directions  for  energy  flows  that  exploit  the  symmetries  of 
this  system.  Let  us  call  the  direction  of  incidence  of  incoming  radiation,  where 
Cli  points  into  the  direction  of  the  incoming  radiation.  Second,  designate  by  Qg  the 
direction  into  which  radiation  is  leaving  following  scattering  from  the  leaf  surface 
(i.e.,  the  scattering  direction). 

To  simplify  the  mathematics,  let  us  consider  for  computational  purposes  that  the 
incident  radiation  is  approaching  the  leaf  from  the  zenith  direction  fij  =  (0, 0, 1). 
Also,  let  us  place  the  leaf  at  the  origin  of  coordinates.  This  simplifies  the  calculation 
of  the  scattering  statistics.  Symmetry  of  the  leaf-orientation  distribution  also 
guarantees  that  the  scattering  results,  after  integrating  over  the  leaf  distribution,  will 
be  independent  of  the  azimuth  of  the  outgoing  radiation.  Therefore,  the  scattering 
direction  Qg  may  be  chosen  to  lie  in  the  x  —  z  plane  (the  scattering  azimuth  is  zero). 

The  probability  that  a  random  photon  propagating  vertically  downward  from 
incident  direction  Qi  will  encounter  a  leaf  whose  normal  vector  is  Q  can  then  be 
expressed  as  just  the  uniform  leaf-orientation  probability  dP  =  dVt /{2ti)  times  the 
foreshortened  area  of  the  leaf  (proportional  to  cos(6')): 

dPie  =  cos(6*)  dVt  =  sin(6*)  cos(6*)  dO  dcf).  (7-21) 
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This  result  is,  of  course,  conditioned  upon  the  event  that  a  leaf  was  actually  struck 
as  the  photon  passed  through  the  foliage  layer. 

To  better  understand  this,  let  us  dimensionalize  the  calculation:  Consider  an 
infinitessimal  leaf-surface  area  dA.  Let  I  represent  the  photon  flux  arriving  at 
the  leaf  from  the  zenith  incident  irradiation  direction  (in  photons  per  second 
per  meter-squared  area  that  would  otherwise  impinge  upon  the  underlying  ground 
surface  oriented  perpendicular  to  the  direction  of  the  streaming  incident  photons). 

For  a  leaf  of  orientation  f),  the  number  of  photons  striking  dA  per  second  will  be 

dF  =  IdAcos{e).  (7.22) 

For  underlying  ground- surface  area  S  and  relative  leaf-layer  cover  apiAi  the  leaves 
were  removed  the  net  flux  per  area  S  would  be  /  S.  But,  due  to  the  leaves,  only 
I S  {1  —  api)  photons  reach  the  ground  unscattered  per  second.  So,  the  portion  of 
photons  scattered,  transmitted,  or  absorbed  by  the  leaf-layer  must  be  /  S'  api. 

From  the  development  of  the  previous  section,  we  recognize  that  api  S  is  just  the 
surface  under  the  leaves.  And,  due  to  the  leaf-orientation-distribution  model  chosen, 
the  total  area  of  upper-leaf  surfaces  exposed  to  the  radiation  must  be  api  A,  where 
A  =  2S.  Therefore,  dA  can  be  directly  connected  to  dfl  or  dP  via 

dA  =  2S  dn/{27r)  =  2S  dP,  (7.23) 

such  that  /  dA  =  2S.  That  is,  the  integrations  have  been  normalized  so  that  only 
the  radiation  that  strikes  the  foliage  is  being  considered. 

Let  us  assume  the  leaves  are  Lambertian  reflectors.  While  this  is  not  exactly  true,  it 
still  provides  an  improvement  over  the  Deardorff  model.  Let  ap  be  the  reflectivity 
coefficient  of  the  foliage.  For  a  Lambertian  reflector  the  radiation  appears  to  exhibit 
equal  radiance  in  all  scattering  directions,  but  the  apparent  area  of  the  scattering 
surface  is  reduced  according  to  the  cosine  of  the  scattering  direction  relative  to  the 
normal  to  the  scattering  surface,  denoted  by  the  angle  7.  The  normalization  constant 
for  this  distribution  of  scattered  energy  is  obtained  by  integrating  over  all  scattering 
directions: 

rTT/2 

X  =  2tt  003(7)  sin(7)  d'y  =  tt.  (7.24) 

Jo 
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Hence,  we  divide  the  incoming  energy  by  tt  to  determine  the  outgoing  photon  flux 
in  direction  7  relative  to  the  surface  normal: 

dR  =  ap  I  dA  cos{9)  cos{'y)/ 71,  (7-25) 

where  dR  is  the  differential  radiance  in  the  outbound  direction.  This  resulting 
quantity  measures  the  rate  of  photon  flow  per  second  per  steradian. 

To  better  quantify  this  result,  consider  the  output  direction, 

=  (sin('^),  0,  cos('^)).  (7.26) 

The  normal  to  the  surface  dA  is  specified  by 

ndA  =  (sin(6')  cos(0),  sin(6')  sin((;/)),  cos(6*)).  (7.27) 

The  cosine  of  the  angle  between  the  outbound  radiation  vector  and  the  surface 
normal  thus  becomes 


003(7)  =  ^dA  ■  =  sin('^)  sin(6')  cos(0)  +  cos('^)  003(0).  (7.28) 


Only  positive  incident  energy  contributions  are  permitted  when  computing  the 
reflected  radiation,  such  that  cos(0)  >  0,  requiring  0  <  0  <  7r/2.  Second,  only 
positive  003(7)  contributions  are  permitted  for  the  reflected  radiation,  as  well. 

For  ip  <  7r/2,  there  will  be  a  region  0  <  0  <  0c  where  the  entire  range  of  0  produces 
positive  cosines.  This  region  is  limited  by 

cos('^)  cos(0c)  —  sin('^)  sin(0c)  =  0;  (7.29. A) 

cos('^  —  0c)  =  cos(0c  —  Ip)  =  R,  {7.29. B) 

0^-pj  =  p/2-,  — ^  e^  =  7i/2-pj.  (7.29.C') 

Beyond  the  value  of  0c,  for  each  value  of  0  the  range  of  p  is  given  by  —  Px  <  p  < 
+px,  where  the  cosine  equals  zero  at  the  limits: 


sin('^)  sin(0)  cos{px)  +  cos('^)  cos(0)  =  0; 


cos{±px) 


1 

tan('^)  tan(0) 


(7.30.71) 

(7.30.5) 
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Here,  because  tan(6*)  becomes  infinite  at  6*  =  7r/2,  the  limits  of  (f)^  always  become 
±7r/2  at  the  limiting  edge  of  the  integration  region  (because  a  leaf  oriented  at  an 
angle  6^  >  7r/2  cannot  receive  downward  incident  radiation  on  its  upper  surface). 
However,  this  result  is  only  useful  for  ifj  <  n/2  itself.  For  a  scattering  direction  in 
the  lower  hemisphere  >  7r/2),  there  will  exist  a  minimum  angle  9m  below  which 
there  will  be  no  contribution: 


'r/2. 


(7.31) 


Beyond  this  minimum,  there  will  be  a  region  of  integration  in  beyond  which  the 
cosine  will  become  negative: 


sin('^)  sin(6')  003(03,)  +  cos{ip)  cos(6*) 


COS(±03:) 


1 

tan(0)  tan(6*) 


0; 


{7.32. A) 
{7.32. B) 


This  is  the  same  result  as  before,  except  that  in  the  former  case  tan(0)  was  greater 
than  zero,  so  |0a;|  >  tt/2.  Here,  tan(0)  <  0,  so  103,1  <  tt/2. 


Let  us  then  determine  the  net  scattered  radiation,  R,  arising  from  all  possible  leaf 
orientations  that  contribute  (i.e.,  from  the  full  surface.  A,  of  the  leaves).  We  then 
divide  by  the  total  underlying  surface,  S  =  A/2,  ds  di  normalization  step.  By 
further  dividing  by  the  factor  ap  and  the  incident  flux  I,  the  resulting  function 
will  represent  a  probability  distribution  of  scattering  in  the  given  direction: 

^scat(0)  =  =  ^  [  dA  cos{9)  cos(7)/7r;  (7.33.21) 

ap  1  o  J 
A 

-Pscat(0)  ^  ~  JJ  cos(6')  cos(7)/7r;  (7.33.5) 

where  the  integration  over  the  leaf  surfaces  has  been  replaced  by  an  integration  over 
the  distribution  of  surface  normals  of  the  surface  elements.  The  remaining  step  is  to 
expand  the  003(7)  term  using  the  expression  in  Eq.  7.28,  along  with  the  integration 
limits  described.  These  steps  are  accomplished  in  an  implementing  numerical- 
integration  routine.  Based  on  the  geometry,  we  recognize  that  for  incident 
radiation  from  above,  the  downward-scattered  radiation,  Pscat(7r),  must  equal  zero. 
Conversely,  Pscat(O),  the  backscattering  case,  must  represent  a  maximum  return, 
and  003(7)  reduces  to  just  003(6*),  simplifying  the  math. 
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For  the  backscattering  case, 


1  p27T  /*'^/2 

-Pscat(O)  =  ^  /  d(j)  d9  sin(6')  cos^(6'); 

TT^  Jo  Jo 

=  ^  rile  sin(0)  008^(0)  =  —  ^  0.2122.  (7.34) 

TT  Jo  Svr 

Based  on  this  result,  the  Pscat('0)  numerical  integration  results  have  been  plotted  in 
Fig.  13  in  a  normalized  form  by  dividing  through  by  the  factor  2/(37r). 


Fig.  13  Scaled  and  normalized  reflection  function  Pscat(V')/[2/(37r)] 

Since  Eq.  1.33.B  is  a  general  rule  for  calculating  a  reflection-distribution  function, 
like  the  phase  functions  of  radiative  transfer  theory,  this  function  will  satisfy  the 
normalization  condition. 


27r  J  Pscat(t/’)  sin(V’)#  =  1.  (7.35) 

0 

However,  like  a  phase  function,  Pgcatii’)  only  characterizes  scattering  from  a 
specific  direction  into  a  chosen  direction.  The  results  thus  only  characterize 
outputs  evaluated  as  though  falling  onto  a  surface  perpendicular  to  the  direction 
of  propagation  of  the  scattered  energy,  (ig.  To  use  this  function  in  the  model,  this 
equation  must  be  integrated  out  to  determine  the  net  scatter  of  radiation  from  the 
leaf-layer  into  upward-  and  downward-directed  hemispheric  radiation  flow  streams. 

To  do  so,  one  applies  Pscat('0)  iii  another  integral  over  each  hemisphere  and  weighs 
the  contribution  in  each  scattering  direction  according  to  the  cosine  of  the  radiation 
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in  the  corresponding  direction  (either  +z  for  upward-directed  radiation  or  — i  for 
downward- flowing  radiation). 

To  perform  this  computation,  one  must  first  define  a  quantity  I'  =  I  cos{6r) 
describing  the  vertical  component  of  the  energy  flux  of  incident  radiation  as  it 
arrives  at  the  scattering  layer.  Here  9r  is  again  the  zenith  angle  of  the  approaching 
light  relative  to  the  normal  axis  of  the  scattering  layer  (±i).  For  direct  shortwave 
radiation  this  will  be  given  by  the  solar-zenith  angle.  However,  following  this 
stage,  a  further  step  will  be  used  to  integrate  over  complete  hemispheres  of  input 
streaming  radiation  to  determine  the  scattering  of  diffuse  radiation  into  upward-  and 
downward-directed  streams. 

Second,  to  determine  the  net  stream- wise  fluxes  of  radiation,  a  small  test  patch  of 
foliage  is  placed  at  the  origin  of  coordinates  and  oriented  so  that  the  normal  to  this 
patch  is  in  the  +z  direction.  The  net  vertical  flux  returned  from  this  patch  can  be 
evaluated  by  integrating  over  the  upper  hemisphere  of  radiation  emerging  from  the 
patch  and  determining  its  contribution  in  the  +z  direction  (or  —  i  for  the  radiation 
scattered  into  the  downward  hemisphere). 

Let  us  define  a  direction  ^r  to  describe  the  unit  vector  pointing  into  the  direction 
of  the  incident  direct  radiation,  using  angles  Or  and  (pR  in  the  usual  sense.  For 
radiation  scattered  from  the  surface  patch  into  a  direction  designated  by  a  scattering 
unit  vector  Clg  with  angles  Og  and  (ps,  let  us  assign  the  solid  angle  subtended  about 
this  direction  as 

d^ls  =  sin(6*)  d6*  d(p.  (7.36) 

The  number  of  photons  directed  in  the  direction  is 

ap  I' dAp  Psca,ti^R  ■  ^s)  dils:  (7.37) 

where  dAp  is  the  differential  scattering  surface  area,  such  that  apl'  dAp  is  the 
total  number  of  scattering  photons,  as  guaranteed  by  the  integral  over  all  scattering 
directions  indicated  in  Eq.  7.35. 

The  net  vertically  upward  directed  flux  is  thus, 

2w  7r/2 

^  -Pscat(^R  ■  cos{+6s)  sin(6's)  dOg.  (7.38. A) 

0  0 
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The  downward  directed  flux  is, 

27r  TT 

Fi{0r)  =  J  d4>s  J  apl' dAFPsc^t{^R-^s)cos{-6s)  sm{6s)d6s.  (7.38. S) 

0  n/2 

Dividing  through  by  a  pi'  dA  p  produces  the  vertical  component  of  the  relative 
flux  of  photons  for  the  incident  angle  of  radiation  Op.  A  similar  calculation  can  be 
performed  for  downward-directed  radiation.  Let  these  reflected-radiation  terms  be 
identified  as 

Ruidp)  =  F^{6p)/{ap  r  dAp)]  (7.39. A) 

Rd{0p)  =  F^{ep)/{apFdAp).  (7.39.5) 

For  the  uniform  leaf  distribution  described,  results  are  plotted  in  Fig.  14  that  divide 
the  reflected  radiation  into  an  upward-directed  stream  (red  line),  a  downward- 
directed  stream  (blue  line),  and  a  combined  reflection  total  (green  line)  based  on  the 
incidence  angle  of  the  available  direct  radiation  given  by  the  zenith  angle  varying 
from  zero  (straight  downward  light  source)  to  horizontal  radiation  (arriving  from 
the  horizon). 


Fig.  14  Upward-  and  downward-integrated  scattering-probability  plots  as  functions  of 
incident  radiation’s  zenitb  angle;  green  line  shows  sum  of  upward  and  downward  components. 

Figure  14  provides  much  information.  First,  the  flux  of  energy  reflected  upward 
from  the  leaf  layer  is  seen  to  be  a  slowly  varying  function  of  the  zenith  angle 
up  to  moderate  values.  Hence,  Deardorff’s  assumption  that  surface  reflectance  is 
independent  of  the  radiation  angle  of  arrival  approximately  holds  up  to  moderate 
incident  angles,  but  clearly  fails  for  near-horizontal  incidence. 
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Second,  the  total  reflectance  adds  to  less  than  50%  of  the  incident  radiation,  but  this 
is  similar  to  the  situation  with  Lambertian  reflectors.  There,  recall  that  if  one  were 
to  integrate  over  the  output  solid  angle  of  27r  and  normalize  the  energy,  one  would 
obtain  a  normalization  constant  of  (27r)“^,  as  in  Eq.  7.12;  but,  when  accounting  for 
the  cosine  of  incidence,  for  the  outgoing  energy  to  be  balanced  against  the  incoming 
energy  in  the  case  of  a  100%  reflective  surface  the  normalization  coefficient  must 
be  adjusted  to  7r“\  as  illustrated  in  Eq.  7.13.  Hence,  for  energy-conservation 
purposes  the  results  of  Eqs.  7.38  and  7.39  must  be  normalized  by  the  sum  of  the 
upward-  and  downward-directed  fluxes  (the  green  line  in  Eig.  14).  Once  this  effect 
is  accounted  for,  the  resulting  reflection  curves  are  expressed  as  shown  in  Eig.  15. 
These  normalized  forms  can  be  expressed  as 

Ru{0r)  =  Ru{0r)/[Ru{0r)  +  Rd{0r)];  (7.40.21) 

Rd{0r)  =  Rd{0  r)  /  [Ru{d  r)  +  RoidR)]-  (7.40. S) 


Fig.  15  Normalized  hemispherical  reflection  curves,  given  scattering  occurs  into  the  upward 
(red)  and  downward  (blue)  hemispheres. 

Now,  leaves  transmit  as  well  as  reflect  radiation  in  the  shortwave  (solar)  band.  To  a 
first  order  of  approximation  we  can  model  such  transmissions  as  producing  outputs 
that  are  Eambertian  in  distribution  in  the  same  pattern  as  the  reflected  radiation.  But, 
therefore,  if  it  is  assumed  that  whatever  does  not  reflect  will  transmit  (by  ignoring 
absorptions),  then  one  may  immediately  write  transmission  factors  equivalent  to  the 
reflection  factors,  as, 

Tu{^r)  =  Rd{(^r)', 

Td{0r)  =  Ru{0r). 
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(7.41.21) 

(7.41.5) 


The  data  set  corresponding  to  the  normalized  reflection  functions  of  Fig.  15 
can  next  be  used  to  determine  the  integrated  mean  reflectivity  coefficients  for 
incident  diffuse-streaming  radiation.  To  use  the  terminology  of  satellite  radiometry, 
this  involves  determining  the  effects  of  the  foliage  distribution  on  white  sky 
incident  radiation.  And,  by  reciprocity,  once  the  backscattering  statistic,  Rdb,  has 
been  determined,  the  forward-hemisphere  scattering  statistic,  RdfA^  immediately 
computed  via  the  normalization  Rob  +  Rdf  = 

These  quantities  are  determined  by  integration  over  the  incident  radiation’s  solid 
angle,  accounting  for  the  cosine  of  the  incident  radiation,  and  averaging  the 
outgoing  radiation  over  each  hemisphere. 

7v/2 

if 

=  -  /  (27r)  cos(0i)  Ru{0i)  dhi  =  0.7222,  (7.42.A) 

71  J 
0 

Tr/2 

=  -  /  (27r)  cosiOi)  Roiei)  dOi  =  0.2778.  (7.42.5) 

TT  J 
0 

In  a  similar  correspondence  with  the  transmission  factors,  we  may  also  write 

Top  =  Rob  =  0.2778;  (7.43.A) 

Tob  =  Rdf  =  0.7222.  (7.43.5) 

This  completes  the  evaluation  of  the  statistics  of  reflection  and  transmission  from  a 
single  sublayer  of  the  foliage  canopy.  In  the  next  section  these  single-layer  statistics 
are  used  to  sum  the  aggregate  behavior  of  a  complete  foliage  layer  using  the  multi¬ 
layer  model  described  in  Section  7.3. 

7.5  Foliage  and  Surface  Aggregate  Radiation  Properties 

In  the  previous  section  a  group  of  computations  was  performed  to  evaluate  the 
reflective  and  transmissive  behaviors  of  a  thin  layer  of  foliage  characterized 
by  a  uniform  leaf-orientation  distribution.  However,  as  illustrated  in  Fig.  12, 

to  adequately  characterize  the  behavior  of  foliage  layers  with  surface  covering 

fractions,  ap,  in  excess  of  approximately  0.2,  a  multilayer  model  is  necessary  to 
achieve  observed  values  of  Tp  exceeding  4.0  corresponding  to  cultivated  crops 
(7.0)  or  other  moderate-to-dense  foliage  conditions. 

To  handle  such  surfaces,  the  statistics  of  scattering/transmission  from  a  single  thin 
layer,  as  computed  in  the  previous  section,  must  be  introduced  into  a  scattering 
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model  consisting  of  multiple  plane-parallel  foliage  sublayers.  Such  multiple 
scattering  techniques  have  been  well  established  for  radiative  transfer  applications. 
Examples  such  as  the  doubling  method  and  discrete-ordinates  techniques  are 
generally  necessary  because  aerosol  and  molecular  scatterers  within  the  atmosphere 
can  be  highly  reflective.  It  is  not  the  purpose  of  this  section,  however,  to  review, 
endorse,  or  adopt  any  of  these  techniques.  Rather,  since  foliage  and  soil  surfaces 
are  moderately  to  highly  absorbing,  simplified  methods  can  be  adopted  that  attempt 
to  model  such  reflections  and  transmissions  using  simpler  techniques. 

To  put  this  issue  in  perspective,  recall  that  Deardorff’s  (1978)  model  of  surface 
reflectances  ignored  the  issue  of  multiple  scattering  between  the  foliage  and 
ground  surfaces  altogether.  Hence,  any  development  in  this  area  should  provide 
a  substantive  improvement  in  the  current  state  of  the  art. 

To  begin  the  process  of  formulating  such  a  reflection/transmission  model  for  the 
flow  of  radiation  within  the  surface  interface,  let  us  begin  by  focusing  on  shortwave 
radiation  components.  In  this  model,  let  us  assume  that  the  incident  shortwave 
radiation  can  be  approximated  by  2  components:  The  first  is  a  direct  component 
consisting  of  radiation  propagating  through  the  atmosphere  that  appears  to  be 
streaming  from  the  solar  disk  itself  and  arrives  at  the  surface  from  an  incident 
zenith  angle  Or  measured  relative  to  the  vertical  axis  (-f2).  A  second  component 
is  modeled  as  the  diffusely  scattered  radiation  arriving  from  the  remainder  of 
the  sky,  approximated  as  a  Lambertian  source  {white  sky  radiation  component) 
produced  by  the  scattering  of  solar  radiation  from  molecular  (Rayleigh  scattering) 
and  aerosol  atmospheric  constituents.  (Components  were  derived  from  the  Shapiro 
[1972]  model.) 

The  white-sky  diffuse-radiation  component  will  appear  as  an  input  at  the  top  of  the 
layered-foliage  model.  The  diffuse  radiation  then  passes  through  the  foliage  layer 
via  multiple  reflections  and  transmissions  between  layer. 

In  contrast,  direct  radiation  must  be  passed  down  into  the  sublayer  model, 
initializing  each  level  since  the  direct  radiation  will  use  the  direct-to-diffuse 
transformation  rule;  on  the  other  hand,  the  diffuse-to-diffuse  radiation  begins  by 
using  the  stream  rule  from  the  outset.  Following  the  initialization  procedure,  the 
streaming  secondary  radiation  is  multiple- scattered  through  the  sublayer  model  as 
secondary-source  terms  between  the  model  layers,  plus  a  final  surface  reflection. 
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In  either  case,  the  model  is  run  until  all  of  the  energy  is  exhausted  from  the  system 
by  multiple  absorption  events.  At  each  iteration,  the  amount  of  energy  removed 
by  each  layer  is  computed  to  determine  whether  the  ground  surface,  leaf  layer,  or 
atmosphere  are  the  ultimate  recipients  of  the  energy.  Tabulated  results  can  then  be 
generated  for  each  of  the  various  energy  forms  passing  through  the  interface  layer. 
The  diffuse  radiation  will  depend  only  on  the  variables  ap,  cip,  and  ac,  while  the 
direct  radiation  contributions  will  also  depend  on  9r. 

Nominally,  the  value  of  ap  is  set  to  0.2,  but  this  is  understood  to  be  effective 
layer  reflectance  of  the  foliage.  Since  the  leaves  are  both  forward  and  backward 
scattering,  as  well  as  transmissive,  it  will  be  necessary  to  perform  numerical 
experiments  to  find  effective  leaf  transmission  and  reflection  coefficients  that 
produce  the  appropriate  aggregate  layer  reflectance  of  0.2. 

Complicating  this  process  is  the  fact  that  leaves  exhibit  significant  variations  in 
spectral  reflectivity.  Below  0.80  /r,  in  the  visible  band,  foliage  reflectance  is  low  and 
focused  in  the  green  portion  of  the  spectrum  around  0.55  /rm.  Beyond  0.80  /i,  the 
reflectivity  of  leaves  increases  dramatically,  at  times  exceeding  0.60,  depending  on 
the  sample  tested.  Neu  et  al.  (1990)  collected  numerous  sets  of  spectral-reflectivity 
data  for  both  freshly  cut  and  dry  leaves,  plotting  them  in  great  detail  in  their 
report.  However,  the  data  provided  are  at  times  contradictory  and  do  not  provide 
a  single  easily  accessible  result  usable  in  the  present  model.  Hence,  equivalent 
leaf  reflectance  and  transmittance  had  to  be  interpreted  from  the  curves  provided 
and  guided  by  the  net  result  expected  (0.20).  Certainly  better  models  are  possible, 
but,  given  the  cost  in  time  and  effort  to  accumulate  such  information  and  account 
for  special  cases,  it  is  outside  the  current  scope  of  the  work.  Instead,  a  simplified 
approach  was  adopted.  Through  examination  of  Neu’s  findings,  spectrally  averaged 
values  of  reflectance  and  transmittance  were  inferred.  Numerical  experiments 
performed  using  the  multilayer  foliage  model  further  confirmed  these  coefficients. 
Values  selected  were 

ap  ^  0.325;  7f  ~  0.175.  (7.44) 

where  7^?  is  the  leaf-surface-transmittance  coefficient.  And,  of  course,  these  results 
are  subject  to  further  verification. 

To  model  the  propagation,  scattering,  and  reflection  effects  in  model  terms,  4’'|-(*) 
and  $4(i)  were  defined  as  flowing,  diffuse  energy  streams  arriving  at  layer  i 
from  below  and  above,  respectively.  Then,  the  A(i)’s  were  used  to  denote  the  net 
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fractional  energy  absorbed  at  each  layer  i.  Initially,  these  quantities  were  set  to 
zero.  As  the  model  iterated,  the  A(i)’s  were  updated  to  account  for  all  the  energy 
absorbed  by  the  layer,  so  far,  in  the  computation. 

The  model  constructed  to  evaluate  these  results  used  100  foliage  sublayers  to 
simulate  scattering  from  the  foliage  with  sufficient  fidelity  to  model  cases  of  <7^ 
up  to  0.975.  Let  M  =  100  denote  the  number  of  layers,  indexed  by  i  to  denote  the 
sublayers,  plus  a  layer  at  i  =  0,  corresponding  to  the  ground  surface. 

From  Eq.  7.16.5,  the  foliage  fraction  in  each  sublayer  is  given  by 

a,  =  (7.45) 

For  use  in  the  main  SEE  model,  direct  radiation  results  were  tabulated  at  a  series  of 
different  incidence  angles,  while  diffuse  radiation  calculations  could  be  made  for  a 
single  pass  through  the  layer  from  above  for  each  combination  of  ap  and  ac- 

Since  it  is  the  simpler  case,  let  us  consider  the  diffuse  calculation  first.  Eet  the 
nominal  incident  net  flux  at  the  top  of  the  foliage  layer  be  given  by 

$^(100)  =  1. 

The  remaining  fluxes  were  initially  set  to  zero.  Following  initialization,  the 
following  iterative  rules  were  applied: 


+  1)  —  {ap  Rp)B  +  7f  Tps)  <Js 

+  {ap  Rp)p  +  Tp,p)  as 

+  (l-a,)$t(*),  (7.46.A) 

~  1)  =  i^F  Rdb  +  'If  Tub)  as 
+  (0;^  Rdf  +  If  Tdf)  (^s 

+  (l-a,)$^(*).  (7.45.5) 

The  components  were  updated  in  a  separate  array  to  ensure  conservation  of 
energy.  Note  that  and  the  R  parameters  always  appear  together,  as  do  the  7^  and 
T  parameters. 
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A  separate  rule  was  used  to  update  the  ground-refleeted  energy: 

$;(!)  =  aG$^(0).  (7.46) 

Following  each  update  of  the  streaming-radiation  components,  the  energies 
absorbed  in  each  layer  and  at  the  ground  were  updated,  using 

A'{i)  =  A{{)  +  -  1)  -  +  1),  (7.47.A) 

A'(0)  =  A(0)  +  $|(0)-$),(1).  (7.47.5) 

Lastly,  the  energy  escaping  back  into  the  atmosphere  at  the  top  of  the  model  was 
evaluated  by  accumulating  the  output  energy  via 

5' =  5  + $-,.(101),  (7.48) 

where,  again,  E  is  initialized  to  zero. 

After  each  iteration  of  the  equation  set  above,  the  updated  primed  values  were 
copied  into  the  prior  flux  array  so  the  process  could  be  iterated.  Each  iteration 
deposits  energy  into  the  absorbed-energy  and  escaped-energy  bins  while  removing 
energy  from  the  $  array  until  it  eventually  becomes  exhausted.  At  that  point  the 
calculation  is  finished  and  the  energy  absorbed  in  the  foliage  sublayers  can  be 
summed  to  determine  the  net  energy  absorbed  by  the  foliage;  the  A(0)  value 
corresponds  to  the  energy  absorbed  by  the  ground;  and  E  corresponds  to  the  net 
energy  reflected  back  into  the  atmosphere.  By  setting  the  initial  input  energy  to 
unity,  the  resulting  sums  are  also  equivalent  to  the  net  transfer  coefficients  of  the 
downward-directed  diffuse  streaming  energy  into  the  foliage  {Ap)  and  the  ground 
{Ag)  and  the  portion  reflected  back  to  the  atmosphere  {Rs,  sky  reflected). 

A  set  of  diffuse  reflection  results,  using  ap  =  0.325  and  '^p  =  0.175,  for  a  range  of 
surface-reflectance  coefficients,  ac,  from  0.05  through  0.25,  are  plotted  in  Fig.  16. 

Notice  that  the  resulting  curves  indicate  a  net  foliage-layer  sky  reflectance  of 
approximately  0.20  as  ap  — )■  1.  This  occurs,  even  though  ap  =  0.325,  because 
of  the  multiple  scattering  of  light  between  the  different  leaf  sublayers.  Much  of 
the  light  tends  to  penetrate  through  several  layers  before  encountering  a  reflection 
surface.  But  once  the  light  enters  the  canopy,  it  cannot  directly  reflect  back  out,  due 
to  partial  blocking  by  vegetation  above  the  reflection  layer.  A  portion  of  the  blocked 
light  is  then  absorbed. 
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Fig.  16  Diffuse  radiation  absorption  and  reflection  results  obtained  for  varying  soil  albedo,  ac, 
and  foliage  fraction,  ap,  for  foliage  reflectivity,  ap  =  0.325,  and  transmissivity,  ')p  =  0.175. 
Red  curves  denote  fractional  energy  absorbed  by  the  ground,  Aq",  green  curves,  Ap,  show 
fractions  absorbed  by  foliage;  blue  curves,  as,  show  sky-reflection  fractions. 


Results  were  ealeulated  up  to  ac  =  0.95  to  support  interpolation  of  surfaee 
conditions  in  the  SEE  model.  Note  also  that  these  diffuse  results,  in  combination 
with  the  direct-radiation  results,  such  as  the  red  line  of  Fig.  14  that  exceeds  0.20, 
produce  a  net  reflectivity  of  approximately  0.20  even  though  the  results  in  Fig.  16 
fall  below  0.20  as  cxi?  — >■  1. 

Next,  consider  the  case  of  direct  radiation.  The  same  leaf-surface  reflection  and 
transmission  factors  will  be  used  for  the  scattered  diffuse  radiation.  However,  for 
initialization  purposes,  the  direct-to-diffuse  reflection/transmission  results  are  used. 

To  initialize  the  calculations,  the  amount  of  net  flux  is  again  set  to  1.0  at  the  top  of 
the  surface  layer.  This  net  flux  is  then  distributed  among  the  model  sublayers  and 
the  i  =  0  ground  layer.  Because  1.0  is  the  net  flux,  the  solar- zenith  angle  cosine 
term’s  effect  has  been  transferred  outside  the  present  calculation’s  results. 

To  perform  the  initialization,  we  must  determine  which  fraction  of  the  net  flux  is 
delivered  to  each  layer  for  further  scattering/transmission.  Recall  from  Eq.  7.20 
that  the  direct  radiation  transmittance  to  the  surface  depends  on  =  cos{9ji).  From 
Eq.  7.16,  the  noninteracting  portion  of  the  net  flux  that  is  transmitted  through  the 
layered  foliage  to  the  top  of  any  particular  layer  can  be  calculated  as 

T(i)  =  (1 (7.49) 
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Hence,  for  i  =  0,  the  ground  sees  the  effect  of  the  full  foliage  layer,  while  at  i  = 
100,  the  top  layer  sees  no  foliage-related  energy  loss. 

Consistent  with  this  result  is  use  of  a  net  transmittance  for  a  single  layer  given  by 

=  (7.50) 

We  shall  also  use  the  variable  xi  =  (1  —  t"!)  to  denote  the  net  fractional  energy  lost 
as  the  direct  beam  passes  through  any  given  sublayer.  If  ag/jJ-  1,  then  Eq.  7.51 
can  be  solved  using  the  approximation  {l—xY  1—px...,  such  that  ti  1  —  //i 

and  xi  ~  But,  in  general  may  not  be  small,  particularly  as  Or  — )■  7r/2. 
Hence,  we  use  the  full  equation  for  xi- 

Based  on  these  layer  results,  the  upward-  and  downward-streaming  diffuse  fluxes 
can  be  initialized  by  multiplying  the  radiation  reaching  each  layer  by  the  direct-to- 
diffuse  scattering  fraction  calculations  from  Section  7.4.  Iterating  from  i  =  1  to 
i  =  100,  we  set 

-f  1)  [ap  Ru{0i)  -f  Ti[{6i)]  xi  T(i), 

“  1)  V^F  RoiOi)  +  7f  TniOi)]  XiT{i). 

A{i)  ^  {I- ap -XF)XiT{i).  (7.51) 

In  addition  to  the  internal  initializing  conditions,  the  values  on  the  edges  of  the 
arrays  were  set  using 

$l(0)  ^  $1(0)  +T(0), 

$t(0)  ^  $t(l)  ^ 

71(0)  ^  0, 

E  ^  $-^(101), 

$-,.(101)  ^  0,  (7.52) 

in  the  order  specified.  A  portion  of  the  incident  solar  energy  has  thus  been  absorbed 
and  the  rest  converted  into  diffuse  radiation  in  the  energy-flux  bins  of  the  sub¬ 
layer  model.  Once  initialized,  the  iteration  process  of  Eqs.  7.44  through  1 A1  is 
immediately  applicable. 
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The  same  resolution  of  computations  is  used  for  each  solar-zenith  angle  as  the 
previous  diffuse  results.  However,  rather  than  stepping  through  zenith  angles 
uniformly,  a  stepping  method  was  developed  where  /i  =  exp(— F^),  and  V  was 
stepped  between  0.0  and  2.0  in  increments  of  0. 1 .  The  zenith  angles  achieved  ranged 
from  0.0°  to  88.95°,  yielding  a  database  of  approximately  16,000  results. 

Given  the  size  of  the  resulting  database  it  will  be  difficult  to  illustrate  more  than 
a  minimal  portion  of  the  full  results.  Some  concept  of  the  variability  produced 
by  the  model  can  be  grasped  from  the  following  2  graphs.  Figure  17  illustrates 
the  varying  layer  reflectivity  (Rs)  as  a  function  of  the  solar  altitude  above  the 
horizon  for  a  series  of  ground  reflectivities  ac  in  the  common  range  of  0.00  to 
0.20,  for  varying  foliage  fraction  <jj?.  The  results  obtained  show  similarities  to  the 
behaviors  of  measured  layer  reflectivities  for  foliage  canopies,  such  as  presented  in 
Oke’s  Fig.  4. 12  (1978).  That  figure  plotted  several  foliage-canopy-reflectivity  series 
for  various  forest  types,  grass,  and  kale  as  functions  of  increasing  solar- altitude 
angle  above  the  horizon.  The  graphs  showed  marked  increases  in  reflectivity  as 
solar  altitude  fell  below  40°.  Reasonable  agreement  was  found  between  Fig.  17’s 
ac  =  0.0,  ap  =  0.5  curve  (in  this  report)  and  Oke’s  oak-forest-canopy  curve, 
and  also  between  any  of  the  ac  =  0.2  cases  and  Oke’s  kale-crop  curve.  A  good 
agreement  with  Oke’s  grass  case  should  also  be  possible  but  using  a  higher  ac 
value  than  assigned  in  this  model. 

A  second  set  of  results  plotted  in  Fig.  18  shows  the  decomposition  of  the  fractional 
energy  absorbed  by  the  ground  (red  curves)  and  foliage  layer  (green  curves)  and  sky 
reflected  energy  (blue  curves)  for  varying  solar-zenith  angles  as  parameterized  by 
V  varying  from  0.0  to  2.0  in  increments  of  0.5.  Obviously,  for  the  V  =  2.0  curves 
the  sun  is  very  close  to  the  horizon  and  the  resulting  curves  exhibit  rather  extreme 
behaviors.  For  all  these  curves  ac  has  been  set  to  0.00  to  isolate  the  reflection 
properties  of  the  foliage. 

A  key  observation  in  these  graphs  is  that  the  V  =  0.0  and  V  =  0.5  curves, 
representing  overhead  direct  illumination  and  radiation  arriving  at  a  zenith  angle 
of  52°,  respectively,  are  shown  to  bracket  the  value  0.20,  which  is  the  expected 
reflectance  from  a  foliated  layer.  Thus,  we  return  to  the  finding  that  these 
calculations  fit  within  the  overall  concept  of  an  expected,  mean  layer  reflectivity 
of  0.2  —  though  illustrating  the  variability  of  results  when  zenith  angles  close  to 
the  horizon  are  present. 
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Solar  Altitude  (degrees) 


Fig.  17  Behavior  of  surface-layer  reflectivity  of  foliated  layers  of  different  surface  fractions  ap 
as  functions  of  ground  reflectivity  aa  and  as  a  function  of  the  solar  altitude  in  degrees 
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Fig.  18  Direct-radiation  transmission  factors  to  the  ground  (red  lines),  foliage  (green  lines), 
and  sky-reflected  (blue  lines)  for  variable  ctf  at  a  range  of  solar-zenith  positions  parameterized 
by  Y,  for  constant  ac  =  0.00 
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This  completes  the  shortwave-radiative  ealeulations.  We  next  eonsider  3  types  of 
diffuse  radiative  fluxes  assoeiated  with  long-wave  (infrared:  IR)  radiation.  The 
first  is  downward  long-wave  radiation  arriving  at  the  top  of  the  surface  interfaee 
and  using  the  same  eomputational  engine  and  method  as  previously  deseribed 
for  the  short-wave  downward  diffuse  flux.  (The  only  differenee  is  the  relative 
reflectivities  used  for  the  soil  surface  and  the  foliage.)  The  second  is  upwelling 
radiation  emerging  from  the  ground.  The  third  is  radiation  emitted  by  the  foliage 
layer  in  both  the  upwelling  and  downwelling  directions. 

The  nominal  IR-foliage  statistic  for  bulk  emissivity  is  0.95  (layer  IR  albedo  of 
0.05).  Similar  to  the  shortwave  ealeulations,  an  adjusted  leaf  emissivity  must  be 
introdueed  to  produee  this  bulk  effeet.  The  value  seleeted  was  ep  =  0.87.  Using 
this  value,  a  full  set  of  eomputed  results  Ac,  Ap,  and  Rs  were  produced  for  the 
downward  long-wave  ease.  A  subset  of  results  is  plotted  in  Fig.  19. 


Fig.  19  Diffuse  IR-radiation  absorption  and  reflection  results  equivalent  to  the  cases  plotted 
in  Fig.  16,  but  using  altered  foliage-albedo  value  =  0.13  (ei?  =  0.87) 


Next,  again  using  ap  =  0.13,  we  eonsider  radiation  emitted  from  the  ground  as 
the  source.  Setting  the  initial  value  of  the  upward-welling,  diffuse  radiation  from 
the  surface  to  a  normalized  1.0  produeed  outputs  eorresponding  to  normalized 
multipliers  that  can  be  used  to  seale  computed  ground  IR  radiation  given  by 
eccrTQ  (where  a  is  the  Stefan-Boltzmann  eonstant).  A  portion  of  the  outputs 
of  this  ealeulation  are  plotted  in  Fig.  20.  Note  that  the  sky-output  variable  has 
been  renamed  Es  eorresponding  to  an  effective  surface-layer  emissivity  into  the 
atmosphere,  as  opposed  to  ealling  it  a  reflectanee  factor,  since  in  this  ease  there  is 
no  incident  radiation  to  refleet. 
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Fig.  20  Diffuse  IR-radiation  absorption  and  emission  results  similar  to  the  cases  plotted 
in  Fig.  16,  but  using  altered  foliage  albedo  aF{iR)  =  0.13  (e^  =  0.87)  for  ground-emitted 
radiation  and  plotting  sky  emissivity,  Es,  rather  than  reflectivity,  Rs 


Finally,  the  foliage  layer  ean  be  seleeted  as  the  radiation  souree.  Radiating  energy 
is  initialized  in  both  upward-  and  downward-welling  direetions  from  eaeh  foliage 
layer.  Eaeh  radiation  eomponent  is  set  to  as,  assoeiated  with  the  relative  layer- 
surfaee-area  from  whieh  the  normalized  radiation  emerges.  This  ehoiee  is  made 
sueh  that  the  resulting  flux  fraetions  ean  be  multiplied  hy  ep  a  Tp,  using  ep  =  0.87, 
to  generate  the  net  fluxes  from  the  layer.  The  results  of  these  ealeulations,  for  a 
range  of  ac  and  ap  values,  are  plotted  in  Fig.  21. 


Fig.  21  Diffuse  IR-radiation  absorption  and  reflection  results  equivalent  to  cases  plotted  in 
Fig.  18,  using  foliage  albedo  ap  =  0.13  (ep  =  0.87);  radiation  originates  in  foliage  layer 
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In  contrasting  the  results  plotted  in  Fig.  21  with  those  of  Figs.  19  and  20,  at  least  2 
characteristics  are  self-evident.  The  first  regards  sources  and  sinks:  In  both  Figs.  19 
and  20  the  radiation-source  regions  receive  the  least  feedback  of  energy.  This  is 
a  factor  of  the  low  reflectivity  coefficients  involved.  This  observation  is  also  true 
at  low  ap  values  in  Fig.  21.  However,  ds  a p  increases,  the  foliage  surface  area 
increases  rapidly.  Much  of  the  radiation  then  becomes  self-absorbed  by  the  foliage 
itself.  As  a p  approaches  1  this  value  increases  up  to  5.5  times  the  amount  of 
radiation  that  escapes  from  the  canopy.  Hence,  the  second  unique  feature  is  that  the 
system  is  no  longer  normalized  to  unity  (sum  of  the  3  components  approximately 
equals  1.0),  but,  rather,  reflects  the  unnormalized  surface  area  of  the  foliage  per 
square  meter  of  underlying  soil,  consistent  with  the  foliage  surface  area  Np.  This 
model  thus  appears  to  be  a  good  surrogate  for  modeling  the  microclimate  of  a 
thickly  foliated  layer. 

Figure  21  also  reveals  that  the  sky-emitted  output  is  greater  than  the  one-to-one 
line  such  that  the  effective  emissivity  exceeds  the  0.87  value.  For  example,  the  sky 
output  equals  1.0  at  approximately  a  =  0.92.  Thus,  the  effective  emissivity  at  that 
point  is  0.87/0.92  =  0.945,  close  to  the  bulk  emissivity  of  0.95. 

To  conclude,  the  foliage-layer  model  developed  produces  bulk  properties  that 
correspond  to  various  reported  behaviors  associated  with  deciduous  trees,  grasses, 
and  crops,  but  somewhat  dissimilar  to  behaviors  of  alternative  leaf  structures  (pine 
forests,  etc.).  Hence,  the  model  developed  would  be  appropriate  for  desert  grasses, 
low  weeds,  yucca,  creosote,  mesquite,  savannas,  and  steppe  terrains.  The  model 
would  be  less  appropriate  for  desert  cacti  such  as  saguaro,  agave,  and  ocotillo  that 
are  relatively  thicker  and  less  leaf-covered.  The  diffuse  calculations  similarly  appear 
to  have  good  performance  using  the  albedos  and  emissivities  chosen  to  produce  the 
expected  aggregate  behaviors. 

To  use  the  results  obtained,  tables  generated  for  given  values  of  0;^  and  ep 
are  combined  with  variable  ac,  ec,  and  solar-zenith  parameterization  in  an 
interpolation  routine  for  the  5  scattering/transmission  scenarios  described.  In 
addition,  equations  using  Np,  T p,  ap,  and  ep  —  Eqs.  2.2I.A,  2.21.5,  2.22,  5.25, 
and  5.31  —  must  use  the  reassigned  values. 
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8.  Atmospheric  Infrared  Radiative  Fluxes 


This  chapter  focuses  on  the  influence  of  atmospheric  IR  radiation  on  the  Surface 
Energy  Budget  (SEB)  as  well  as  heating  of  the  boundary-layer  atmosphere  by 
IR  energy  in  general.  In  so  doing,  we  attempt  to  avoid  the  general  discussion  of 
radiative  fluxes  within  the  overall  atmosphere  as  this  is  the  subject  of  many  other 
research  projects  and  applications.  Examples  include  Goody  and  Yung  (1961),  Eiou 
(1980),  Stephens  (1994),  and  Thomas  and  Stamnes  (1999).  Concurrently,  models 
of  atmospheric  propagation  such  as  EOWTRAN  and  MODTRAN  developed  by 
the  US  Air  Eorce  Research  Eaboratory  increased  in  complexity  from  100  cm“^  per 
channel  of  spectral  resolution  to  1  cm“^  spectral  resolution,  to  a  15-component 
correlated-k  calculation  per  wave-number  channel. 

Our  focus  is  on  the  boundary  layer  and,  more  specifically,  the  surface  layer.  Since 
our  main  concern  is  solar  loading,  a  simpler  model  will  be  developed  as  we  are 
not  interested  in  the  detailed  inner  workings  of  the  upper  atmosphere.  Critically, 
we  are  concerned  with  the  surface  interface  where  the  influence  of  atmospheric 
radiation  directly  augments  the  impact  of  solar  direct/diffuse  radiation.  In  this 
model  the  effort  was  made  to  follow  Deardorff,  in  the  sense  of  providing  a 
simple  expression  for  the  downward-longwave  radiation  such  that  one  could  avoid 
activating  a  complex  radiative-transfer  code.  This  is  based  largely  on  the  available 
information,  which  this  model  assumes  is  minimal,  but  could  be  linked  into  a 
higher-resolution  model  such  as  the  Air  Eorce’s  EEEDR  model  (e.g.,  Eiorino  et 
al.  2014).  We  therefore  start  with  the  expression  introduced  by  Deardorff  (1978) 
involving  use  of  Staley  and  Jurica’s  (1972)  atmospheric-emissivity  model.  We  then 
upgrade  this  model  through  use  of  vertical  temperature- structure  models  developed 
in  Chapter  6,  in  combination  with  radiative-flux  calculations  performed  based  on 
atmospheric-emissivity  data  derived  from  the  MODTRAN-4  code. 

Using  a  more  complete  radiative-transfer  model  described,  calculations  were 
performed  to  determine  the  radiative  flux  passing  downward  from  the  base  of  the 
surface  layer  into  the  surface  interface,  at  the  top  of  the  boundary  layer  upward, 
and  both  upward  and  downward  at  an  interface  between  the  boundary  layer  and  the 
surface  layer.  In  such  a  way  the  balance  of  energy  fluxes  entering  and  leaving  the 
different  regions  of  the  modeled  volume  (boundary  layer  and  surface  layer)  could 
be  approximately  tracked. 
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8.1  Review  of  Deardorff's  Long-Wave  Radiation  Model 


In  his  groundbreaking  paper,  Deardorff  (1978)  brought  together  a  suite  of  methods 
developed  across  the  research  spectrum  to  compute  the  SEB.  One  of  these  was  the 
atmospheric-emissivity  model  of  Staley  and  Jurica  (1972)  that  Deardorff  used  to 
formulate  a  net  long-wave  downward  flux  of  IR  radiation  at  the  top  of  the  foliage 
layer,  expressed  as 


Rhi  = 


ac +  (l-frc)  0.67  (1670  ga) 


0.08 


(jT 


A) 


(8.1) 


where  ac  is  the  fractional  cloud  cover,  qa  is  the  specific  humidity,  a  is  the  Stefan- 
Boltzmann  constant,  and  is  the  air  temperature  in  Kelvin.  The  main  Staley  and 
Jurica  (1972)  contribution  to  this  formulation  was  the  atmospheric  emissivity  given 
by 

e^  =  0.67  (1670  (8.2) 

The  first  element  to  note  is  that  Eq.  8.1  appears  to  be  wired  wrong.  That  is, 
experience  with  atmospheric  IR  radiation  suggests  that  emissions  from  a  humid 
atmosphere  occur  from  molecules  within  a  relatively  short  distance  of  the  level  of 
measurement;  that  IR  radiation  reaching  the  ground  appears  to  arise  from  molecules 
within  approximately  the  first  10  m  AGE.  We  know  this  because  the  emissivity  of 
the  air  is  often  greater  than  80%,  but  the  temperature  used  to  characterize  the  flux  is 
simply  the  air  temperature  T^.  Emissivity  values  this  high  could  not  be  achieved  if 
the  energy  arose  from  molecules  much  farther  from  the  surface  since  then  Ta  would 
be  an  inappropriate  temperature  (too  high)  to  use. 

Given  this  observation,  radiation  from  higher  in  the  atmosphere  must  be  heavily 
absorbed  by  the  air  within  the  first  10  m  AGE,  except  in  what  are  known  as 
atmospheric  window  regions.  Hence,  it  should  be  that  the  atmospheric  emissivity 
becomes  a  limiting  factor  restricting  the  near-blackbody  radiation  arising  from 
the  cloud  base;  it  should  not  restrict  the  near-surface  atmospheric  radiation  from 
reaching  the  surface  based  on  the  available  cloud  cover,  as  parameterized  by 
available  cloud  fraction  ac-  Thus,  the  first  correction  to  the  downward,  long-wave 
radiative  flux  involves  rewriting  this  function  in  the  form, 

-f  (1  -  ca)  (TcctT^.  (8.3) 
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In  addition  to  filtering  the  incident  long-wave  energy  arising  from  the  cloud  base, 
we  also  introduce  a  new  temperature  parameter  Tc  to  denote  the  cloud  temperature. 
To  approximate  the  value  of  Tc,  some  simple  rules  are  generated  based  on  Tc,  Zj 
and  the  cloud  type  indicated  by  the  user  (low,  medium,  or  high  clouds). 

The  more  significant  unknown  to  be  addressed  regarding  the  IR  radiation  is  the 
appropriate  form  for  modeling  the  atmospheric  emissivity,  e^.  One  notes  that  the 
expression  for  €a  given  in  Eq.  8.2  approaches  zero  at  zero  atmospheric  humidity. 
Hence,  we  know  that  this  form  ignores  the  effects  of  carbon  dioxide  (as  well  as 
those  of  oxygen,  nitrogen,  and  all  other  dry  gases).  This  suggests,  at  minimum, 
a  reanalysis  of  atmospheric  emissivity  is  needed.  In  addition,  we  shall  consider 
various  temperature  scenarios  in  these  calculations. 

8.2  Downward  Long-wave  Radiation  Calculation  Re-evaluation 

In  addition  to  the  Staley  and  Jurica  (1972)  parameterization  of  the  atmospheric 
emissivity,  in  the  early  1980s  a  parallel  study  of  the  SEE  was  conducted  by  the 
US  Army  Waterways  Experiment  Station,  Vicksburg,  Mississippi,  for  the  US  Army 
Corps  of  Engineers.  This  study  (Balick  et  al.  1981)  based  its  long-wave  atmospheric 
downward  flux  on  an  emissivity  expression  by  Sellers  (1965),  written, 

~  0.61  +  0.050  v^,  (8.4) 

where  is  the  water-vapor  pressure  in  millibars. 

Clearly,  these  2  emissivities  in  Eqs.  8.2  and  8.4  will  predict  different  behaviors, 
particularly  based  on  their  conflicting  exponential  dependence  and  Sellers’  use  of  a 
zero-humidity  offset  of  0.61  versus  Staley  and  Jurica’s  lack  of  any  offset. 

Therefore,  a  complete  reanalysis  was  performed.  Through  this  reanalysis  we 
compare  results  obtained  via  a  spectral  integration  against  these  2  models.  In  the 
process  we  consider  whether  the  heights  we  have  chosen  for  characterizing  the 
surface  layer  (Zt  or  Za)  and  the  characteristic  temperature  Ta  are  reasonable  for 
modeling  the  long-wave  fluxes  to/from  the  atmosphere  (and  are  characteristic  of  the 
radiative  temperature,  as  well). 

8.3  Numerical  Radiative-Transfer  Calculation 

To  make  the  comparison,  a  numerical  radiative-transfer  calculation  can  be 
performed  for  a  range  of  initial  air  temperatures,  pressures,  and  humidities.  Eet 
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US  first  denote  by  k  the  radiation  wave  number,  k  =  2ti/\.  For  reference  purposes, 
most  radiation  calculations  can  be  performed  relative  to  that  of  a  blackbody  source. 
For  such  a  source,  the  number  of  photons  per  unit  wave  number  interval  per  unit 
volume  is  given  by 


hck  1.43879  A; 

^  ir2  (e*-!)’  ^  ^  ^  f 


(8.5) 


where  h  =  h/2Ti,  h  is  Planck’s  constant,  c  is  the  velocity  of  light  in  vacuum,  ks  is 
Boltzmann’s  constant,  and  T  is  the  absolute  temperature  in  Kelvin  (Wolfe  1989), 
and  k  =  A;/(200  7r),  the  inverse  centimeter  wave  number  representation  used  by 
MODTRAN. 


Transforming  this  result  to  energy  per  unit  volume  in  spectral  interval  dk,  we  obtain 


Wkdk  =  hu Ukdk  =  hck Uk  dk  = 


hck^ 


TT^  (e^ 


1) 


dk. 


(8.6) 


This  energy  density  is  isotropic  since  it  is  basically  the  energy  flowing  inside  a 
blackbody  (100%  emitting  and  absorbing)  cavity.  The  next  step  is  therefore  to 
study  how  this  emits  outward  by  considering  the  energy  flux  in  a  given  direction 
(basically,  through  a  pinhole  in  the  blackbody’s  cavity  wall).  Therefore,  dividing  by 
All,  the  above  spectral  energy  is  converted  to  an  amount  passing  into  a  unit  solid 
angle.  Further,  multiplying  by  a  small  solid  angle,  Af2,  one  can  resolve  the  amount 
of  spectral  energy  flowing  into  that  amount  of  solid  angle.  That  is. 


Wk  dk  dV  Akl 
Att 


(8.7) 


Now,  the  radiation  flowing  from  the  atmosphere  toward  the  ground  does  not  emerge 
from  a  blackbody  cavity,  but  the  radiation  computed  as  arising  from  any  volume  of 
the  atmosphere  is  typically  evaluated  as  a  relative  fraction  of  the  amount  of  energy 
that  would  arise  from  such  a  cavity.  Hence,  let  us  imagine  a  differential  volume 
dV  somewhere  within  the  atmosphere  above  the  surface,  and  let  us  imagine  a  finite 
region  of  the  surface  below,  of  area  A.  Let  the  region  dV  be  located  at  a  height  2: 
above  the  ground  and  located  at  an  angle  9  relative  to  the  vertical  direction  from 
our  test  patch  A,  and  thus  at  a  distance  r  =  zj  cos (6*)  from  the  test  patch.  The  solid 
angle  AH  subtended  by  the  test  patch,  as  seen  from  volume  element  dV  at  distance 
r,  would  then  be 


AH 


cos(6')  A 
^  ’ 


(8.8) 
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where  patch  area  A  is  foreshortened  by  the  cos(d)  factor  in  computing  the  surface 
area  of  the  patch  presented  perpendicular  to  the  vector  connecting  the  surface  patch 
with  the  volume.  (We  assume  patch  A  has  a  normal  vector  in  the  direction  of  an 
earth-to-space  path  such  that  angle  6^  is  a  zenith  angle  from  the  vertical  to  the 
direction  toward  the  volume  element  dV.) 

Next,  for  simplicity  of  calculation,  let  us  place  the  test  patch  at  the  origin  of 
coordinates  and  orient  the  normal  vector  to  the  surface  in  the  +z  direction.  Further, 
let  us  adopt  a  circular  test  patch  of  diameter  D:  A  =  vrD^/d,  and  assume  D  r. 
A  sample  radiating  volume  dV  can  then  be  designated  in  an  (r,  9,  0)  spherical 
coordinate  system  by  its  volume  extents  dr,  r  d9,  and  r  sin(6*)  d(j): 

dV  =  sm{9)  dr  d6  d(j).  (8.9) 

From  this  and  the  previous  result,  we  see  that  the  dependence  in  the  product 
Af2  dV  cancels: 

A^ldV  =  A  sin(6')  cos{6)  dO  d(j)  dr.  (8.10) 

The  downward  long-wave  radiation  consists  of  all  of  the  energy  incident  on  our 
test  patch  arriving  in  unit  time,  then  divided  by  the  patch  area,  thereby  producing  a 
statistic  in  Watts  per  meters  squared. 

The  net  spectral  energy  in  interval  dk  emitted  by  a  blackbody  radiator  from  a 
volume  dV  in  the  direction  of  the  area  A  is,  therefore, 

AQ  firk^dk 

WkdkdV  — —  =  - r  A  sin(6*)  cosiO)  d9  d(j)dr.  (8.11) 

47r  dTT'*  (e*  —  1) 

This  result  is  given  as  an  amount  of  energy  present  inside  the  volume  dV  that  is  in 
the  right  spectral  range  and  travelling  in  the  right  direction  to  impact  on  patch  A, 
but  the  result  sought  should  have  the  dimensions  of  an  irradiance:  power  (energy 
per  unit  time)  per  unit  area  per  unit  spectrum.  To  denote  this  result,  we  recognize 
that  the  amount  of  energy  in  volume  dV  takes  only  an  amount  of  time  dr/c  to 
pass  out  of  said  volume.  Dividing  by  dr/c  the  energy  quantity  is  transformed  into  a 
power  produced  by  dV  at  A  per  second.  Further  dividing  by  the  area  A,  the  power 
delivered  to  patch  A  is  transformed  into  a  power  per  unit  surface  area: 

dV  AO  k  P  dk 

dB^ik,  T)=w,dk^^  —  =  sin(d)  cos(d)ddd0.  (8.12) 

This  quantity  is  the  blackbody’s  spectral-radiance  contribution  from  direction  O 
arriving  at  the  origin  of  coordinates. 
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By  integrating  over  the  solid  angle,  the  net  spectral  irradiance  can  be  determined. 
Let  fj,  =  cos (6*),  such  that  the  integral  over  the  upper  hemisphere  can  be  written  as 


Bb(T)  = 


/•2tt  rl  fl  Cp'  dk 

/  d(j)  fJ'dfj,- — r - -  =  27r  /  fidfj,[B{k,  T)  dk]. 

Jo  Jo  dTT'*  e*  —  1  Jo 


B(k,  T)  =  X 

c  e*  —  1 

Using  27r  Jq  /i  d/r  =  tt,  a  tt  term  in  B(k,  T)’s  denominator  cancels. 


(8.13) 

(8.14) 


The  function  with  respect  to  x  provides  a  universal  spectral  shape  of  the  blackbody 
curve  that  scales  according  to  the  temperature  of  the  source.  For  the  total  energy 
flux  due  to  the  blackbody,  one  would  need  to  finally  integrate  as 


BBiT) 


i>oo  ^3 

Att'^  tP  c  Jo  —  1  4 TT^  tP  (P  Jo  —  1 


(8.15) 


The  integral  evaluates  as 


roo  2;3  ^4 


,  —dx=—. 

lo  e®  —  1  15 


(8.16) 


Inserting  numerical  values,  ^  =  1.0546  x  10  J/s,  =  1.381  x  10  J/K,  and 
c  =  2.998  X  10®  m/s,  leading  to 


O'SB  — 


r.4  .,^2 

tvB 


TT 


TP  c2  60 


=  5.67  X  10"® 


W 


m- 


K4 


(8.17) 


BB(T)=asBT‘[Wlm\  (8.18) 

This  result  represents  the  energy  received  from  an  entire  plane  of  emitting 
blackbody  surface,  but  by  reciprocity  it  also  represents  the  net  blackbody  output 
from  a  1 -square-meter  surface  at  temperature  T,  where  the  input  energy  absorbed  by 
the  perfect  absorber  would  equal  the  output  energy  radiated  by  the  perfect  emitter. 


To  extend  this  calculation  to  a  non-blackbody  problem,  the  first  step  is  to 
replace  the  perfect  emitter/absorber  model  of  a  blackbody,  where  e  =  1,  with  a 
frequency-dependent  graybody  emitter  emissivity,  e{k).  Such  graybody  surfaces 
were  encountered  in  the  previous  section,  where  foliage  and  soil  surfaces  were 
assigned  emissivity  coefficients  ep  and  less  than  1.0. 


However,  while  solid  surfaces  exhibit  mildly  varying  emissivities  that  can  be 
approximately  characterized  by  a  single  frequency-independent  emissivity  factor. 
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atmospheric  molecular  components  exhibit  highly  variable  spectral-emissivity 
dependence  because  they  respond  as  quantum-mechanical  objects  with  various 
combinations  of  orbital,  vibrational,  and  rotational  energy  levels  that  produce 
detailed  spectral  line  structure  that  is  dependent  on  temperature,  pressure,  and 
absorbing  species’  density.  Each  atmospheric  species  has  its  own  spectrum  of 
absorption/emission,  with  water  vapor  being  one  of  the  most  effective  molecules 
due  to  the  number  of  modes  produced  by  its  polar  assymetry. 

To  proceed  we  need  2  elements:  We  need  to  have  a  model  for  propagating 
through  the  atmosphere  to  generate  the  radiation  that  appears  at  the  surface.  We 
also  need  to  know  the  governing  statistics  of  the  atmosphere  for  propagating 
radiation  at  different  frequencies.  First,  let  us  consider  the  propagation  problem. 
We  need  to  have  a  quantity  to  represent  the  rate  at  which  the  atmosphere  absorbs 
(extinguishes)  streaming  radiation  as  a  function  of  a  fractional  quantity  per  unit 
distance  propagated  through  the  media.  Let  us  assign  this  as  ak,  denoting  by  the 
subscript  k  its  wavelength  dependence,  but  also  noting  that  it  will  depend  on  the 
atmospheric  state,  as  well. 

For  complete  applications  one  considers  both  the  impacts  of  scattering  and 
absorption,  designating  the  fraction  of  radiation  scattered  by  Wk  ,  such  that  Wk  oik 
is  the  scattering  coefficient.  However,  since  the  calculations  being  made  involve 
relatively  short-range  effects,  and  since  IR  scattering  is  minimal  relative  to  visible- 
band  scattering,  we  shall  ignore  scattering  effects. 

With  that  understanding,  we  write  a  radiative-transfer  equation  in  the  general  form 
(Tofsted  and  O’Brien  1998), 

h  ■  V4(r,  O)  =  akBk-  ak  Ik{r,  ^),  (8.19) 

where  Ik  is  a  radiance  field  that  is  a  function  of  position  r  and  radiation-flow 
direction  Cl.  Here  we  have  omitted  the  scattering  portion  (effectively  setting  zu  =  0). 
Here  also  Bk  is  a  frequency-dependent,  blackbody-radiation  source  term  that  is 
temperature  dependent  only. 

The  dot  product  of  the  unit  vector  Cl  with  the  gradient  operator  V  acting  on  the 
radiance  field  has  the  effect  of  sifting  out  a  derivative  oriented  in  the  direction  of 
radiation  flowing  in  the  Cl  direction.  That  is.  Cl  ■  V Ik  becomes  dik/ds,  where  s  is 
increasing  in  the  Cl  direction. 
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As  long  as  temperature  is  a  slowly  varying  function  of  position,  and  ak,  the 
absorption/emission  coefficient,  operates  much  more  quickly  that  Bk  changes,  then 
we  may  form  a  new  variable;  call  it  Ck  =  h  —  Bk-  The  above  equation  can  thus  be 
simplified  into  the  form, 

^  =  -akCk,  (8.20) 

as 

which  has  the  rather  simple  solution, 

In(Cfc)  =  -akS  — )■  Ck{s)  =  Ck{0)  exp(-afcs);  (8. 21. A) 

4(s)  -  Bkis)  =  [4(0)  -  5fc(0)]  exp(-Q;fc  s)-  (8.21.5) 

But  Bk{s)  =  Bk{0)  =  Bk,  such  that, 

4(s)  =  4(0)  exp(-afc  s)  +  Bk[l  -  exp{-ak  s)],  (8.21.4) 


where  the  altitude  step  must  be  small  enough  that  Bk  can  be  considered  constant; 
that  is,  that  atmospheric  temperature  and  pressure  are  not  changing  markedly  across 
the  height  step.  We  therefore  designate  by  5s  such  a  short  path  step. 


To  produce  the  full  energy  arriving  at  a  given  point  on  the  ground,  one  must 
integrate  downward  from  some  height  sufficient  that  the  energy  accounted  for  is 
nearly  complete.  One  way  to  accomplish  this  is  by  integrating  backwards  from  the 
point  of  interest  into  the  volume.  To  perform  this,  let  us  recall  the  use  of  variables 
Ti  and  xi  in  Eq.  7.50  of  the  previous  chapter.  In  the  present  application  we  could 
assign 

T5z,k,ki  =  exp(+afc  5z/ix),  (8.22) 


where  5z  <  0.  Then, 


X,5z,k,fi  1 


(8.23) 


Here,  6z  can  be  constant,  but  ak  will  depend  on  temperature  at  the  height  where  the 
propagation  is  being  computed. 


To  compute  the  output  4(0,  /r),  start  with  4(0,  /r)  =  0,  and  4  =  1.  Then,  for  f  =  0 
to  n  (the  number  of  layers),  let 


4,i+i(0,  /r)  i  4,i(0,  /r)  Tk  Xszi,k,k.  Bk^Bi^Zi)  , 


(8.24.A) 


Tk,i-\-l  Tk^i  T izi,k,ij.- 


(8.24.5) 
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In  this  algorithm,  the  radiance  at  height  zero  increases  by  an  amount  related  to  the 
source  term  added  over  each  step  i  at  height  Zi,  given  by  X5z,k,ii  Bk[T{zi)],  but  then 
attenuating  this  amount  by  corresponding  to  the  energy  loss  in  transmitting  that 
flux  contribution  to  the  surface.  To  reduce  the  processing  overhead,  it  would  not  be 
necessary  in  many  cases  to  integrate  the  result  up  to  the  top  of  the  atmosphere  since 
the  net  transmission  provides  a  good  estimate  of  when  the  full  amount  of  energy 
transfer  has  been  accounted  for.  For  example,  the  iteration  process  could  be  stopped 
as  soon  as  <  0.00001.  The  total  energy  flux  at  the  ground  can  then  be  computed 
via  ^ 

Bl  =  ci/c|27r  ^  4(0,/i)/id/i| .  (8.25) 

Written  in  terms  of  the  finite-element  solution  of  the  implementing  computer 
algorithm,  this  procedure  is  approximated  by 

5k  1 27r 

j=0  [ 


M 


4o)[0,/r(m)]/r(m)  5/i 


(8.26) 


n=0 


This  equation  is  evaluated  using  the  quantities  r  and  x  from  Eqs.  8.22  and  8.23, 
and  BkiT)  is  effectively  the  spectral  radiance  component  that  is  the  integrand  of 
Eq.  8.15  using  the  x  definition  from  Eq.  8.5,  repeated  here: 


BkiT)  =  B{k,  T) 


k%T^  hck 

e^  — l’  ksT 


8.4  Spectral  Absorptivity  Data  Collection 

To  obtain  sets  of  data  needed  to  characterize  Tk  and  Xk,  the  MODTRAN-4  code 
was  run  using  that  code’s  implementation  of  the  1976  US  Standard  Atmosphere  in 
a  transmission  mode  where  transmission  coefficients  were  computed  over  the  first 
kilometer  (0-1  km)  interval  of  the  model  atmosphere  looking  vertically  through  the 
model  volume.  In  MODTRAN,  the  absorption  coefficients  are  constant  in  each  1- 
km  layer,  including  the  0-1  km  layer.  Exploiting  this  feature,  the  model  was  run 
in  transmission  mode,  but  the  vertical-path  transmission  coefficient  was  intercepted 
prior  to  output  from  the  model.  Taking  the  negative  natural  logarithm  of  the  spectral 
transmission  produced  a  net  layer- attenuation  coefficient  at  1  cm“^  resolution  in  the 
range  of  100-5,000  cm~^ 

The  MODTRAN  output  combines  all  significant  atmospheric  gases  into  a 
single  attenuation  coefficient.  The  output  thus  contained  both  dry-air  and  water- 
vapor  influences.  To  distinguish  the  moist  atmospheric  effects  from  the  dry-air 
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components,  MODTRAN  was  run  for  a  dry  case  using  the  baseline  1976  US 
Standard  Atmosphere  —  where  relative  humidity  is  a  constant  46.04%  in  the 
first  kilometer  —  and  a  doubled-humidity  case  using  MODTRAN’s  humidity¬ 
scaling  factor  at  an  input  value  of  2.0,  producing  a  result  of  94.21%  relative 
humidity  in  the  first  model  layer.  The  resulting  humidity  levels,  when  expressed  as 
specific  humidities,  evaluated  to  0.004800  and  0.009852  (kg/kg),  respectively.  By 
intercepting  the  output  transmission  and  converting  it  to  a  logarithm,  MODTRAN’s 
4-digit  output  format  precision  used  in  its  transmission  output  was  avoided, 
allowing  attenuation  coefficients  to  be  resolved  to  values  greater  than  the  9.9  optical 
depths  per  kilometer  of  the  base  model. 

Using  the  2  outputs  in  each  wave-number  bin,  a  dry-atmosphere  extinction 
coefficient  akd  could  be  interpolated  for  sea-level  density  conditions,  and  a  water- 
vapor  extinction  coefficient  akw  associated  with  sea-level  density  and  0.004800 
specific  humidity  could  be  computed. 

Results  were  obtained  spanning  the  infrared  band  from  wave  numbers  k  =100 
to  5,000  cm~^  (inverse  centimeters).  To  translate  these  to  wave  numbers  k, 
MODTRAN’s  wave  numbers  k  =  10000/A  use  wavelengths  A  expressed  in  microns 
(/im).  MODTRAN  4’s  available  spectral  resolution  of  5u  =  1  cm“^  should  be 
sufficient  for  energy-flux  calculations. 

Next,  note  that. 


^kd{,Pcy.)  Qa) 


(8.27) 


where  Tdk  and  T^k  are  MODTRAN-derived  transmission  results,  and  the  a  values 
are  the  resulting  dry-air  and  water-vapor  extinction  coefficients  derived.  Values 
obtained  were  categorized  by  the  standard  pressure  (Pa),  temperature  (Tq),  and 
specific  humidity  (qa)  values  associated  with  the  run. 


From  the  basic  values,  analysis  of  MODTRAN  outputs  indicated  variations  in 
absorption  following  the  relations. 


Oikd{P,  T)  —  akd(Pa,  To) 


-  p- 

1/2 

■  (l-g)P/T  ■ 

[Pa\ 

(1  -  Qa)  Pa/Ta_ 

akw(q,  P,  T) 


Oikw(qa,  Pa,  Ta 


-  p- 

1/2 

r  qP/T  1 

[Pa\ 

_qaPa/Ta_ 

(8.28. A) 
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The  pressure  dependence  seen  here  is  a  combination  of  a  linear  pressure  dependence 
related  to  the  density  of  the  absorbers  multiplied  by  a  square-root  dependence 
related  to  the  pressure-broadening  of  absorption  lines  that  occurs  at  low  altitude. 
As  altitude  increases,  and  the  pressure  drops,  absorption  lines  become  narrower 
and  therefore  less  absorptive.  The  temperature  and  humidity  dependencies  are  just 
those  factors  related  to  the  density  of  the  absorbers. 

8.5  Atmospheric  Temperature  and  Pressure  Model 

To  calculate  the  radiation  emitted  from  a  layer  of  the  atmosphere,  the  previous 
sections  of  the  chapter  have  so  far  laid  out  the  radiative  properties  of  the  atmosphere. 
Here,  the  process  is  completed  by  considering  the  vertical  profile  models  of 
temperature  and  pressure  used  to  seed  the  absorption/emission  coefficients  needed 
by  the  radiative-transfer  model. 

In  addition  to  knowing  the  temperature  and  pressure  profiles,  a  water-vapor  profile 
is  critical  —  especially  considering  the  dominant  role  of  water  vapor  in  the  Staley 
and  Jurica  emissivity  model.  However,  it  is  not  the  intent  of  the  current  text  to 
address  all  conceivable  temperature,  humidity,  and  pressure  profile  combinations. 
Rather,  given  the  temperature-profile  models  of  Chapter  6,  the  concept  is  to 
add  a  pressure  and  humidity  model  to  the  temperature  models  and  calculate  the 
emissivities  predicted  by  these  combinations. 

The  series  of  atmospheric  models  features  a  number  of  variables.  First,  the  baseline 
pressure  is  selected  based  on  an  initial  height  of  the  modeled  surface  above  sea  level 
(ASL).  The  1976  US  Standard  Atmosphere  is  used  to  set  the  starting  pressure.  First, 
the  standard  air  density  is  set  using  Eq.  3.8  (by  ARL’s  Abel  Blanco)  using  input  site 
height  ASL,  H.  The  mean  atmospheric  temperature  can  then  be  set  based  on  the 
1976  US  Standard  Atmosphere  vertical  temperature  function 

Tsa{H)  =  288.1  -  6AH[K],  (8.29) 

where  Tsl  =  288.1  K  is  the  standard  sea- level  temperature.  The  standard  pressure 
at  sea  level  (Ps  =  T’(O))  is  1013.25  mbar.  And,  the  standard  pressure  becomes 

Psa{H)  =  2.87  psa{H)Tsa{H).  (8.30) 

Once  the  surface  pressure  is  estimated,  we  can  compute  a  vertical  pressure  profile 
using  the  hydrostatic  equation  and  a  selected  temperature  profile  based  on 

^  =  -gPa/W0,  (8.31) 
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where  2:  is  the  height  above  the  surface  measured  in  meters,  and  pa  is  the 
atmospheric  density  (kg/m^)  given  as 

Pa  =  0.34838  P/T„.  (8.32) 


Here,  we  could  have  used  T^,  the  adjusted  virtual  temperature,  in  =  CT,^, 
introducing  the  compressibility  factor,  C;  but,  since  C  is  within  a  few  thousandths 
of  1.00,  we  simply  use  the  virtual  temperature,  T^,  a  humidity-adjusted  function  of 
the  temperature: 

T^{Z)  =  T{Z)  (8.33) 

where  =  0.62197  is  the  ratio  of  the  molecular  weight  of  water  to  the  molecular 
weight  of  dry  air,  and  is  the  mixing  ratio:  the  ratio  of  the  mass  of  water  vapor 
to  the  mass  of  dry  air.  The  resulting  air  density  varies  with  humidity,  unlike  Eq.  1.2 
where  humidity  effects  were  suppressed. 


The  mixing  ratio  r^,  in  turn,  is  a  function  of  the  specific  humidity,  qa,  the  ratio  of 
water  vapor  to  total  air  mass  (dry  plus  water)  in  a  given  air  sample.  Quantities 
and  Qa  are  related  through 
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where  Qa  (kg/kg)  is  evaluated  using 
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(8.35) 


The  Vp  is  the  (water)  vapor  pressure  (mbar),  which  is  simply  the  saturation  vapor 
pressure  (mbar)  multiplied  by  the  relative  humidity  (0  <  Rh  <  1): 


1/,  =  E/Ph, 


(8.36) 


where  is  given  by 

VpTc)=A,l0^,  X  =  .  (8.37) 

The  coefficient  Ai  ^  6.13686  (mbar).  The  remaining  coefficients  depend  on 
whether  the  vapor  pressure  is  being  measured  over  a  surface  of  water  {A2  ~  7.601, 
As  240.97  °C)  or  ice  (A2  ^  9.5,  Tig  ^  265.5  °C),  and  uses  Tc  =  T  -  273.16  K, 
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the  Celsius  temperature.  The  over- water  numbers  were  derived  from  recent  theory 
used  by  Li-Cor  in  its  humidity-sensor  software.  The  over-ice  values  were  obtained 
from  the  Smithsonian  Meteorological  Tables.  The  over-water  values  were  used  in 
the  numerical  radiation  calculations  performed. 

At  this  point,  let  us  take  stock  of  the  equations  available  and  the  means  of  creating 
a  profile. 

First,  given  H,  Tq,  and  Zj. 

1)  From  H  we  use  Blanco’s  Eq.  3.8  to  obtain  psA- 

2)  Using  Eqs.  8.29  and  8.30  we  compute  the  surface  pressure  Psa- 

3)  Assuming  a  dry  adiabat  up  through  inversion  base,  and  assuming  the  air  saturates 
at  the  inversion  height,  we  compute  T^i  =  Tg  —  F^  Z/,  the  dewpoint  temperature 
at  the  inversion  base  height,  using  the  dry  adiabatic  lapse  rate  F^  =  9.8  K/km. 

That  is,  we  do  not  solve  for  To  as  a  function  of  height.  Rather,  we  simply  assume 
that  To  =  T  at  the  top  of  the  boundary  layer,  and  we  assume  we  know  the  height  Zi 
where  this  crossover  between  the  2  temperature  tracks  will  occur.  Granted,  this  is  a 
rather  large  assumption.  Alternatively,  we  could  model  To  as  a  function  of  height 
(e.g.,  Fiorino  et  al.  2014). 

4)  Given  this  dewpoint  temperature,  Toi,  we  compute  the  vapor  pressure  at  the 
inversion  base  by  assuming  Vpj  =  Vpj{TDi  —  273.16),  using  Eqs.  8.36  and  8.37, 
and  Rh  =  1.0,  the  saturation  condition.  (This  supplies  us  with  a  vapor  pressure  at 
the  top  of  the  boundary  layer,  but  to  find  a  qa  or  from  Eqs.  8.34  and  8.35,  we 
still  need  a  pressure  at  the  top  of  the  boundary  layer,  P{Zj).) 

5)  Assuming  the  specific  humidity  is  approximately  constant  throughout  the 
boundary  layer  —  a  key  assumption  —  then  both  and  are  constant  with  height. 

6)  Erom  Eq.  8.35,  therefore  Vp/P  is  constant  throughout  the  boundary  layer. 
Unfortunately,  we  only  know  P  at  the  bottom  of  the  boundary  layer.  To  obtain 
P{Zj)  we  adopt  Beer’s  (1974)  Eq.  1.2.21  (adapted  to  this  model)  based  on  a  dry 
adiabatic  lapse  rate: 


P{Zi)  =  P(0)  [{Tg  -  r,  ,  (8.38) 
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where  7  =  Cp/C^  =  1.4  is  the  ratio  of  specific  heats  for  dry  air  at  constant  pressure 
{Cp)  to  constant  volume  (C„). 

7)  Given  Vp{Zj)/ P{Zj),  use  Eq.  8.35  to  solve  for  and  r^. 

8)  Finally,  Eqs.  8.31  through  8.33  can  then  be  used,  with  the  estimated  to 
calculation  T„  given  the  more  exact  temperature  profile  T(Z),  then  p{Z),  and  P{Z). 

9)  If  desired,  this  procedure  can  be  iterated  to  produce  better  estimates  of  and 

qa- 


10)  The  computed  profiles  of  temperature,  pressure,  and  specific  humidity  then 
supply  dry  and  moist  values  for  Eq.  8.28  atmospheric-absorption  coefficients: 
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11)  Once  the  boundary  layer  has  been  established,  a  model  of  the  air  above 
is  specified  as  follows:  Using  Stull’s  (1988)  Fig.  3.8  data  behavior,  the  specific 
humidity  above  the  boundary  layer  is  modeled  as  Qu  =  qa/^-  We  transition  to  this 
value  over  a  span  of  250  m,  representing  the  capping  inversion’s  thickness.  In  this 
layer  the  temperature  gradient  reduces  from  the  dry  adiabatic  profile’s  -9.8  K/km 
to  the  moist  adiabatic  rate  of  -6.4  K/km.  Above  this  capping-inversion  height 
(Zj  +  250)  we  resume  the  dry  adiabatic  lapse-rate  profile. 


The  remaining  inputs  required  to  use  Eq.  8.28  are  the  Pa,  Ta,  and  qa  values 
corresponding  to  those  appropriate  for  the  tabulated  extinction-data  output  by  the 
MODTRAN  code.  These  can  be  inferred  from  the  metadata  information  contained 
as  the  preamble  of  MODTRAN’s  Tape-6  output  file.  This  file  lists  values  of 
temperature  and  pressure  for  each  1 -km- thick  layer.  However,  the  information 
supplied  appears  to  pertain  to  the  lower  boundary  of  each  layer,  while  the  output 
extinction  information  appears  to  relate  to  molecular  densities  averaged  over  each 
layer. 


This  appears  to  be  true  for  both  the  dry-air  concentration  as  well  as  the  water- 
vapor  content,  though  the  listed  relative  humidity  (46.04%)  does  appear  to  be  the 
average  quantity  for  the  first-kilometer  layer  that  is  our  focus.  To  verify  this,  the 
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MODTRAN  documentation  indicates  the  standard  water-vapor  content  in  the  first 
kilometer  is  7,750  parts  per  million  (ppm).  The  code’s  output  water-vapor  content 
for  the  first  km  is  indicated  as  734  ATM  CM/KM,  where  the  dimension  indicated 
seems  to  have  a  cryptic  meaning.  Similar  output  values  for  CO2  and  O2  are  also 
listed,  as  34.6  and  19,800  ATM  CM/KM,  respectively,  that  supply  us  with  a  means 
of  interpreting  this  meaning. 

These  values  appear  to  be  scaled  relative  to  their  sea-level  values.  If  we  interpret 
ATM  CM/KM  to  indicate  the  number  of  centimeters  of  air  at  standard  temperature 
and  pressure  as  a  portion  of  the  first  kilometer  of  air  filled  by  this  constituent, 
then  the  19,800  reported  for  oxygen  equates  to  198.0  meters  of  sea-level  pressure- 
temperature  oxygen  in  the  first  kilometer.  Since  the  standard  nitrogen  content  is 
78.10%  of  the  atmosphere,  oxygen  is  20.90%,  and  most  of  the  rest  of  the  dry 
atmosphere  is  made  up  of  argon  (0.93%),  19,800  would  correspond  to  944.7  m 
of  dry  atmosphere  at  standard  pressure  and  temperature,  or  an  average  density 
over  the  first  kilometer  that  is  5.53%  less  than  its  surface  value.  To  rescale  the 
734  listed  for  atmospheric  water  vapor  back  to  its  full  amount,  one  could  simply 
use  the  oxygen  values  at  sea  level  and  averaged  over  the  kilometer  to  calculate 
734  X  209/198  =  774.78  cm/km,  or  a  water-vapor  content  of  7,748  ppm,  which 
compares  closely  with  the  7,750  ppm  value  listed  in  the  MODTRAN  manual. 


Based  on  this  result,  let  us  assume  the  mean  modeled  temperature  in  the  first 
kilometer  is  Tq,  =  288.1  —  3.2  =  284.9  K,  where  half  of  the  moist  adiabatic  lapse 
rate  of  6.4  K/km  has  been  subtracted  from  the  mean  sea-level  temperature.  The 
pressure  used  as  the  extinction  baseline  (Pa)  can  then  be  calculated  from 


Pg  Tsl 
PsL  Ta 


Pa  288.1 

1013.252  ^  284.9 


734 

7TO 


Pa  =  949. 


(8.40) 


A  similar  calculation  performed  on  the  34.6  statistic  given  by  MODTRAN  for  the 
CO2  content  produces  34.6  x  775/734  =  36.5  or  365  ppm.  Current  CO2  levels  are 
at  roughly  402  ppm,  indicating  the  output  values  of  CO2 -based  absorption  will  need 
to  be  increased  by  1.101.  Because  of  yearly  increases  in  atmospheric  CO2  content, 
the  dry-atmospheric  term  will  have  CO2  extinction  separately  tracked. 

To  summarize,  MODTRAN’s  baseline  first-kilometer  extinction  coefficients  relate 
to  baseline  pressure  and  temperature  settings  of  Pa  ~  949  mbar  and  Tq,  Ri  284.9  K, 
a  baseline  qa  =  0.0048  specific  humidity,  and  atmospheric  CO2  content  at  365  ppm. 
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However,  running  MODTRAN-4  using  the  full  standard  atmosphere  of  humidity 
produces  high-extinction  coefficients  in  some  spectral  bands,  so  the  code  was  run 
such  that  the  relative  humidity  was  set  to  a  factor  of  100  less  than  the  standard  value. 
The  results  of  these  calculations  are  plotted  in  Fig.  22  for  extinction  coefficients 
over  the  first  kilometer  of  the  model  atmosphere. 


Fig.  22  Four  extinction-coefficient  curves  based  on  MODTRAN  output:  blue  curve  is  for  water 
vapor  at  0.46%  relative  humidity,  red  curve  plots  CO2  extinction  at  404  ppm,  purple  curve  is 
methane,  and  green  curve  plots  remaining  dry-air  gas  effects;  also,  superposed  are  blackbody 
curves  at  233  K  (red),  273  K  (green),  and  313  K  (blue). 

Of  particular  interest  within  this  Figure  is  the  8-12  /xm  “atmospheric  window” 
occurring  in  the  800-1,200  wave  number  range.  This  is  the  main  gap  in  the 
greenhouse-gas  blanket  that  accounts  for  thermal  radiation  emitted  to  space.  The 
other  major  gap  occurs  at  3-5  /xm,  the  midwave  IR  (MWIR)  window  (wave 
numbers  2,000-3,000).  While  this  window  is  suited  to  energy  emitted  higher  in  the 
atmosphere,  the  8-12  window  permits  radiation  emitted  from  the  surface  to  escape 
to  space.  The  CO2  band  at  15  /xm  is  the  main  feature  related  to  global  warming, 
although  from  its  appearance  in  the  graph  it  clearly  is  already  highly  saturated. 
Contrasting  with  the  CO2 -absorber  behavior  are  2  spectrally  broad  water-vapor 
bands:  one  extending  down  to  20  /xm,  the  other  extending  across  the  5-8  /xm  region. 

Because  the  atmosphere’s  water-vapor  content  is  highly  variable,  its  greenhouse- 
gas  influence  is  also  highly  variable.  As  an  illustration.  Fig.  23  shows  the  effects 
of  plotting  water  vapor  at  its  standard  humidity  level  of  46%  versus  a  doubled  CO2 
level  (red)  and  unmodified  dry-air  and  methane  contents.  As  shown,  water-vapor 
effects  at  normal  levels  drown  out  the  influence  of  methane,  while  double-C02 
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content  has  little  influence  on  the  width  of  its  bands.  Conversely,  the  water-vapor 
bands  show  considerable  widening,  even  at  normal  levels.  Yet  water-vapor  content 
can  be  up  to  roughly  4  times  the  US  Standard  Atmosphere  level  in  high-temperature 
and  high-humidity  conditions. 


Fig.  23  Four  extinction-coefficient  curves  based  on  MODTRAN  output:  same  data  as  Fig.  22 
shown,  except  water-vapor  content  (blue  curve)  is  plotted  as  its  Standard  Atmosphere  value, 
and  CO2  content  (red  curve)  has  been  doubled  (to  808  ppm);  green  plots  the  remaining  dry- 
air  contents  and  the  purple  fine  is  the  same  methane  effect  as  in  Fig.  22,  along  with  the  same 
blackbody  curves. 


8.6  Atmospheric-Radiation  Calculations 

Using  the  outputs  from  a  first-stage  ealeulation  of  the  extinetion  eoeffieients  based 
on  the  MODTRAN  outputs,  a  seeond-stage  model  was  then  developed  to  eompute 
the  net  long-wave  radiation  reaehing  the  surfaee  under  varying  eonditions  using  the 
vertieal  strueture  models  of  Chapter  6.  The  height  of  the  surfaee  was  varied  from 
sea  level  to  2,000  m.  The  height  of  the  boundary  layer  was  varied  from  1,000  m  to 
4,000  m  in  1,000-m  inerements.  The  neutral-eondition  temperature,  Tq,  was  varied 
from  -40°  C  to  -i-40°  C.  The  thiekness  of  the  surfaee  layer,  Zt,  was  varied  from 
5  m  to  200  m;  and,  the  vertieal  temperature  gradient  was  varied  from  -0.5  C/m 
to  -1-2.0  C/m.  In  all,  some  9,000  eombinations  of  eonditions  were  generated  for 
eaeh  propagation  seenario.  Beyond  the  basie  question  of  whieh  value  to  assign  the 
atmospherie  emissivity  (eompared  to  both  the  Staley-Juriea  and  Sellers  formulas), 
an  additional  goal  was  to  supply  the  model  with  a  means  of  transferring  energy 
between  the  different  layers  of  the  model’s  atmosphere. 

To  model  the  atmosphere,  3  layers  were  considered:  the  surface  layer  positioned 
from  0  to  Zt,  the  remainder  of  the  boundary  layer  loeated  between  Zt  and  Zi, 
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and  the  upper  troposphere  above  Z/.  The  fluxes  between  these  layers  are  illustrated 
graphically  in  Figs.  24  through  26. 

To  understand  the  symbology  used,  consider  Fig.  24.  Arrowheads  at  the  tails  of 
lines  represent  blackbody  sources  —  either  the  undersides  of  clouds  or  the  surface 
interface.  Each  flux  has  a  four-letter  label  (e.g.,  SLSI)  that  denotes  the  radiation 
source  (first  2  letters)  and  the  energy  destination  (last  2  letters)  within  the  model 
framework.  The  Cl,  C2,  and  C3  represent  radiation  flowing  downward  underneath 
low,  medium,  and  high  cloud  decks.  The  UA  represents  the  upper- atmosphere 
(troposphere)  source  radiation  under  cloudless  conditions,  while  the  C 1 ,  C2,  and  C3 
results  combine  radiation  emitted  by  the  clouds  plus  additional  radiation  included 
in  the  downward-streaming  radiation  down  to  and  including  the  base  of  the  elevated 
inversion  {Z  >  Zj).  Solid  lines  represent  computed  emissions  of  radiation  in 
the  atmosphere.  Dashed  lines  correspond  to  radiation  transmitted  through  a  layer 
without  further  emissions  in  the  layer  passed  through. 

In  Figs.  25  and  26  several  fluxes  are  labeled  using  5-letter  combinations.  This 
reflects  the  necessity  of  computing  the  related  fluxes  by  subtracting  the  output  from 
a  layer  from  the  input  to  the  layer,  assuming  the  remainder  is  the  radiation  absorbed 


by  the  layer.  Hence, 

C3BL  =  C3BL0  -  C3SL0;  C3SL  =  C3SL0  -  C3SI;  (8.41. A) 

C2BL  =  C2BL0  -  C2SL0;  C2SL  =  C2SL0  -  C2SI;  (8.41.5) 

CIBL  =  CIBLO  -  CISLO;  CISL  =  CISLO  -  CISI;  (8.41.C') 

UABL  =  UABLO  -  UASLO;  UASL  =  UASLO  -  UASI;  (8.41.5) 

BLSL  =  BLSLO  -  BLSI;  SLBL  =  SLBLO  -  SLUA;  (8.41.5) 

SISL  =  SISLO  -  SIBLO;  SIBL  =  SIBLO  -  SIUA.  (8.41.5) 


From  the  model’s  perspective,  we  do  not  care  what  happens  to  the  radiation  once  it 
emerges  from  the  boundary  layer,  only  that  it  is  lost,  representing  a  cooling  effect. 
Thus,  upward-directed  fluxes  all  stop  at  the  elevated  inversion  base. 

In  addition  to  the  atmospheric  fluxes,  the  surface-interface  fluxes  are  dependent 
on  the  temperature  of  the  vegetation  and  the  soil  separately.  And  since  the 
air  temperature  curve  cannot  connect  directly  to  both  the  foliage  and  soil 
temperatures  at  once,  the  radiation  calculations  were  performed  for  a  range  of 
surface  temperatures,  from  0  °C  to  40  °C  above  (if  T*  <  0)  or  below  (if  5  >  0)  Tq. 
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SLSI  BLSI  UASI  CISI  C2SI  C3SI  SIUA 

Fig.  24  Fluxes  oriented  toward  the  surface-interface  layer  (SI) 


SI  SLO  BLSLO  UOSLO  CISLO  C2SLO  C3SLO  SLUA 

Fig.  25  Fluxes  oriented  toward  the  surface  layer  (SL) 


8.7  Atmospheric-Radiation  Results 

The  statistics  derived  from  these  calculations  can  be  compared  to  the  results  of 
the  Staley-Jurica  and  Sellers  formulas.  The  net  total  radiation  reaching  the  surface 
is  given  by,  effectively,  the  sum  SLSI  +  BLSI  +  UASI  for  the  cloud-free  case;  in 
combination  with  CISI,  C2SI,  or  C3SI  replacing  UASI  for  the  overcast  case;  or  a 
combination  of  the  2  for  intermediate  conditions. 

To  test  these  various  impacts,  the  calculated  emissivity  values  were  compared  with 
the  emissivities  from  the  2  analytic  expressions  for  the  full  array  of  condition 
variations  considered,  for  the  complete  radiation  reaching  the  surface  interface  from 
cloud-free  skies.  The  results  are  plotted  in  Fig.  27. 
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Fig.  26  Fluxes  oriented  toward  the  remainder  of  the  boundary  layer  (BL) 


Radiation  Model  Emissivity, 

Fig.  27  Two  scatterplots  comparing  compnted  emissivity  values  (abscissa,  x-axis  component) 
versns  Staley  and  Jnrica’s  (red)  or  Seller’s  (green)  analytic  emissivity  expressions  (ordinate 
components) 

Visual  inspection  of  these  results  is  complicated  by  the  fact  that  we  required  an  input 
air  temperature  to  compute  either  of  the  analytic  models.  Yet,  due  to  the  varying 
temperature  model  employed  it  became  impossible  to  choose  a  characteristic 
temperature.  In  lieu  of  knowledge  of  a  correct,  effective  air  temperature,  Tq 
was  chosen.  Obviously,  neither  the  Staley-Jurica  (SJ)  model  nor  the  Sellers  (SL) 
model  performs  well  when  atmospheric  conditions  involve  rapidly  varying  air 
temperatures  near  the  surface. 

Therefore,  a  second  reduced  set  of  results  is  plotted  in  Fig.  28.  In  it,  only  results 
associated  with  neutral  conditions  are  plotted.  These  results  indicate  a  considerably 
tighter  dependence  relative  to  fitting  using  the  SJ  and  SL  models. 
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Fig.  28  Two  scatterplots  comparing  computed  emissivity  values  (abscissa,  x-axis  component) 
versus  Staley  and  Jurica’s  (red)  or  Seller’s  (green)  analytic  emissivity  expressions  (ordinate 
components)  for  a  series  of  neutral-atmosphere  cases 

In  addition  to  the  main  1-to-l  fit  possible,  linear  lines 

e2  =  0.9ei  and  €2  =  1. lei 

are  also  plotted.  The  SJ  curve  appears  to  be  a  better  fit  to  the  numerical  solutions, 
and  perhaps  could  be  fixed  through  a  rescaling  of  its  results.  Yet  SJ  features  a  zero 
emissivity  at  zero  humidity.  In  contrast,  the  Sellers  curve  appears  to  have  a  non¬ 
linear  correlation  to  the  computed  results.  Both  appear  to  perform  relatively  poorly 
when  near-surface  temperatures  are  varying.  This  indicates  the  significance  of  near¬ 
surface  radiation  to  the  total  downwelling  long-wave  radiation. 

In  these  calculations,  the  range  of  humidities  tested  was  fairly  wide.  Perhaps  this 
explains  why  the  SJ  curve  fell  considerably  at  low  humidity  levels  while  the 
computed  results  did  not.  Perhaps  the  presence  of  CO2  in  the  spectrum  kept  the 
emissivity  from  falling  precipitously.  On  the  other  hand,  at  high  relative  humidities 
corresponding  to  high  emissivities  in  both  the  SJ  and  SL  models,  the  computed 
emissivity  did  not  increase  precipitously,  either.  In  this  sense,  the  computed  results 
appear  to  exhibit  more  of  the  behavior  expected,  where  a  doubling  of  water  vapor 
appears  to  have  a  similar  effect  per  doubling,  while  the  analytical  curves  appear 
to  exhibit  more  effect  than  a  uniform  increment  per  doubling.  Also,  the  computed 
results  model  the  reduction  in  dry-air  content  and  reduced  density  as  the  humidity 
level  increases. 
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It  should  be  relatively  easy  to  verify  the  temperature  and  humidity  aspects  of  the 
Staley  and  Jurica  and/or  computed  results  through  measurements  at  a  single  site. 
More  difficult  would  be  verification  of  the  pressure  effect,  which  would  require 
data  campaigns  at  multiple  sites  at  different  heights  above  sea  level.  In  any  case,  the 
relative  consistency  between  the  computationally  integrated  results  and  the  Staley 
and  Jurica  expression  indicates  these  2  are  similar.  The  key  difference  is  that  the 
Staley  and  Jurica  results  go  to  zero  at  zero  humidity;  the  computational  method  does 
not.  However,  calculations  were  not  made  at  exactly  zero  relative  humidity  because 
part  of  the  calculations  involve  dividing  through  by  the  humidity  level,  creating  an 
overflow  situation.  Given  more  time  this  calculation  method  can  be  extended  to  zero 
relative  humidity. 
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9.  Further  Developments 


In  this  final  chapter  of  the  technical  portion  of  the  report,  we  consider  the  means  of 
modeling  several  aspects  of  the  diurnal  problem  that  can  influence  the  transition  to 
the  nocturnal  atmosphere  as  well  as  the  development  of  the  vertical  perturbations 
of  turbulence  within  the  nocturnal  boundary  layer.  We  begin  by  studying/modeling 
the  vertical  structure  of  the  daytime  horizontal  wind  field.  This  is  followed  by  a 
study  of  the  low-level  nocturnal  jet.  Through  these  2  analyses  we  can  determine 
from  just  a  few  inputs  the  general  course  of  the  wind  field  that  is  driving  the 
turbulent  fluxes  at  the  surface.  These  2  are  followed  by  a  pair  of  related  analyses  of 
nighttime-turbulence  production.  The  first  considers  conditions  supporting  small- 
scale  turbulence  production.  Essentially,  this  amounts  to  a  reanalysis  of  the  critical 
Richardson  number.  The  second  is  a  detailed  analysis  of  the  conditions  for  gravity- 
wave  production  and  collapse;  in  the  process,  it  develops  an  argument  for  a 
characteristic  breaking  time  of  such  waves  and  how  they  can  feed  perturbation 
energy  into  the  boundary  layer  even  under  seemingly  stable  conditions. 

9.1  Diabatic  Wind  Modeling 

In  this  section  the  standard  daytime  Ekman  spiral  wind  profile  is  first  discussed, 
and  then  the  evolution  of  the  nocturnal  low  level  jet  (Blackadar  1976)  is  considered. 
In  the  model  developed,  the  user  is  assumed  to  provide  minimal  information. 
Assuming  the  user  supplies  a  mean  wind  speed  at  an  observation-station  height  the 
model  attempts  to  construct  a  vertical  profile,  in  particular  a  profile  that  approaches 
the  speed  of  the  geostrophic  wind  at  the  top  of  the  boundary  layer  (the  base  of  the 
elevated  inversion). 

The  general  momentum  equation  for  horizontal  wind  components  and  Uy  can 
be  written, 

^  =  fc(.Ua,-U,)-f,F„  (9.1./1) 

where  fc  =  2u  sin(()))  is  the  Coriolis  parameter  (Stull  1989,  78)  representing  the 
rate  of  evolution  of  the  Coriolis  rotation  at  latitude  (j),  and  u  =  27t  radians  per 
24  h  is  the  rotational  rate  of  the  earth,  equal  to  7.27  x  10“®  s“^.  (From  the  Coriolis 
parameter,  a  period  of  rotation  of  the  atmosphere  can  be  defined  as  Tj  =  27i/ fc.  At 
most  mid-latitude  locations  this  period  is  approximately  17  h.  This  quantity  is  also 
termed  the  inertial  period.) 
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Quantities  and  Fy  are  drag  terms  that  are  expressed  in  dimensions  of  veloeity. 

The  geostrophic  wind  (Stull  1989,  see.  3.3.3)  represents  a  statie  solution  to  the 
Navier-Stokes  momentum  equation.  In  it,  the  wind-veloeity  veetor’s  {Ux-,  Uy)  = 
{Ugx,  Ucy)  centrifugal  force  in  Cartesian  coordinates  of  {x,  y)  is  balanced  against 
the  horizontal  pressure  gradient  due  to  the  local  synoptic  weather  condition.  This  is 
expressed  by  the  equation  pair. 


fcUc. 


1  dP 

pa  dy  ’ 


fcUcy 


1  dP 

Pa  dx  ' 


(9.2) 


Note  that  for  most  locations,  T/  will  be  longer  than  the  duration  of  the  nocturnal 
period.  Thus,  typically  the  atmosphere  cannot  cycle  through  a  complete  inertial 
period  before  the  night  ends. 


Based  on  the  assumption  that  the  coordinate  system  is  oriented  such  that  the 
geostrophic  wind  is  {Ugx,  UGy)  =  {Ug,  0),  there  is  only  one  nonzero  term: 


Ug  = 


1  dP 

fcpa  dy  ’ 


(9.3) 


since  dP/dx  =  0.  Typical  values  of  Ug  are  on  the  order  of  10  m/s.  The  use  of  a 
geostrophic  wind  also  assumes  there  is  no  drag  effect  on  the  wind  and  therefore  this 
wind  speed  is  applicable  to  the  top  of  the  boundary  layer. 


Below  the  top  of  the  boundary  layer  the  wind  speed  follows  a  profile  commonly 
modeled  as  the  Ekman  spiral.  To  model  this  effect,  the  wind  profile  is  assumed  to 
approach  a  steady  state. 


d^ 

dt 

dUy 

dt 


=  0  =  f,Uy 


fcFx; 


=  0  =  MUG-Ux)-fcFy. 


{9A.A) 


(9.4.5) 


The  Fx  and  Fy  drag  terms  are  expressed  in  Ekman’s  formulation  as  depending  on 
second-order  derivatives  of  the  wind  components: 


F  =  K 

T.  ^  r> 


d^Ux  ^  d^Uy 

- F,  =  K„  - y- 


dx2  ’  ^  y  dy2 

The  solution  to  the  differential-equation  set  then  is  written, 

d^Ux 


(9.5) 


F  -  K 

■L  rf>  -1  i.  r) 


dx'^ 


f/y  (daytime), 


(9.6.A) 
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Fa;  =  (daytime).  (9.6.F) 

Here,  is  the  coefficient  of  eddy  viscosity  (e.g.,  Houghton  1977).  If  is  a 
eonstant  of  height,  then  this  equation  set  may  immediately  be  solved: 

U^{Z)  =  Ug[1-  exp(-7  Z)  cos(7  Z)] ,  (9.7. A) 

Uy{Z)  =  UG  exp(-7Z)  sin(7Z)].  (9.7.F) 

Note  that  in  the  northern  hemisphere  the  departure  of  Uy  (due  to  the  Coriolis  foree) 
is  always  to  the  left  of  the  geostrophie  wind  and  therefore  in  the  direetion  of  positive 
y,  while  the  departure  in  the  along-geostrophie  direetion  is  always  negative,  so  Ux 
is  always  less  than  Ug-  The  eonstant  7  is  given  as 


At  height  Z  =  n/y,  Ux  ~  Ug  and  =  0,  whieh  is  the  eondition  of  the  wind 
veetor  at  the  top  of  the  boundary  layer.  Thus  vr/y  is  approximately  the  height  of  the 
boundary  layer.  Sinee  the  model  traeks  the  height  of  the  boundary  layer  elsewhere, 
instead  of  requiring  a  separate  evaluation  of  K^,  we  ean  simply  set 

7  =  tt/Zj.  (9.9) 

However,  Km  is  not  generally  a  eonstant  of  height  (Houghton  1977;  Stull  1989). 
Nonetheless,  in  lieu  of  further  information  the  Ekman  spiral  provides  a  useful 
starting  plaee  for  eharaeterizing  daytime  winds  aloft. 

To  eorreet  the  Ekman  analysis  for  noneonstant  Km,  one  must  obtain  a  substitute 
approximation  for  Ekman ’s  ehoiee,  of 

[/  /  /\2  ,  /  /\2lV2  du  /n  in'! 

-Pa[{uw)  +(nw)J  =PaKm-^-  (9.10) 

Here,  the  quantity  in  angle  braekets  is  the  eorrelation  between  wind  perturbations  in 
the  vertieal  direetion  (w')  and  in  the  horizontal  direetions  (K  and  v').  The  quantity 
on  the  left  is  termed  the  turbulent  vertieal  momentum  flux,  whereas  the  quantity 
on  the  right  depends  on  the  vertieal  gradient  of  the  mean  wind  speed.  Henee,  this  is 
another  flux-profile  relation.  And,  of  primary  interest  is  the  behavior  of  this  funetion 
outside  the  surfaee  layer  where  the  quantity  in  square  braekets  is  a  variable  funetion 
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of  height  (as  opposed  to  its  behavior  in  the  surface  layer  where  it  is  assumed  to  be 
a  constant  of  height  within  the  layer). 

This  problem  has  not  been  solved  for  the  model.  Complicating  the  daytime 
characterization  is  the  effect  of  the  convective  rolls  mentioned  elsewhere  that  would 
tend  to  transfer  momentum  into  the  surface  layer  but  not  through  a  small-scale 
mechanism  directed  by  the  vertical  gradient. 

Consider  the  rise  time  computed  in  Eq.  6.11.  There,  the  time  required  for  heated 
air  to  mix  out  of  the  surface  layer  into  the  upper  portion  of  the  boundary  layer  was 
considered.  In  that  calculation  the  height  used  for  the  mixing  was  Zt,  the  surface- 
layer  thickness.  However,  a  second  rise  time  could  also  be  inferred  using  Zj  that 
would  be  associated  with  the  time  required  to  mix  air  heated  at  the  ground  into  the 
complete  boundary  layer.  This  time, 

trise,B  =  \l‘^Zila  =  \J2  ZiTa/ {g  AT),  (9-11) 

which  characterizes  a  forcing  time  associated  with  momentum  added  to  the 
boundary  layer.  As  is  frequently  observed,  daytime  wind  speeds  typically  increase 
in  speed  as  convective  rolls  appear  in  the  boundary  layer.  To  characterize  typical 
times  and  velocities  involved,  we  could  divide  the  rise  time  for  the  surface  layer 
into  the  depth  of  the  surface  layer  to  characterize  a  velocity  perturbation, 

AU^  —  =  ^Zt  a/2.  (9.12) 

trise 

Then,  assuming  this  perturbation  must  propagate  around  the  convective  roll,  the 
propagation  time  would  equal  approximately  4  times  the  height  to  the  elevated 
inversion  base,  4:  trise, b-  Let  us  consider  a  boundary-layer  height  of  Zj  =  2,  000  m 
and  an  acceleration  of  a  ~  0.1  m/s^.  Then  the  propagation  time  becomes  800  s, 
a  delay  of  approximately  13  min.  Such  perturbations  in  wind  speed  would  tend 
to  drive  further  fluctuations  in  heating  that  would  cause  further  fluctuations  in  the 
wind,  etc. 

Ultimately,  the  objective  would  be  to  obtain  expressions  for  the  vertical  variation  of 
wind  speed  consistent  with  both  the  Ekman  spiral  model,  similar  to  the  approach 
used  in  modeling  the  temperature  profile  such  that  the  wind-speed  gradient 
approached  zero  at  the  top  of  the  boundary  layer  and  approached  the  flux-profile 


157 


form  (e.g.,  Paulson  1970)  in  the  surface  layer,  as  developed  in  Chapter  6.  But  in 
addition  to  the  mean  wind,  a  fluctuating  wind  component  would  be  added  to  account 
for  variations  in  wind  speed  that  would  add  perturbations  to  the  heat  production  near 
the  surface.  Complicating  this  picture  is  the  nature  of  the  Ekman  spiral  relation  that 
models  2  components  of  the  wind. 

9.2  Nocturnal  Low-Level  Jet  Development 

Assuming  such  a  model  is  possible  for  the  mean  wind  profile,  a  model  for  the 
nighttime  evolution  of  the  wind  profile  is  also  needed.  The  Ekman  spiral  form 
then  provides  the  starting-point  profile  that  evolves  into  the  nocturnal  low  level  jet 
profile.  The  theory  of  the  nocturnal  jet  postulates  that  at  sunset  as  the  surface-based 
inversion  sets  up,  it  produces  a  condition  where  there  is  reduced  turbulence  aloft. 
At  some  elevation,  Z  >  Zq  (critical  height),  the  wind  gradient  is  not  strong  enough 
to  maintain  turbulent  turnover  of  the  air  at  a  given  level.  When  this  occurs,  the  wind 
experiences  an  acceleration  due  to  the  Coriolis  force. 

The  rationale  for  such  accelerations  is  that  the  daytime  wind  profile  features 
increased  drag  effects  due  to  buoyant  mixing  of  air  from  the  surface  layer  into  the 
boundary  layer.  This  effect  is  experienced  as  an  increased  drag  coefficient  during 
the  daytime,  with  the  wind  speed  falling  as  Z  decreases.  Conversely,  when  the 
atmosphere  becomes  stable,  cooler  air  near  the  ground  suppresses  vertical  mixing, 
drag  effects  are  reduced,  and  the  momentum  equation  may  be  approximated  by 


dUjdt  =  f,Uy 

(9.13.A) 

dUy/dt  =  MUG-u,), 

(9.13.5) 

where  the  drag  coefficients  have  been  set  to  zero.  The  solution  to  this  equation  set 
is  such  that  the  velocity  vector  orbits  a  central  wind  vector  ((7^,  0)  over  the  inertial 
period  Tj  =  2tt/ fc  ~  17  hr.  Hence,  the  wind  speed  above  the  surface  will  peak  at 
around  8.5  hr  after  the  neutral  event.  Since  winds  near  the  surface  start  at  a  value 
less  than  winds  aloft,  a  wind-speed  maximum  appears  at  an  elevation  close  to  the 
ground.  The  fact  that  the  maximum  does  not  occur  exactly  at  the  ground  is  due 
to  the  simplifying  assumption  made  above  where  the  drag  effects  were  completely 
removed.  Obviously,  this  procedure  is  not  accurate  close  to  the  ground. 

Assuming  a  layer  that  follows  the  above  rules  approximately,  we  first  set  the  initial 
conditions  and  then  evolve  them.  Once  the  daytime  conditions  end,  the  final  daytime 


158 


state  becomes  the  initial  state  for  the  nocturnal  winds.  We  equate  this  condition  to 
the  winds  at  the  neutral  event: 


^4(0)  =  f4(neutral)  =  Ug  —  i4(daytime),  (9.14.4) 

^4(0)  =  L4(neutral)  =  ^^.(daytime).  (9.14.5) 

This  state  may  then  be  introduced  in  solving  the  nocturnal  winds: 

Ux{t)  =  Ug-  Fy  cos(/ct)  +  Fx  sin(/ct),  (9.15.4) 

Uy{t)  =  Fy  sin(/ct)  +  Fx  cos(/ct).  (9.15.5) 


The  maximum  wind  velocity  is  then  5g  +  (5^  +  5^)^/^  obtained  in  6-8  hours. 

To  complete  this  model  a  near-surface  drag  effect  consistent  with  the  typical 
nocturnal  profile  must  be  postulated.  Some  insight  into  the  nature  of  the  drag 
variability  is  gained  by  considering  a  cylinder  of  air  rotating  under  the  influence 
of  a  vertical  velocity  gradient  in  the  presence  of  a  rotation-suppressing,  negative 
density-gradient. 

9.3  Small-Scale  Nocturnal  Turbulence  Generation 

In  the  next  2  sections  an  extended  analysis  of  a  turbulent  cylinder  is  first  presented, 
followed  by  the  development  of  a  surface-layer-based  gravity-wave  model  under 
conditions  of  the  stable  surface  layer.  In  these  analyses  various  detailed  calculations 
are  provided,  several  minor  errors  are  resolved,  and  methods  are  developed  for 
solving  the  gravity-wave  calculation. 

An  earlier  analysis  (Tofsted  1993,  App.  B)  examined  the  criteria  for  the 
existence  of  turbulence  in  a  stable  flow.  As  is  well  known,  the  nocturnal  stable 
atmosphere  features  a  vertical  temperature  gradient  that  is  positive  (the  surface- 
based  inversion). 

Under  daytime  unstable  atmospheric  conditions,  featuring  a  temperature  lapse  rate 
that  is  negative,  any  motion  of  the  air  is  potentially  able  to  produce  a  turnover  in  the 
atmosphere  leading  to  vertical  fluxes  of  warm  air  away  from  the  ground.  This  can 
be  modeled  using  a  simple  cylinder  of  air  featuring  mean  vertical  gradients  of  both 
temperature  and  wind  speed.  However,  at  night  as  stable  atmospheric  conditions  are 
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established  the  atmosphere  will  suppress  such  attempts  at  turnover  and  each  layer 
will  remain  in  place,  resulting  in  near-laminar  flow. 


In  the  previous  analysis  (Tofsted  1993,  App.  B)  a  simple  model  was  used  to  study 
such  flow.  Vertical  gradients  of  density  and  wind  speed  were  considered  constant 
over  a  small  cylinder.  Analysis  of  the  cylinder’s  rotational  kinetic-energy  and 
potential-energy  states  was  performed.  The  angular  momentum  of  the  cylinder  was 
found  to  be 


La  =  {poU  +  puo) 


V 


(9.16) 


Here,  the  mean  density  of  the  cylinder  is  given  as  Pq,  the  mean  wind  speed  is  Uq,  and 
the  vertical  gradients  of  density  and  wind  are  given  as  p  =  dp/d^:  and  ii  =  du/dz. 
The  volume  of  the  cylinder  is  given  hy  V  =  n  R^Y ,  where  the  wind  is  directed 
along  the  positive  x  axis,  the  vertical  axis  in  which  the  gradients  are  directed  is 
designated  by  ;2,  and  y  is  in  the  crosswind  direction.  R  is  the  radius  of  the  cylinder, 
while  Y  is  the  cylinder  length  along  the  y  axis. 


The  cylinder’s  rotational  inertia  can  be  computed  as  /  =  po  R^ /2.  Then,  the 
rotational  kinetic  energy  can  be  computed  using 


KEa  = 


r2 

21 


PoVjR 

16 


(9.17) 


Counteracting  this  available  kinetic  energy  is  the  potential  energy  to  be  overcome. 
From  its  stable  state  where  the  densest  air  is  considered  to  be  at  the  bottom  of  the 
cylinder  and  the  lightest  air  at  the  top,  it  was  found  that  one  must  overcome  the 
negative  potential  energy, 

PEA  =  -2pg^,  (9.18) 

where  g  =  9.8  m/s^  is  the  gravitational  acceleration.  That  is,  we  must  have 


KEa  >  PEa: 


(9.19) 


in  order  to  have  turnover. 


Introducing  the  expanded  equation  forms  from  Eqs.  9.17  and  9.18,  Eq.  9.19  can  be 
written  as 


PoVjR 

16 


>  -2pp 


VR^ 

4 


(9.20) 
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where  p  <  0.  However,  note  that  we  are  only  interested  in  the  density  gradient 
that  is  different  from  that  achieved  by  normal  adiabatic  effects.  Thus,  we  write  the 
density  vertical  gradient  as 


(9.21) 


l  =  J- 

Po  0^ 

adopting  the  potential  temperature,  9,  as  a  replacement  for  temperature  T.  Note  that 
if  we  had  retained  the  pressure-gradient  term,  we  would  have  discovered  that  the 
pressure  gradient  effect  is  dominant,  but  only  outside  the  boundary  layer,  since. 


p  a  g  9 
Po  9  9 


0.03414  9 

9  9' 


(9.22) 


where  a  =  1/R,  where  R  =  287  J/kg-K  is  the  gas  constant  for  dry  air,  and  g  = 
9.8.  Nonetheless,  this  form  also  include  an  adiabatic  density  decrease  that  must  be 
cancelled  out,  since  it  does  not  influence  buoyancy.  Therefore  Eq.  9.21  is  the  correct 
form.  Substituting  this  expression  into  Eq.  9.20,  and  cancelling  terms,  the  condition 
for  successful  turnover  can  be  reduced  to  the  form. 


9 

M  ^  Mo  > 


(9.23) 


This  expression  may  be  simplified  by  removing  the  second  term  on  the  left.  Due 
to  the  presence  of  9  on  the  order  of  270  K  or  higher  in  the  denominator  of  this 
term,  it  will  be  small  compared  to  both  the  first  term  on  the  left  and  the  term  on  the 
right  that  features  only  a  9~^l‘^  dependence.  The  condition  can  then  be  written  in 
the  approximate  form 


u 


9 

Tg^~9- 


(9.24) 


Eurther  progress  was  achieved  by  introducing  the  nocturnal  (stable  layer) 
expressions  for  the  wind-  and  temperature-gradient  functions  in  the  surface  layer: 


M* 


U  = 


k  z 


% 

9  =  -^ 
k  z 


^1  -t-  /3 


1  -f  /3 


>06 


>06 


(9.25) 


(9.26) 


where  k  is  von  Karman’s  constant  (approximately  equal  to  0.4),  2:  is  height  above 
the  ground,  Lob  is  the  Obukhov  similarity  scaling  height  for  the  surface  layer,  is 
the  friction  velocity,  and  T*  is  the  scaling  temperature. 
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Introducing  these  definitions,  the  eondition  equation  was  redueed  to  the  relation, 


gkT^  Lob J 


(9.27) 


This  was  the  final  result  in  the  Appendix  (Tofsted  1993),  given  in  Eq.  B-16. 
However,  the  definition  of  the  Obukhov  length  is  given  as 


r  _ 

Introdueing  this  definition  on  the  left  we  obtain 


(9.28) 


(9.29) 


The  value  of  /3  is  eommonly  believed  to  be  approximately  5  (Businger  gives  the 
value  as  4.7).  Solving  for  2;  relative  to  Lot,  we  now  find  the  eondition  redueed  to 


2;  < 


(9.30) 


Under  neutral  eonditions  the  Obukhov  length  tends  to  inerease  toward  infinity  and 
any  vertieal  wind  gradient  is  suffieient  to  produee  a  turnover,  leaving  unrestrieted. 
But  as  stable  eonditions  beeome  established  and  the  Obukhov  length  is  redueed,  the 
region  of  the  air  that  remains  turbulent  is  restrieted  to  a  layer  elose  to  the  surfaee. 
Only  within  this  layer  are  vertieal  wind  gradients  strong  enough  to  thwart  the  stable, 
vertieal  density-gradient  eomponent  from  suppressing  vertieal  motions  that  lead  to 
laminar  flow. 


Henee,  for  even  minor  inversion  eonditions  (i.e.,  for  Lob  of  even  moderate  values: 
10s  to  100s  of  meters),  there  will  exist  a  layer  that  beeomes  detaehed  from  the 
drag  effeets  of  the  surfaee,  in  whieh  turbulent  flow  is  suffleiently  suppressed 
that  near-laminar-flow  eonditions  prevail.  This  will  eause  the  surfaee  to  beeome 
diseonneeted  from  the  air  above  and  lead  to  noeturnal  wind  aeeelerations  assoeiated 
with  noeturnal  jet  flow. 

Also  note  that  this  eondition  appears  to  eontradiet  the  very  grounds  used  in  defining 
the  Obukhov  length  in  the  first  plaee.  That  is,  we  normally  assoeiate  the  Obukhov 
length  with  a  height  seale  that  eovers  a  eonstant  stress  layer.  But  we  have  just  shown 
that  for  the  standard  vertieal-strueture  funetions  given  for  that  layer,  one  obtains 
turnover  only  over  the  first  third  of  the  layer,  an  apparent  eontradietion. 
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9.4  Gravity-Wave  Turbulence  in  the  Stable  Surface  Layer 

Let  us  now  consider  a  related  influence  on  the  nocturnal  boundary-layer 
atmosphere.  The  state  of  the  atmospheric  surface  layer  at  night  is  characterized  as 
being  stable  in  the  sense  that  the  vertical  temperature  gradient  is  generally  positive 
(coldest  air  is  near  the  surface)  due  to  radiative  cooling  of  the  ground.  As  we  have 
seen  in  the  previous  section  this  cooling,  when  applied  to  even  small  parcels  of 
air,  can  cause  them  to  be  unable  to  turn  over  due  to  differential  temperatures  at 
the  top  and  bottom  of  a  cylinder.  More  generally,  when  any  parcel  of  air  in  a  stable 
atmosphere  is  displaced  from  its  original  height  due  to  adiabatic  warming  (lowering 
it)  or  cooling  (raising  it),  it  becomes  out  of  balance  with  other  air  at  the  same  level. 
Raising  it  makes  it  denser  than  surrounding  air  and  it  tends  to  sink,  while  lowering 
it  causes  it  to  be  warmer  than  the  surrounding  air  and  it  gains  bouyancy,  tending  to 
want  to  rise.  The  characterization  as  being  stable  thus  refers  to  the  tendency  of  the 
parcel  to  return  to  its  original  height. 

However,  due  to  the  effect  of  the  bouyancy,  this  stability  is  dynamic.  In  the  absence 
of  viscous  forces,  a  displaced  parcel  will  tend  to  oscillate  about  its  point  of  origin. 
This  means  that  when  wind  advects  such  stable  air  over  certain  terrain  features, 
the  terrain  interaction  with  the  advected  air  causes  the  mean  flow  of  wind  to 
stimulate  what  are  termed  gravity  waves:  waves  that  exist  as  transverse  stability- 
based  perturbations  of  the  flow.  Such  waves  remove  energy  from  the  mean  flow 
and  introduce  energy  into  wave  modes  that  propagate  with  the  wind.  However, 
while  a  stable  atmosphere  gives  rise  to  such  wave  modes,  these  waves  are  far 
from  stable.  Rather,  because  the  wind  is  vertically  varying,  these  waves  tend  to 
disperse  as  they  propagate.  And,  like  waves  at  a  beach,  once  a  dense  portion  of  a 
gravity  wave  has  propagated  out  from  under  a  less-dense  portion,  the  wave  density 
will  become  unstable  where  a  denser  portion  of  air  lies  over  less  dense  air.  As  the 
denser  air  falls,  this  will  cause  mixing  with  air  below;  effectively,  the  layer  will 
experience  an  overturning.  This  event  will  then  cause  air  from  above,  characterized 
by  faster  wind  speed  (and  presumably  slightly  warmer)  to  mix  with  air  near  the 
ground  that  is  cooler  and  denser.  The  result  will  be  an  increase  of  the  heat  flux  near 
the  ground,  warming  the  surface,  but  also  extending  the  surface-based  inversion  to  a 
greater  depth  and,  at  the  same  time,  reducing  the  wind  speed  aloft  due  to  increased 
dissipation  rate. 

Once  the  mixing  event  has  sufficiently  reduced  the  overall  gradients  of  wind  and 
temperature,  the  conditions  for  mixing  no  longer  prevail.  Then  the  atmosphere 
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re-establishes  the  disconnection  between  the  wind  and  the  surface,  increasing 
gradients  and  the  temperature  gradient,  but  over  a  deeper  layer,  and  the  gravity 
waves  reappear,  repeating  the  process.  However,  the  above  description  only 
provides  a  narrative.  To  produce  a  modeled  effect  we  require  a  framework  within 
which  to  produce  a  model.  This  new  framework  builds  off  the  analysis  of  Beer’s 
(1974)  and  a  preliminary  analysis  included  in  Tofsted  (1993). 

9.5  Gravity-Wave  Equation  Set 

First,  let  us  define  the  quantity  7  =  Cp/C^  ~  1.4  as  the  ratio  of  Cp,  the  specific 
heat  of  air  per  unit  of  mass  at  constant  pressure,  to  C^,  the  specific  heat  at  constant 
volume. 

Second,  using  p  =  P/ (RT)  as  the  definition  of  density,  with  R  =  187  and  pressure 
P  measured  in  Pascals  (not  millibars),  let  us  define  the  quantity  PI  as  the  scale 
height  of  the  atmosphere.  Holton  (1979)  expresses  this  quantity  as 

H  =  RT / g  ^  Skm.  (9.31) 


The  scale  height  may  be  considered  equivalent  to  the  thickness  of  the  atmosphere  if 
it  were  considered  to  be  of  a  constant  density  throughout.  This  length  scale  is  also 
related  the  speed  of  sound,  c,  through  the  relation, 

c^  =  -fgH.  (9.32) 


These  parameters  basically  tend  to  characterize  static  atmospheric  conditions. 
For  dynamic  processes  Beer  (1974)  introduces  a  discussion  of  Eulerian  versus 
Lagrangian  methods  (point  sensing  versus  point  following)  in  which  he  provides 
the  Stokes  derivative, 

nv  f)V 

U-VV.  (9.33) 


Dt 


dt 


Here,  V  is  a  gradient  operator  and  U  is  the  total  wind  vector,  so  that  the  second 
component  represents  an  advection  term  while  the  first  term  represents  just  a  point 
variation  following  the  wind.  This  form  applies  to  a  scalar  variable  (V).  For  a  vector 
quantity,  V,  the  operator  becomes 


DV 

In 


dV 

Ik 


+  {U  ■V)V. 


(9.34) 


We  are  interested  in  the  case  where  V  =  U,  which  can  be  expressed  (Arfken  1985) 
as 

^  =  ^  +  =  ^  +  +  (9.35) 
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But  it  will  be  just  as  easy  to  compute  the  result  directly  from  the  tensor  form  rather 
than  invoke  both  the  vector  terms. 


The  Stokes  derivative  operator  is  applied  to  one  of  4  field  variables:  P,  p,  74, 
and  Uz,  corresponding  to  the  pressure,  density,  and  along- wind  and  vertical- wind 

components.  In  general,  each  variable  is  divided  into 
zero)  and  a  perturbation  (subscript  one): 

a  mean  component  (subscript 

P  =  Po  +  Pi, 

(9.36.71) 

P  =  Po  +  Pi, 

(9.36.5) 

Ux  Uxfl  ~\~  Ux^l, 

(9.36.4) 

Uz  =  Uzfl  +  Uz,l- 

(9.36.5) 

In  each  case  (except  where  it  is  assumed  zero),  the  zero-order  variable  is  considered 
much  smaller  than  the  perturbation  term. 


For  purposes  of  calculation,  the  perturbation  quantities  are  all  considered  to  exist 
within  a  framework  of  oscillating  functions  offset  from  one  another  by  phase 
variations  that  remain  constant,  but  obey  the  structural  forms. 


Pi  _  Pi 
PoV~  poW 


Ux,i  _  Py,l 

^  ^  1^ 


Aq  exp  [i  {ut  —  K  ■  x)  . 


(9.37) 


Here  x  =  {x,y,z),  the  3-dimensional  vector  position,  while  k  =  Hy,  k^)  is 
the  vector  wave  number  and  oj  is  the  temporal  radial  frequency.  Functions  V,  W, 
X,  V,  and  Z  function  as  complex  phase  modifiers.  However,  we  shall  further  find 
it  useful  to  pick  out  the  vertical  dimension  for  development: 


A{x,  z,  t)  =  Aq  exp  [i  {ut  —  K  ■  x)]  W  {z)  exp  [i  {ut  —  k.^  x)]  .  (9.38) 


Beer’s  (1974)  equations  of  motion  for  these  variables  consisted  of  the  equation  of 
motion,  an  energy  equation  accounting  for  the  adiabatic  atmosphere,  and  a  mass 
continuity  equation.  These  are  expressed,  respectively,  as, 

—  +  U-VU  =  — VP  +  g,  (9.39) 

at  p 

^  +  C/.VF  =  c^(|f  +  a.Vp).  (9.40) 
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(9.41) 


^  +  V.(p^)=0. 

This  set  of  equations  eneompasses  2  different  types  of  solutions.  The  first  solution 
is  for  aeoustic  waves.  The  seeond  solution  is  our  foeus,  related  to  gravity  waves. 

Some  simplifieations  are  possible  when  we  limit  the  problem  to  just  those 
eonditions  we  are  interested  in.  These  inelude  mean  quantities  that  are  time 
independent  and  mean  wind  quantities  =  A  +  Bz  and  o  =  0.  And  while 
Uxfl  is  variable  with  height,  its  vertical  gradient  is  considered  to  be  second  order. 
Therefore, 

{V  X  U)  X  U  zzO,  (9.42) 

to  first  order  (in  this  derivation).  The  Stokes  operator  can  thus  be  approximated  by 

^  ^  *(a;  -  f/,,0  n.)  V  =  Q{z)  V.  (9.43) 

This  allows  us  to  replace  a  main  operator  with  a  multiplicative  function.  In 
particular,  the  quantity  {u  —  Kx)  is  termed  the  Doppler-shifted  frequency, 
designated  VL\ 

=  u  —  Uxfl  Kx  = —iQ,  Q  =  iVL.  (9.44) 

First,  when  dealing  with  the  mean  fields,  the  mass  continuity  and  energy  equations 
are  identically  zero,  while  the  momentum  equation  reduces  to  the  hydrostatic 
equation, 

VPo  =  Po9,  (9.45) 

where  g  =  —g  k.  For  the  near-surface  atmosphere  treated  within  the  boundary  layer 
this  calculation  can  be  simplified  if  the  temperature  is  constant.  Using  the  scale 
height,  H,  the  baseline  density  can  be  written  as 

Po{z)  =  pg  eyip{-z/H).  (9.46) 

Then,  solving  for  the  pressure, 

Po{z)  =  gH Pg  exp{-z/H)  =  Pg  exp{-z/H).  (9.47) 

If,  on  the  other  hand,  we  are  dealing  with  an  atmosphere  in  which  the  temperature 
is  varying  linearly  with  height,  say  as  T{z)  =  Tg  +  /S  z,  then  the  presssure  becomes 

Po{z)  =  Pg{l  +  Pz/Tg)-^/^^^\  (9.48) 
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where  Tg  is  the  ground  temperature  (at  2:  =  0),  just  as  pg  is  the  density  at  the  ground 
and  Pg  is  the  pressure  at  ground  level.  Note  that  the  2  forms  of  pressure  variation 
in  Eqs.  9.47  and  9.48  are  approximately  equal  when  z/H  is  small.  In  this  case  the 
exponential  in  Eq.  9.47  approximates  as  1  —  z/H,  while  (1  +  j3z/Tg)~^^^^l^'>  zz 
1  —  [gz/{RTg)]  =  1  —  z/ Hg,  where  Hg  is  the  H  value  evaluated  using  the  ground- 
level  temperature  Tg. 

Given  these  2  forms,  let  us  expand  Eq.  9.41: 

d  o 

^  +  Go  ■  Vpi  -  po  U,,i/H  +  po  V  ■  Gi  =  0.  (9.49) 

Simplifying,  the  first  2  terms  on  the  right  can  be  collapsed  using  the  Q  operator. 
Second,  the  vertical  derivative  of  po  produces  only  a  second-order  effect  when 
multiplying  the  2:-axis  wind-perturbation  component.  Third,  the  wind-divergence 
term  may  be  expressed  using  the  term  x  =  dx  Uxp  +  With  these  changes 

this  equation  appears  as 

Q^-^{1  +  H)  +  X  =  0.  (9.50) 

Po  H 

This  equation  is  equivalent  to  Eq.  B-19d  of  Tofsted  (1993)  and  to  Beer’s  (1974) 
approach  of  using  a  term  —Uzp  H /H  that  has  been  included  to  account  for  vertical 
variations  of  H. 

Given  the  forms  indicated  for  14  1  and  in  Eqs.  9.37  and  9.38,  we  could  write 
out  an  expression  for  the  divergence  x  explicitly  in  expanding  Eq.  9.50.  However,  it 
instead  will  be  more  effective  to  recognize  that  Eq.  9.40  and  9.41  can  be  combined, 
along  with  the  definition  of  x  =  V  ■  G,  to  produce  the  relation, 

d  P 

—  +  U-VP  +  c^PoX  =  0-  (9.51) 

The  P  differential  term  then  expands,  using  Eq.  6.32,  to  produce, 

QPi-Uzp^  +  X9HpoX  =  0-  (9.52) 

Dividing  by  Pq,  we  recognize  that  pog  H/Po  =  1,  such  that, 

=  (9.53) 
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This  equation  is  equivalent  to  Eq.  B-19c  of  Tofsted  (1993). 


The  remaining  2  equations  must  be  set  up  separately  from  the  x  and  2:  components 
of  Eq.  9.39.  Start  with  the  2  component  corresponding  to  Eq.  B-19b  of  Tofsted 
(1993).  The  right  side  of  Eq.  9.39  can  be  expanded  as 

—  {dzPo  dzPi  +  g  po  +  g  pi)  ^ - g—,  (9.54) 

P  Po  Po 

where  the  Pq  gradient  component  balances  the  gravitational  term  {dz  Po  =  —g  Po)- 
But,  Beer  chose  (Pi/Pq)  as  his  independent  variable.  Therefore,  dzPi  must  be 
transformed  to  appear  as  a  function  of  only  (Pi/Pq).  Consider, 


d{Pi/Po) 

dz 


dzPi 

Po 


Pi 

Pr 


2  dz  Po- 


(9.55) 


Erom  the  Eq.  9.31  definition  of  H,  we  can  rewrite  po  =  Po/{gH),  such  that, 

gpoPi 


^1  rj  p 

-JndzPo  = 

^0 

Then,  rearranging  further, 

a.  Pi  9(Pi/Po)  ,  Pi 


Pi 


PPo' 


d  fPi 


(9.56) 


Po  dz 

Multiplying  this  equation  by  PTq  =  gH, 


^  dz[p^'  ^  ■ 


HPo 


(9.57) 


PTr 


dzPi  dzPi 


d  /Pi 


Pn 


Po 


dz  VP 


=  9HzEr[-Fr  -9^ 


Pi 


Pn 


(9.58) 


Substituting  this  result  into  Eq.  9.54,  the  RHS  of  9.39  to  be  rewritten. 


'9;^Pi  Pi  d 

po  Po  dz 


Pi 

Po 


,  Pi  pi 

+  9^-9—- 
Po  Po 


(9.59) 


Now  let  us  consider  the  EHS  of  Eq.  9.39.  Eirst,  we  recall  (see  Eq.  9.36  discussion) 
that  dt  Uxfl  =  0,  since  is  a  time-averaged  mean-wind  quantity.  Next,  from 
Eq.  9.37,  dtUx  =  iuUx,i,  and  dtUz  =  iuiUz^i-  This  leaves  only  the  second 
divergence  term  to  resolve.  To  do  so,  notice  that  the  term  VC  is  a  second-order 
tensor.  Euckily,  most  of  its  components  are  zero.  This  tensor  can  be  resolved 
separately  into  its  mean  and  perturbation  components.  Eor  its  mean  wind  portion. 


9x  Ux^o 

9x 

dx  Uz^o 

0 

0 

o' 

VCo  = 

9y  Ux^O 

dy  Uy^{) 

dy  Uz^O 

= 

0 

0 

0 

_  9z  Ux^o 

dz 

dzUz^o. 

.dzU.fl 

0 

0_ 

(9.60) 
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a  significant  reduction  occurs.  For  its  perturbation  portion, 


9x 

dx  Uy,l 

dxUz,i' 

dx  Ux^i 

0 

dxUz,i' 

VCi  = 

dy  Uy^l 

dyUz,l 

= 

0 

0 

0 

AUx,i 

dzUy,l 

d,Uz,i_ 

.dzUx,i 

0 

d.Uz,i_ 

If  we  assume  the  perturbation  wind  velocities  are  small,  then  Ui  ■  W  Ui  will  be 
small.  And  since  direct  calculation  easily  shows  Uq  ■  VUq  =  0,  we  need  only 
concern  ourselves  with  the  interaction  terms  Ui  ■  VUq  and  Uq  ■  VUi.  The  first  of 
these  interaction  terms  evaluates  as 


Ui-VUo  =  d,  f/,,0 


(9.62) 


For  the  second  term. 


Uq  ■'V  Ui  —  Uxfl  dx  Ux,l  i  +  Uxfl  dx  Uz^l 


k. 


(9.63) 


The  2  terms  resulting  from  this  second  term  each  combine  with  the  dt  =  iu 
operator  to  become  a  Q  operator.  The  remaining  term,  Uz,i  dz  Ux,o,  contributes  to 
the  x-axis  equation,  as  in  Eq.  B-19a  of  Tofsted  (1993).  Combining  the  results  from 
Eqs.  9.54  and  9.59,  the  2:  component  of  the  momentum  equation  can  be  written. 


QUz,i  =  -gH^ 

oz 


Pi 


^  pA 

+  S'  —  h 


-Po\  "  \Po  Po 

while  the  x-axis  component  of  the  momentum  is  written. 


Q  Ux,i  +  Uz,i  dzUx,o  = - dxPi  =  -gH  d, 

Po 


A 

P 


0-1 


This  derivation  thus  produces  4  coupled  equations: 


Q  Px,i  T  P  Pz,i  Tt  Kx  gH 


=  +i  Kx  gH 


Pi 


QUz,i  =  -gH 


d_ 

dz 


Pol 

,  /A 

Po\  \Po  Po, 


Q 


Q 

pi 

po 


Pi 


p 


OJ 


Pi 

Po 

Uz,l 

H 


+  7X  =  0. 


Uz,l 

H 


{1  +  H)  +  X  =  0. 


P 


0-1 


(9.64) 

(9.65) 

(9.66.A) 

(9.66.5) 

(9.66.^) 

(9.66.5) 
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Here,  Eq.  9.66.A  has  been  modified  to  replace  with  /r  the  constant  wind 

gradient. 

9.6  Vertical  Wind  Perturbation  Equation 


Let  us  now  attempt  to  take  the  set  of  4  coupled  equations  and  derive  from  these 
a  single  equation  that  describes  one  of  the  component  terms.  From  this  solution 
we  may  then  be  able  to  determine  the  remaining  terms  by  using  the  elimination 
equations  in  reverse.  In  this  section  we  will  thus  focus  on  using  mathematical 
elimination  to  obtain  a  single  equation  in  a  single  one  of  the  unknowns.  The  simplest 
of  these  to  resolve  will  be  the  vertical  wind  perturbation  term. 

To  solve  for  this  term,  the  easiest  quantity  to  eliminate  first  is  the  difference, 
(Fi/Po  —  Pi/Po),  contained  in  Eq.  9.66.5.  Multiplying  9.66.5  by  Q,  and  using 
Eqs.  9.66. C  and  9.66.D,  we  can  isolate  the  variable  Q  times  this  difference  as 


T-Pi  Pil  X  H 

Q  -W - =  1-7  X- 

Po  Po  H 


(9.67) 


^  -  9  -PlX+^Uz,i  .  (9.68) 

This  can  be  slightly  simplified  by  recognizing, 

the  square  of  the  Brunt- Viasala  frequency.  Use  of  this  term  allows  us  to  consolidate 
this  factor  onto  the  LHS  as 

(Q2  +  N^)  Uz,i  =  -gH  Q  -  g{j  -  1)  X.  (9.70) 

Let  us  now  reappraise  the  resulting  equation  set.  We  have  eliminated  the  factor 
Pi/Po-  What  remains  are  the  3  variables,  14^,  Uz,i,  and  Pi/ Po,  expressed  in 
Eqs.  9.66.A,  9.66.C,  and  9.70. 

Equations  9.37  and  9.38  appeared  to  suggest  that  perhaps  a  single  function,  W (z), 
could  be  used  to  describe  the  vertical  structure  of  all  of  the  perturbation  functions. 
However,  the  appearance  of  Eq.  9.70  does  not  give  us  much  hope  this  is  true.  That’s 
because  for  i  we  expect  that  there  should  exist  a  boundary  condition  at  2:  =  0 
such  that  Uz,i{x,  z,  t)  obeys  Uz,i{x,  0,  t)  =  0.  But  dPo/dz  will  not  be  zero  at  2;  =  0. 
Therefore  Pi/ Po  cannot  have  the  same  2:  dependence  as  Uz,i. 
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This  possibility  of  different  vertieal  dependeneies  for  the  different  eomponents 
indieates  eaution  is  needed  when  performing  variable  transformations.  That  is, 
we  should  do  whatever  is  neeessary  to  direetly  solve  for  one  of  the  remaining  3 
eomponents  to  avoid  introdueing  phase  transformations  that  eannot  be  evaluated 
direetly.  We  therefore  proeeed  to  eliminate  variables  through  direet  substitution 
rather  than  through  model  assumptions. 

The  most-appropriate  next  eandidate  for  elimination  seems  to  be  Pi/Pq,  but  2 
eourses  to  aeeomplish  this  are  available.  One  method  would  be  to  substitute 
Eq.  9.66A  into  Eqs.  9.66.C  and  9.70.  The  other  would  be  to  use  Eq.  9.66.C 
and  insert  its  results  into  9.66.A  and  9.70.  In  his  analysis,  Beer  followed  the  first 
approaeh,  using  his  equivalent  of  our  Eq.  9.66.A.  In  his  applieation  this  approaeh 
was  the  obvious  ehoiee  beeause  only  one  eomponent  (the  first  term  on  the  LHS  of 
Eq.  9.66  A)  needed  to  be  replaeed.  However,  in  the  eurrent  equation  set,  Eq.  9.66  A 
also  ineludes  a  wind-gradient  term.  So,  both  9.6671  and  9.66.C  will  introduee  2 
terms. 

However,  ehoosing  Eq.  9.66.C  is  still  probably  not  preferrable  sinee  9.66. C  eontains 
X  and  at  the  point  it  is  introdueed  it  will  generate  a  seeond-order  2:  derivative  in 
Eq.  9.70.  On  the  other  hand,  substituting  Eq.  9.66.A  into  9.66.C  and  9.70  only 
introduees  first-order  derivatives  into  Eq.  9.70. 

We  therefore  begin  by  eombining  Eqs.  9.66.A  and  9.66.C  seeking  to  solve  for  (4  1 
in  terms  of  Uz,i,  whereby  we  write, 

- =+%i-7  +  (9.71) 

Kx  gP  ^  ^  H 


Rearranging  the  lefthand  and  righthand  expressions  (and  ignoring  the  eentral  form), 
we  attempt  to  isolate  Ux,i  by  first  multiplying  Eq.  9.71  by  i  Kx  gp['. 

+  (Q^  +  Ux,i  =  Kx  {g  —  dz^  Uz,i  —  Uz,i.  (9.72) 


Next,  we  simplify  Eq.  9.72  by  substituting  mQ  =  iVt  from  Eq.  9.44, 


[kI  Ux.i  =  +i  -liVtA  Kx  [g  -  Uz,i. 


(9.73) 
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Substituting  Eq.  9.66.A  into  Eq.  9.70,  having  first  reversed  all  signs, 


-N^)U,,i  =  +gHQ^^ 


Kx  gH 


(^Q  Ux^i  “1“  /r 


^  ^x  Ux^i  dz  Uz^\^  ■ 


(9.74) 


Next,  we  expand  the  first  term  on  the  right  as  a  series  of  5  parts.  Eet  us  designate 
vertieal  derivatives  using  dzH  =  H  and  dzQ  =  —i  /i,  where  ^  =  dz  U^fl- 


+gHQj-[...]  =  [-nN^igKx)]  (* f/.,i  + /r 

fx 

%  fX  ^33,1  H”  ^  ^2,1* 

tvx 

Substituting  Eq.  9.75’s  intermediate  result  into  Eq.  9.74  yields 


(9.75) 


/_Q/V2\  Q2 

{Sf-N^)Uz^i=  - ]{i^lUx,i  +  giUz,i)-^l^^Ux,i+i  —  dzUx^ 

\  g^x  J  Kx 

+— —  dz  Uz^i  +  g  {'y  —  1)  {—i  Kx  74, i  +  dz  Uz,i)  ■  (9.76) 

I^X 

Rearranging  terms,  plaeing  the  Uz^i  terms  on  the  left, 

'  fi  fl 


+  fi'(7  -  1))  dzUz,i 
iv2 


2  I  (  fi-TlTV  \  2 


g  fix 


Uz,l  = 


g  fix 


74,1  +  i  /i  74,1  -i  —  dz  Ux,i  +ig{'y  -  1)  fix  Ux,i.  (9.77) 


Kx 


To  simplify  the  math,  let  us  introduce  dimensionless  parameters  M  =  iiVL/{g  Kx 
and  77  =  M  +  7  —  1,  such  that  Eq.  9.77  can  be  written. 


gRdzUz,!-  n^  +  {M-l)N^  Uz,i  = 


dz  (7  Ux  i)  T  g  Hx 

Kx 


+  R  {i  Uxy)- 


(9.78) 


With  this  result.  Pi/ Pq  has  been  eliminated.  The  equation  set  has  thus  been  reduced 
to  Eqs.  9.73  and  9.78.  The  final  step  is  to  substitute  for  {i  74,i)  from  Eq.  9.73  into 
Eq.  9.78.  But  before  doing  so,  note  that  the  new  variable  M  allows  Eq.  9.73  to  be 
expressed  in  the  simplified  form. 


(nlc^-n^)  {iUx,i)=gKx[{M-l)+^Hdz]Uz,i.  (9.79) 
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The  system  of  Eqs.  9.66.A-D  has  thus  been  reduced  to  Eqs.  9.78  and  9.79.  To 
proceed  we  will  need  to  remove  from  9.78.  This  will  require  both  solving 
Eq.  9.79  for  {i  f4,i)  and  using  this  equation’s  derivative  to  eliminate  dz  f4,i-  This 
latter  procedure  is  made  simpler  by  introducing  additional  new  variables:  Eet  f3  = 
Kx  c,  and  such  that  Eq.  9.79  can  be  rewritten  as 

{tUx,i)=gKxT-^  [{M-l)+^Hdz]  Uz,i.  (9.80) 

However,  Eq.  9.78  also  involves  the  derivative  of  Eq.  9.80,  so  we  will  need  the 
derivative  of  T”^,  given  by, 

9,(r2)-i  =  -(r2)-2  5,(r2).  (9.81) 

dz(T^)  =  dz{P^-n^)  =  +nl7gH  +  2nKxH 

=  +KlgUH  +  2^]  =+Klg{iH  +  2M).  (9.82) 

V  g  j 

Taking  the  derivative  used  by  the  middle  term  in  Eq.  9.80, 

dz  [(M  dz]=  dz  [/r  Vt/ {g  Kx)]  +  dz  [7  H]  dz 

=  -Kxix  [/r/ {g  Kx)]  +  [7  H]  dz 

=  -7/9  +  — 

g 

=  -{N^/g)[^?lN^--iHdz).  (9.83) 

Using  these  results,  solving  Eq.  9.79  for  {i  Ux,i),  and  taking  the  derivative, 

d,{tUx,i)=gKxdz{T-^  [{M-l)+^Hdz]  U,,i} 

=  -{g‘^KlT-%2M  +  ^H)[{M -l)+-iH  dz]  Uz,i 

-KxN^T-^  [fi^N^-^yNdz]  Uz,i 

+KxgT-^[{M  -l)+^Hdz]  dzUz,i.  (9.84) 

The  intermediate  results  given  in  Eqs.  9.80  and  9.84  can  now  be  introduced  into 
Eq.  9.78  so  that  we  may  solve  for  Uz,i.  However,  since  only  vertical  derivatives  of 
Uz^i  will  remain,  the  exponential  factor  of  Eq.  9.38  should  cancel  out  of  both  sides 
of  the  resulting  equation,  leaving  only  terms  in  W (z)  and  its  derivatives. 
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Based  on  this  reduction  to  the  function  W{z),  we  further  abbreviate  these 
derivatives  in  the  form  dzW{z)  =  W  and  dlW{z)  =  W. 


With  these  substitutions,  we  can  rewrite  Eqs.  9.80  and  9.84  as 

oc  +{g  [{M  -l)W  +  -iHW]-  (9.85) 

4/r")(2M  +  7ij)  [{M  -l)W  +  -iHW 

-{g/T^)[{M -1)W +  -fHW].  (9.86) 


So  then,  Eq.  9.78  translates  into 

gR  W-[n‘^  +  {M  -1)  N^]  W  =  -(Q^g/r^)  [(M  -  1)  fE  +  7^7 1^' 

+  (/  4/r2)  +  rJ  W  +  jIIW 

+  (Q^g^K^/r^)(2M  +  jJI)  [(M  -  1)  IE  +  777 # 

+  (fi2  jvyr^)  [{g^N^)  W  --fHW].  (9.87) 

Next,  following  the  same  procedure  as  in  Tofsted  (1993),  let  us  isolate  the  IE  term 
and  proceed  to  collect  algebraic  factors  that  multiply  the  IE  and  IE  terms.  We  will 
begin  by  dividing  both  sides  by  'ygH/T'^  =  (?  fl^/E^.  But,  let  us  also  move  all 
terms  onto  the  EHS  of  the  equation.  Together,  these  steps  lead  (after  some  math)  to 


IE  E  {glc^){M  -  1)  IE  +  {g/c^)  R  /n^)  IE 

-[/  kI/T\2  M  +  7  77)  [((M  -  l)/c2)  IE  +  W/g 

-  (n^  E  g^  R/M^)  [((M  -  l)/c2)  IE  E  W/g 

-(rVc^)  [i  E  (M  - 1)  IE 

-  (eVc^)  W  -  (N^g)  1E]  =  0.  (9.88) 

All  of  the  coefficients  related  to  the  IE  and  IE  terms  can  be  consolidated. 
Consolidating  all  of  the  IE  coefficients  we  have,  using  g/f?  =  1/(777), 


■(M-1)  R 


(9.89) 
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Further  consolidation  is  possible  when  we  note  that  —  1,  that 

g  =  i?  j ilH),  and  M  —  1  —  R  =  —7.  In  addition,  2  more  wave  numbers  may 
be  defined:  ku  =  0/g  and  kq  =  g/c^.  This  term  then  reduces  to 


r,‘2 


w. 


(9.90) 


At  this  stage  there  are  so  many  named  coefficients  that  several  cancellations 
will  occur;  but  first,  more  new  variables  are  introduced:  G  =  Vl/0  and  kn  = 
{gH/H)lg  =  N0g. 


+«G 


0 


Ku 

M2 


g  0/g 

C2  fI2  [(/ifI)/(5(K^)]2 


90  g  0 

fI2 


(9.91) 


Using  these  substitutions,  the  W  term  can  be  reduced  to 


1 

H 


kn  ^  Kg M 
(1  -  ^2)  (1  -  G2) 


W. 


(9.92) 


This  result  follows  that  of  Eq.  B-22’s  result  in  Tofsted  (1993),  which  matches 
Beer’s  (1974)  d^W  term  of  his  Eq.  2.5. 12,  except  for  the  third  term,  —2  kq  Mj (1  — 
G^),  which  accounts  for  the  vertical  wind  shear,  a  factor  that  was  not  considered  in 
the  previous  analysis. 


Eollowing  the  same  procedure  used  to  simplify  the  W  expression,  the  term 
proportional  to  IV  can  be  simplified  to  the  form 


/_ 

1 

1 

- 1 

0 

_ 1 

,  f  (r^  +  0) 


w 

w. 


(9.93) 


Additional  cancellations  are  also  possible  through  the  substitutions 

+  JV^  =  0^,  and, 


U2 


= 


G2 


G2 


g'^  kI'J  H  'y  H  g"^  K 


2  ,.2 

X 


iHg^ 


r2 


/32(1-G2)  ^gHil-G0 

Hg  Ar2 


77(1-G2)  (1-G2)‘ 


(9.94) 


(9.95) 
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Combining  terms  from  Eqs.  9.94  and  9.95, 

7V2 

^  (1  -  G2)  “  G2  (1  _  ^2)  +  G2  (1  _  (^2)  -  G2(^l_G2y 

One  can  also  rewrite 

i?  /i^  i?  g"^  kI  R  g‘^  k^R  g^  R 
~W  ^  [^iVt/ig  K^)]^  ^  02  =  y2  G2  =  c2  G2’ 


and, 

g‘^Kl2M  _  2Mg^Kl  _  2  M  g^ 

f2  -  p2(^l_Q2^  -  c2(l  -G2)- 

Adding  these  quantities,  a  common  denominator  appears: 

g^R  2Mg‘^  _  g^ 

C2  G2  ^  C2  (1  -  G2)  “  ^ 


R  2M 

^  (1  -G2) 


(9.96) 


(9.97) 


(9.98) 


(9.99) 


By  collecting  terms  from  Eqs.  9.96  and  9.99  and  introducing  these  back  into 
Eq.  9.93,  and  setting  =  1  —  G^,  the  W  function  becomes,  after  some  math. 


GtW 


knKg  2  /(7-  1)  M(l  +  G'^)\ 

Q2  S2^^Gy  +  Q2  S2  J 


(l-M)W 


-  (4S^  +  kgKg)w. 


(9.100) 


Eor  comparison,  let  us  write  out  Beer’s  W  coefficient  terms  from  his  Eq.  2.5.12. 
The  current  function  also  contains  terms  related  to  the  wind  gradient,  so  these 
should  appear  as  extra  terms,  but  the  rest  should  be  consistent.  Translating  Beer’s 
expression  into  the  dimensionless  variables  used  here,  he  obtained 

Cb  W  =  I  +  bI  W.  (9,101) 

Comparing  these  2  forms  we  see  that  the  2  terms  that  do  not  match  depend  on  M 
and  Ku-  Both  of  these  terms  are  dependent  on  the  g,  =  dz  o  factor  through  M 
and  Ku  =  g^/g.  Therefore,  since  Beer’s  derivation  did  not  consider  a  vertical  wind 
shear,  these  2  terms  would  have  necessarily  equalled  zero. 


Unfortunately,  this  comparison  highlights  the  many  variables  introduced  to 
describe  these  equations  in  dimensionless  terms,  and  raises  the  question  of 
which  dimensionless  wave  numbers  and/or  frequencies  are  the  most  natural  for 
characterizing  the  flow  modeled.  This  question  has  yet  to  be  resolved. 
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As  just  one  example,  consider  the  product  ku  kq.  Using  the  variables  available,  it 
can  be  transformed  into  several  equivalent  expressions: 


—Ku  Kg  — 


9  c2 


2 

-q2^g- 


(9.102) 


One  can  similarly  manipulate  M  and  G  variables  to  eliminate  a  few  terms  in  the  W 
coefficient  expression: 


g  (1  -  M) 


M 


KiS^  W.  (9.103) 


Whether  the  resulting  expression  improves  our  understanding  is  debatable.  What 
we  can  conclude  is  that  generally  each  algebraic  multiplier  of  W  contains  a  product 
of  2  (possibly  identical)  wave  numbers,  while  each  IV  multiplier  acts  like  a  single 
wave  number  (and  1  /H  =  kh  also  has  the  dimensions  of  a  wave  number). 


The  complete  equation  is  written  as 


W 


1  r, 


w  = 


(9.104) 


Kp 


-(^  (1-^) 


Kn 


+  (7  -  1)  + 


2(1 +  M) 

52 


-M'^  -kIS^\  W. 


To  solve  this  equation  for  W{z),  we  have  merely  to  introduce  Dirichlet  boundary 
conditions  in  which  W (z)  =  0  at  z  =  0  and  2:  =  Zy,  while  the  first  derivatives  of 
W  at  the  boundaries  remain  indeterminate.  Hence,  setting  W {z)\z=o  to  an  arbitrary 
constant,  the  solution  can  be  integrated  numerically  using  Euler’s  method  or  another 
suitable  technique. 


The  form  taken  by  W {z)  has  several  qualities.  First,  we  note  that  the  above  equation 
could  be  expressed  in  the  form. 


0  =  W  +  P{z,  Kx,  u:)W  +  Q{z,  Kx,  oj)  W.  (9.105) 


This  form  is  conducive  to  a  solution  using  standard  techniques.  However,  because 
of  the  boundary  conditions  at  2:  =  0  and  z  =  Zy,  the  time  frequency  to  will  become 
a  function  of  these  boundary  conditions,  as  well  as  the  choice  of  Kx.  One  also 
finds  that  a  series  of  solutions  exists  for  a  given  atmospheric  state.  These  different 
solutions  each  feature  a  zero  value  of  W{z)  only  at  z  =  0  and  Zy.  The  zeroth- 
order  solution  only  contains  these  zeros.  Higher-order  solutions  feature  additional 
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zeros  at  an  extra  intermediate  height  for  each  order  of  the  solution.  Such  higher- 
order  solutions  permit  the  boundary-layer  atmosphere  to  dynamically  turn  over 
due  to  the  effects  of  vertical  variations  of  frequency  u.  This  is  consistent  with  the 
concept  of  gravity  waves  that  can  break  and  produce  intermittent  turbulent  episodes 
characteristic  of  nocturnal  turbulence. 

The  next  section  examines  various  solutions  to  the  above  equation  as  well  as  the 
issue  of  breakdown  of  such  states. 

9.7  Vertical  Wind  Structure 

According  to  Tofsted  (1993),  where  several  sources  were  cited  —  including 
Browning  (1971),  Miles  and  Howard  (1964),  Goldstein  (1931),  Lalas  and  Einaudi 
(1976),  and  Davis  and  Peltier  (1976)  —  the  wavelength  of  the  fastest-growing 
gravity-wave  mode  is  approximately  7.5  times  the  depth  of  the  surface-inversion 
layer,  Zy. 


That  is,  we  recognize  that  terrain  will  be  variable.  Nighttime  flow  over  such  terrain 
undulations  tends  to  induce  vertical  wind  motions  that,  in  turn,  can  generate  wave 
energy  for  these  waves.  We  also  understand  that  such  waves  must  be  limited  in  their 
vertical  wavelength  and,  therefore,  in  their  vertical  motions  such  that  at  the  least, 
one-half  of  a  wavelength  must  span  the  surface-inversion  layer.  Higher-frequency 
waves,  of  course,  have  a  larger  number  of  vertical  wavelengths  fitting  into  the 
inversion  layer’s  height.  Yet,  higher-frequency  waves  are  more  easily  absorbed  by 
the  surface  layer.  Hence,  wavelength  modes  that  are  attuned  to  the  terrain  over 
which  the  wind  is  flowing  are  more  likely  to  absorb  more  energy  from  the  flow, 
while  longer  wavelength  modes  are  likely  to  retain  more  of  their  energy,  as  opposed 
to  losing  their  energy  due  to  absorption  in  the  surface  layer. 

Therefore,  we  expect  to  have  some  wavelength  mode  that  would  tend  to  absorb 
energy  from  the  main  flow  more  efficiently.  Statistically,  it  is  expected  that  that 
particular  wavelength  will  produce  the  most  rapidly  growing  wave  mode.  This 
reported  maximum  wave  number  is 

^  27r/(7.5Zv/).  (9.106) 

We  will  use  this  as  our  starting  point  in  seeking  modes  to  drive  the  search  for  our 
waves. 
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The  other  criterion  that  must  be  satisfied  is  that  the  =  1  —  parameter  must 
be  positive.  Otherwise,  the  W  solution  diverges.  To  ensure  this  condition,  we  insist 
that  |G|  =  |0//3|  <  1.  In  addition,  Booker  (1967)  indicates  a  gravity  wave  will  be 
absorbed  at  a  level  where  frequency  0  =  0.  Therefore  O  must  not  become  too  small 
or  too  large.  We  thus  begin  our  search  for  a  solution  with  2  boundary  conditions  plus 
2  consistency  conditions  to  meet. 

It  should  be  mentioned  that  this  analysis  ignores  tunneling,  meaning  the 
mathematics  have  been  simplified  to  ignore  heating  effects  and  viscous  forces. 
Nevertheless,  such  considerations  should  not  disturb  us  overmuch  since  the 
solutions  we  seek  involve  long  wavelength  perturbations.  For  such  length  scales 
the  influence  of  viscous  forces  will  be  minimal.  According  to  Orlanski  (1973),  the 
results  obtained  will  be  virtually  identical  to  those  of  a  full  analysis. 

The  main  reason  we  require  the  wave  to  have  zero  amplitude  at  the  inversion  layer’s 
top  is  because  the  gravity  waves  are  assumed  to  reflect  at  the  top,  producing  a 
standing  wave  with  zero  amplitude  at  the  reflection  point,  consisting  of  two  equal 
magnitude  but  opposing  amplitude  waves  that  add  at  the  top.  Of  course,  this  is  just 
a  model  and  the  temperature  structure  does  not  feature  a  constant  gradient  up  to  a 
definitive  inversion  top.  Nonetheless,  it  is  hoped  this  model  provides  some  skill  in 
characterizing  the  type  of  waves  that  could  exist  and  the  resulting  turbulent  episodes 
that  could  be  encountered. 

Given  that  we  know  the  inversion  layer’s  height  and  the  temperature-  and  wind- 
profile  gradients,  and  given  Eq.  9.104  as  the  governing  linear-wave  equation,  we 
set  W(0)  =  W (Zy)  =  0  as  the  boundary  conditions  and  choose  an  arbitrary  initial 
value  of  W (0)  =  a.  The  solution  is  integrated  from  the  surface  using  Euler’s  method 
and  a  given  choice  of  k^.  The  remaining  free  parameter  is  frequency  cj  that  must 
be  tuned  in  such  a  way  that  IV(Zy)  =  0  upon  integration.  Eigure  29  illustrates  4 
wave-mode  solutions,  IVn(z),  n  =  1...4,  for  an  atmosphere  of  surface  temperature 
288  K,  surface  pressure  of  880  mbar,  horizontal  windspeed  at  the  surface  of  1  m/s, 
Zy  =  200  m,  and  wind  and  temperature  gradients  of  2  m/s  and  3  K  per  100  meters. 

The  resulting  waves  appear  approximately  as  sinusoidal  functions  spanning  the 
inversion  layer.  Vertical  functions  W{z)  shown  are  for  a  particular  choice  of 
horizontal  wave  number,  Kx,  but  tests  with  varying  Kx  indicate  similar  forms  at  even 
widely  separated,  horizontal  wave  numbers.  That  is,  the  vertical  structure  appears 
to  be  insensitive  to  the  governing  horizontal  wave  number. 
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Fig.  29  First  4  vertical  wind  modes,  W (z),  for  typical  inversion  scenario 

These  waves  also  appear  to  exhibit  group  veloeities,  Vgrp  =  dce/dK,  very  elose 
to  their  phase  veloeities,  =  cj/k.  This  is  illustrated  in  Fig.  30  for  the  first  2 
eomputed  modes  (n  =  1,2)  at  a  range  of  input  horizontal  wave  numbers,  k^, 
approximated  vertieal  wave  numbers  Kz  =  n'KjZy,  and  uj  obtained  from  the 
eomputed  solution.  The  elose  approximation  of  the  phase  veloeity  to  the  group 
veloeity  is  evideneed  by  the  nearly  linear  relation  between  u  versus  k. 


Fig.  30  Computed  frequency  versus  wave  number  for  first  2  modes:  Mode  1  plotted  in  red. 
Mode  2  in  green,  dashed  line  is  w  =  k/3. 


Due  to  the  relative  magnitudes  of  the  horizontal  and  vertieal  wave  numbers,  the 
wave  appears  to  primarily  exist  as  a  vertieally  propagating,  standing  wave  with  a 
small  horizontal  eomponent.  Indeed,  this  type  of  vertieal  eonneetivity  would  almost 
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be  necessary  since  otherwise  the  waves  could  become  entrained  into  the  mean  flow 
rather  than  riding  on  top  of  the  mean  flow. 

In  terms  of  the  wave  motions,  while  the  z  component  exhibits  a  maximum 
displacement  away  from  the  boundaries,  the  x  component  exhibits  a  maximum 
displacement  at  the  upper  and  lower  boundaries.  This  occurs  because  the  dominant 
term  of  the  coupling  formula  in  Eq.  9.79  has  a  major  component  that  converts 
the  vertical  sine-like  dependence  of  the  2;  wave  component  into  a  cosine-like 
dependence  in  the  x  component.  This  behavior  is  illustrated  in  Fig.  31  showing 
the  vertical  dependence  of  for  the  same  4  modes  as  Fig.  29.  This  plot 
reveals  that  although  the  horizontal  component  is,  strictly  speaking,  a  mixed  mode, 
because  Kg  1,  the  derivative  term  proportional  to  Uz,i  is  dominant  and  the 
horizontal  wind  components  appear  approximately  as  cosine  forms  for  their  vertical 
dependence. 


Fig.  31  First  4  horizontal  wind  modes,  17(z),  for  typical  inversion  scenario 

Of  course,  because  the  equation  is  only  an  approximation,  ignoring  drag  effects 
near  the  surface,  the  plot  indicates  maximum  wind  speed  near  the  surface.  While 
this  approximation  would  not  occur  in  reality,  the  general  properties  within  the 
inversion  layer,  particularly  for  higher-frequency  modes,  supports  the  existence  of 
such  waves. 

9.8  Gravity-Wave  Breakdown 

The  analysis  in  the  previous  section  constructed  an  approximate  model  of  gravity 
waves  that  could  exist  within  the  surface-inversion  layer  at  night.  These  waves. 
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moreover,  could  draw  energy  from  the  mean  wind  as  it  flows  over  undulating  terrain 
at  night.  However,  such  waves  are  inherently  unstable.  As  discussed  by  Whitham 
(1974),  gravity  waves  are  subject  to  collapse  as  a  function  of  breakdown  of  the 
model  itself  as  a  result  of  variation  in  the  phase  velocity  as  a  function  of  height. 

To  examine  this  behavior,  we  consider  a  nominal  vertical  wave  number,  Kz,  that 
can  be  modeled  as  a  simple  function  of  the  height  of  the  inversion  layer,  given 
as  mi  jZy,  as  was  introduced  in  the  previous  section.  Also,  as  previously  stated, 
the  wave  solution  sets  W{0)  =  W{Zv)  =  0  at  the  base  and  top  of  the  inversion 
layer.  However,  the  actual  vertical  dependence  of  the  wave  function  W (z)  is  not 
exactly  sinusoidal.  Therefore,  Kz  can  be  considered  a  function  of  height.  That  is, 
we  consider  the  function. 


W{z)  =  A  sin[fi;2(;2)  . 


(9.107) 


Assuming  u  is  constant  for  a  given  k^:  value,  based  on  using  up  u’s  degree  of 
freedom  to  ensure  that  W (Zy)  =  0,  and  is  also  fixed,  then  Kz  can  be  considered 
to  vary. 

We  then  find  an  interesting  effect  occurs.  The  wave  vector  k  =  (kx,  Kz)  will  point 
in  the  direction  of  the  wave  propagation.  But  since  we  are  looking  at  a  standing 
wave,  the  2;  component  is  immaterial;  the  only  concern  will  be  the  x  component. 
But  the  velocity  of  propagation  will  be  c  =  lz/k,  where 

K  =  V'T+Ti-  (9-108) 


Hence,  increases  in  Kz  will  cause  decreases  in  propagation  speed  c.  An  increase  in 
Kz  could  also  cause  the  propagation  vector  to  point  more  into  the  2;  direction  and 
less  in  the  x  direction.  That  is,  the  x  component  of  the  propagation  velocity  will  be 
<^x  =  K'x/ The  horizontal  velocity  is  thus 


Cx  =  c  ax 


U  Kx 
K^ 


U  Kx 

kI  +  kI' 


(9.109) 


Changes  in  Kz  with  height  have  an  effect  on  the  propagation  speed  of  the  disturbance 
as  a  function  of  height.  This  can  have  an  impact  on  the  ability  of  the  wave  to 
maintain  its  structure  over  time.  According  to  earlier  analyses  (Whitham  1974, 
23  and  46),  any  disturbance  that  begins  with  propagation  velocity  gradients  (e.g.. 
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W{z)  in  this  case),  will,  after  a  characteristic  time,  reach  a  point  where  the  wave 
breaks.  At  this  time  the  wave  velocity  gradient  becomes  infinite  at  some  point. 
This  singularity  is  characterized  by  the  point  where  the  velocity  derivative  is  a 
maximum  (i.e.,  dc^/dz  is  maximized).  At  this  location  and  at  the  characteristic 
time  the  atmosphere  must  become  turbulent,  as  the  rules  whereby  the  wave  itself 
was  formed  no  longer  exist.  The  characteristic  break-down  time  can  be  expressed 
as 


ts  — 


K 


K 


(9.110) 


dCx/dz  2u  Kx  Kz  dzKz  2CxKz  dzKz 

For  gravity  waves  it  is  possible  to  have  multiple  waves  growing  within  the  same 
layer  at  the  same  time.  Their  internal  velocity  structures  will  depend  on  the 
properties  of  each  wave  individually.  The  translation  of  Whitham’s  analysis  to 
gravity  waves  is  that  eventually  a  spillover  effect  will  occur  where  the  magnitude 
of  the  wave  has  grown  to  where  heavier  cold  air  overlies  less  dense  warm  air  and 
the  less  dense  air  below  can  no  longer  support  the  heavier  air  above.  The  resulting 
spillover  or  overturning  of  the  air  due  to  gravitational  collapse  then  destroys  the 
wave.  The  resulting  mixing  generates  optical  turbulence  involving  differentials  of 
temperature  throughout  the  boundary  layer. 


Based  on  the  signs  chosen  for  the  different  terms  in  the  above  equation,  we  would 
require  that  dz  Kz  be  negative,  such  that  Kz  is  a  decreasing  function  of  height. 


Whitham’s  formulation  of  the  ts  breakdown  time  corresponds  to  the  temporal 
evolution  of  the  solution  in  such  a  way  that  the  function  at  some  inflection  point 
becomes  multivalued.  (This  is  akin  to  the  case  of  the  Tacoma  Narrow  Bridge  that 
collapsed  in  1940:  Initially  the  bridge  fluctuations  were  correlated,  but  as  time 
progressed,  the  fluctuations  in  different  portions  because  increasingly  out  of  phase.) 
In  the  atmosphere,  there  being  no  physical  connection  between  one  portion  of  air 
and  another,  such  discontinuities  are  much  easier  to  imagine.  Eventually  the  point  of 
disparity  becomes  so  marked  that  even  at  an  infinite  derivative  the  function  cannot 
hold  together. 


Beyond  this  initial  breakdown  time,  an  increasingly  larger  region  of  the  solution 
becomes  multivalued.  In  the  atmosphere,  such  discontinuities  would  lead  to  mixing 
of  air  at  different  temperatures  (optical  turbulence  is  produced).  This  mixing  then 
induces  a  reduction  in  velocity  and  a  restarting  of  the  inversion-generation  process, 
typically  involving  a  reset  of  the  surface  temperatures  and  the  wind  speed. 
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As  an  example  of  this  analysis,  eonsider  Fig.  32.  From  prior  study  of  breakdown 
times  (Tofsted  1993),  typieal  periods  ranged  between  20  and  40  min,  as  observed 
through  variations  in  vertieal  temperature  gradients.  This  assumed  mixing  to 
the  ground  would  destroy  the  integrity  and  intensity  of  the  vertieal  temperature 
inversion’s  strueture.  Nighttime  studies  indieated  signifieant  variations  in  vertieal 
temperature  gradients  that  appear  to  be  inversely  eonneeted  to  turbulenee  episodes 
in  the  surfaee  layer. 


Fig.  32  Breakdown  times  (minutes)  for  a  series  of  4  gravity-wave  modes,  illustrating 
breakdown  times  from  initiation  of  wave  motion  as  functions  of  height 

These  breakdown  plots  show  that  the  vertieal  strueture  of  is  sueh  that  the 
breakdowns  typieally  oeeur  first  elose  to  the  surfaee.  However,  some  eaution  is 
ealled  for  regarding  the  apparent  result  that  the  first  breakdowns  are  eaused  by  the 
highest-order  wave-number  eases  (n  =  3, 4),  sinee,  as  Fig.  31  illustrates,  the  waves 
show  maximum  horizontal  veloeity  near  the  ground.  In  faet,  the  model  does  not 
eonsider  drag  effeets.  This  suggests  that  possibly  the  near-ground  time  seales  have 
been  overstated.  Ignoring  the  solutions  for  the  eurves  nearest  to  the  ground,  the  next 
shortest  timeseale  is  the  n  =  3  result  that  peaks  at  approximately  80  m,  and  whose 
breakdown  oeeurs  at  roughly  26  min.  This  result  is  eonsistent  with  breakdown  times 
observed  and  reported  (Tofsted  1993). 

We  thus  have  a  eoneeptual  framework  for  aeeounting  for  the  meehanism  eausing 
intermittent  noeturnal  turbulenee.  However,  these  questions  must  be  answered: 
How  mueh  energy  is  released  upon  breakdown  of  a  given  wave?  What  is  the 
expeeted  fluetuation  in  for  a  given  breakdown  as  well  as  the  duration  of  the 
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disturbance  before  this  turbulenee  dissipates?  Henee,  while  the  eurrent  analysis 
supplies  additional  information,  a  model  is  still  neeessary,  perhaps  based  largely 
on  statistieal  inferenees,  as  to  how  variations  in  inversion  strueture  a)  feed  energy 
into  gravity-wave  modes  and  b)  generate  turbulenee  upon  wave  breakdown. 
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10.  Conclusions 


This  report  has  discussed  a  series  of  improvements  performed  on  a  model  of  the 
Surface  Energy  Budget  designed  for  the  express  purpose  of  estimating  the  optical- 
turbulence  strength  of  the  near-surface  atmosphere.  In  the  process  a  number  of  areas 
for  improving  heat-flux-calculation  methods  have  been  explored  and  addressed  in 
great  detail. 

The  primary  improvements  considered  in  the  present  report  have  focused  on 
consistency  of  methods.  In  particular,  one  issue  related  to  the  surface  layer 
was  considered  in  Chapter  6.  There,  the  focus  was  on  how  to  produce  mixed 
convective  fluxes  from  surfaces  of  different  temperatures  and  different  relative 
surface  fractions.  The  prior  method  in  Tofsted  (1993)  considered  only  heat  arising 
from  an  averaged  temperature  surface,  but  encountered  mixed  resistance  numbers 
for  the  ground  versus  the  foliage  layer.  The  new  method  relies  on  a  different 
formulation  for  producing  these  mixed  fluxes. 

This  consideration  of  weighting  fluxes  based  on  a  modified  understanding  of  the 
relative  areas  of  leaves  and  ground  surface  then  carried  over  into  the  Chapter  7 
development.  The  study  there  considered  radiation  scattered  and  absorbed  within 
the  foliage  layer  by  multiple  sublayers.  In  so  doing,  an  inconsistency  was  resolved 
between  the  previous  method  of  handling  radiative  interactions  with  the  foliage  and 
the  convective-flux  methods  that  assumed  considerably  more  leaf  surface  than  was 
modeled  in  the  previous  radiation  model. 

In  the  process  of  producing  this  consistent  picture,  a  new  model  was  developed 
that  connects  the  amount  of  leaf  surface  to  the  foliage-cover  fraction  through  a 
random  leaf  model.  To  our  knowledge,  the  community  studying  such  problems 
has  mainly  focused  on  mature  agricultural  crops.  For  immature  crops,  where  the 
foliage  fraction,  ap,  is  significantly  less  than  unity,  or  for  desert  areas  featuring 
sparse  vegetation,  this  new  approach  appears  to  be  a  much  more  realistic  means 
of  addressing  vegetative  impacts  than  the  use  of  a  constant  leaf-to-area  ratio.  And, 
certainly,  there  are  numerous  areas  on  the  planet  that  do  not  feature  mature  crop 
surfaces  or  high-density  vegetation.  For  such  regions  the  present  model  may  be 
very  useful. 

A  main  additional  focus  was  to  develop  tables  of  radiation  for  various  atmospheric 
states.  While  such  models  appear  to  exhibit  similar  results  as  the  Staley-Jurica 
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analytic  expression  under  certain  conditions,  in  general  the  new  method  presents 
a  much  broader  picture  of  atmospheric  variability  than  previously  modeled.  But  to 
produce  such  calculations  in  Chapter  8,  it  first  was  necessary  to  develop  consistent 
vertical-temperature  and  vertical-humidity  structure  concepts  in  Chapter  6.  These 
equations  now  provide  the  basis  for  characterizing  the  complete  boundary  layer 
(temperature-wise)  through  the  base  of  the  elevated  inversion. 

Chapter  9  then  suggested  the  means  of  extending  this  analysis  from  temperature  to 
also  handle  mean  wind  flows,  and  how  fluctuations  in  wind  speed  might  be  inserted 
into  the  model  through  variable  daytime- wind  effects.  It  further  suggests  the 
nocturnal  boundary  layer’s  growth  and  periodic  dissipation  are  due  to  intermittent 
gravity-wave  breakdowns. 

With  these  improved  flux  calculations  within  the  surface  layer  and  the  atmosphere, 
the  resulting  model  is  capable  of  much  higher  fidelity  of  fluxes  above  ground. 
The  below-ground  component  is  also  improved  by  considering  a  diurnal  model  of 
ground  heat-flux.  This  model,  based  on  the  assumption  of  constant  soil  properties, 
could  easily  be  improved  through  a  wider  choice  of  soils  along  with  the  addition  of 
2  low-frequency  terms  (sine  and  cosine)  to  account  for  the  annular  heat  wave  into 
the  soil.  In  this  fashion  the  day-to-day  cooling  or  heating  that  occurs  seasonally 
could  also  be  factored  into  the  model. 

In  all,  these  changes  represent  a  considerable  improvement  of  the  prior-art  model 
of  1993  but  also  reflect  improvements  that  could  be  used  in  current  climate  models. 
In  particular,  it  is  apparent  that  the  force-restore  approach  commonly  used  to  model 
the  ground  heat- flux  is  only  truly  tuned  to  handle  the  single  diurnal  (24  h)  frequency. 
As  such,  hourly  flux  variations  and  dawn/dusk  or  cloud  effects  are  not  handled  well. 
The  current  model  is  designed  to  include  frequencies  up  to  5-min  variations,  such 
that  cloud  effects  are  well  characterized  for  their  influence  on  the  diurnal  variations. 

The  ground  heat-flux  model  also  is  significant  in  that  it  models  the  surface  skin 
temperature  and  not  a  vertically  averaged  number.  Yet,  the  longwave  radiative  flux 
from  the  surface  is  dependent  on  this  skin  temperature  rather  than  on  a  vertically 
averaged  value.  Hence,  this  model  more  accurately  handles  radiative  cooling  than 
most  climate  models. 

The  numerous  changes  introduced  here  represent  a  significant  advance  in  the 
modeling  of  surface  fluxes. 
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Notes 


1.  Private  communication  between  the  author  and  Frank  V  Hansen,  then  of  the  US 
Army  Atmospheric  Sciences  Laboratory,  White  Sands  Missile  Range,  New  Mexico, 
1990. 
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List  of  Symbols,  Abbreviations,  and  Acronyms 


p  air  density,  in  kg/m^ 

P  air  pressure,  in  millibars 

C  speed  of  sound  in  air  at  the  current  thermodynamic  state 

T  temperature  measurement  in  either  degrees  Kelvin  (K)  or  Celsius 

(C) 

refractive  index  structure  parameter,  a  measure  of  optical 
turbulence  strength,  in  dimensions  of  m“^/^ 

uor  U  horizontal  wind  speed  in  m/s 

Hs  sensible  heat  flux,  in  W/m^,  denoting  the  energy  lost  by  the 

surface  layer  due  to  heating  of  the  air  in  the  Surface  Layer 
atmosphere 

Hl  latent  heat  flux,  in  W/m^,  denoting  the  energy  lost  by  the 

surface  layer  due  to  evaporation  of  water  from  the  soil  or 
evapotranspiration  of  water  vapor  from  the  plant  layer  to  the 
Surface  Layer  atmosphere 

Zj  depth  of  the  Boundary  Layer  in  meters  (m) 

Zs  a  characteristic  depth  of  the  Surface  Layer  atmosphere. 

L*  friction  velocity,  a  characteristic  windspeed  for  parameterizing 

the  vertical  structure  of  the  horizontal  winds  near  the  surface. 

T*  scaling  temperature,  a  characteristic  temperature  for  parameterizing 

the  vertical  structure  of  the  temperature  near  the  surface. 

AGL  above  ground  level 

ARL  US  Army  Research  Laboratory 

ASL  above  sea  level 

BL  boundary  layer 
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CBL 

convective  boundary  layer 

CPA 

conservative  passive  additive 

EOSAEL 

The  Electro-Optical  Systems  Atmospheric  Effects  Eibrary 

EEIR 

forward-looking  infrared 

IR 

infrared 

EHS 

left-hand  side 

MKSA 

meter-kilogram-second-ampere  (system) 

ppm 

parts  per  million 

RHS 

right-hand  side 

SEB 

Surface  Energy  Budget 

SI 

surface  interface 

SE 

surface  layer 

WSMR 

White  Sands  Missile  Range 
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Glossary 


Boundary  Layer 


Stable  Layer 


Surface  Layer 


Unstable  Layer 


The  layer  of  air  near  the  ground  that  is  characterized  by  drag 
effects  due  to  the  surface.  Typically  the  BL  is  1-3  km  deep, 
features  a  capping  elevated  inversion  layer,  and  contains  well- 
mixed  aerosols. 

Nighttime  condition  where  vertical  air  motions  are  opposed  by  a 
negative  buoyancy  force.  Also  termed  a  katabatic  condition. 

The  atmospheric  layer  just  above  the  air-surface  interface 
characterized  by  constant  drag  and  constant  sensible  heat  flux. 
A  layer  from  10  m  to  50  m  deep. 

Daytime  predominant  condition  within  the  earth’s  boundary 
layer  atmosphere  where  vertical  air  displacements  produce  a 
result  in  an  acceleration  force  driving  the  parcel  from  its  initial 
height  location  due  to  buoyancy  forces. 
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